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AS there is an un^if^utiblc Propriety in de* 
dicating to a competent Judge of a Science, 
an Attempt to fan^liiirize' the Elements of it, I hope 
that propriety will plead an excufe for this Prefiimp- 
tion ; efpecia}ly, aSjfj^^ic Subjeft is fo nearly con- 
ncded with the bufinefs of Your Perfonal Station, 
and too highly ijfjgiijrrtnt to the Publick, in general, 
to conceive, that any attempt at a clearer Invefti- 
gaiion can be beneath the notice of the Surveyor- 
General of. jbis. ^meTlM'fi .Ordnance, and one of the 
'Reprelentanves of tte People. 

How far my Method of treating the Elements of 
Geometry may merit your Approbation, I prefume 
not to imagine ; farther than, as I flatter myfelf, the 
foiplicity with which I have endeavoured to elucidate 
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DEDlCAttdKi 

the firft Principles, to render the knowledge and thd 
ufe of Geometry more general^ and pradically ufefal 
in common Life, where it is mod wanted^ may prove 
an additional indueemeBt to your excnfifig^he liberty 
I^hlive taken, in thus foliciting Your Patronage and 
Frotedion; for a Work, whofe SubjeG, alone, is 
fufficient to juftify the attention YoU may pleafe to 
honour it with; whatever may be thought of the 
manner in which I have tres^ted it; having been, 
frequently (ia order to comprife ^he ttrlidle Elements 
in lefs compafs) under the necefllty of deviating, con* 
fiderably> from the Path of Euclid. 
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ADVERT PS EMENT. 

ly appear fomewhat flraiige .to call fo coptotu a Work M 
[ dut, as AbndgmeDt; which, on emniiiaiiol], a n<l comparing 
triA tfaofe w!io hute I rani cri>>ed- Euclid, mill-be tbua>^ ro be ■ grm 
ibidgiDcot ot the EWmcQis, boih in ihe number ol Tlieoremsaud 
lEHih of ihc Dctnoi.nrarioD*. 

Bui, they will find, in this Worki paTtioiiIsrlT in ihc mil, the 
jii, the 6th, yih ami 8ih Boolt?, icvcral valuable Thcjirenw 
libich are not Eutlid's ; feme of whieh arc clcmenury, md really 
Mcdlaiy to be kaowD. Upon the iifhoie, itieteatC upwards of 
a^ij oiber Theorems nod Piobleins, ratdnfive of ilie Ellipfis. 

in lefpeit of the prB.^ienl Pan, with (be Imroduflion, ii may 
ht deemed a ccmpleac Work at itfelf ; which, with ihe Appendix* 
ii moie than one third part of the whvte. 

The Applicationr, Notes, and Remarks, nccefltry to a jmiBg 
Smdeot, and the length of jbmc (in the Fifth Bjok paniciilarlyy 
hsTC fwe;Ued the Work cooCderablj'. The much greater mitnhM 
ofTcrms detined; various way* ot performing The finie Ptobkm» 
and aifo ot dcinonllriiting fume Theoremt; the number of Fi* 
gores, and the Preamble to each Book, ice. aifo ihe mannfr «f 
fiintuig, in order lo bare the figurt alwaji in View, fo ihatj 
miEy Pages are not ne»i^ fitll j uill which have toncorred to ex- 
tend the Work, gveaily bryond n-y firft Defign ; jyei, tvhen com- 
pared with the dole priming ot dihers, the Elements will be founi 
rtiridgcd, almoft hall"; ncverihclcfs, it conraitis the whole, in Sub- 
fiini*. T-he full and perfeft ktio*lcd|c of sll, dnd more than i% 
coDtained >a Euclid, way he acquired in a ihiid fun of tbe Time^ 
and with infinitely more Eule, Pkafure, and Sjtitfaiftion ' (o the 
Learaec (having no ^t^i Britf^e * fo get over, but ihe Road fftiooik 
and c«a) confequcutly, it may, with gfearPropricty, be called aa 
AiwiJgmcnt. 

" 71*7'* (/•m, fay it, itt}<,ftb, f -ft B,^i. *-■, i* tlu S-rm.rh, •/ Sr«- 
Mm, la* lax ''■»'■ h '^ ^ ""'"' 'f '*=' A*^" Bridge i «• it,b<!b, •tuny b»m* 
JmnJtrti fad mtvir ga tvtr; h" tin ath it tdvmi phi fiip f„rita. 
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dewing where to find the PrbporitioOa of EudiJ, ?ft the 
■ Firft, the Third, the Fifth and Sixth, the Eleventh and 
Twelfth Books } in cafes of Reference, to Euclid, by 
Aothorsin the Mathematics. 

In the fecond and loutth Books, the Propofitions fol- 
low in the Order of Euclid. 

The Problems, of Euclid, arecollefled io(;ether, in the firft 
: ; amon^ll other, leleOi Pioblcms, in Practical Geometry. 
Nate. The Numbers in the Firft Cylumn are Euclid':,; and, op- 
pofi-e If thtni is (hewn where each Ptopoiiiion may be found 
n iliia Work, wfaecber Problem oi Theorem. 
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HE mathematical World will, I doubt not, be furprittJ at 
a frefh publication of the Elements of Geometry, by one entirely 
unknown ; and, on a plan very different from that of others who 
have wrote on the Subjeift, I hope they will fufpend'thcir opinion^ 
and not pafsa too hafty cenfure, on account of the obfcurity of 
the Author, till after they have given it a fair and candid perufal, 
and then proceed to judgment with candour and impartiality. 

I do not pretend to much knowledge in the Mathematics^ ha* 
ving been brought up in a way of life, very different from my in- 
dination ; yet, what time I could fpare from bufmefs and the 
demands of my family, I chofe to employ in fuch fludies ; and 
have, by dint of fludy, only, and without any other inftrudion, 
made fome progrefs in mathematical Sciences ^ of which, Geo* 
metry is the firfl, and a fure key to the reft. 

Since I have made myfelf, by felf- application, a Proficient in 
Geometry, and have made fome branches of the Mathematics my 
Study and Profefllon, I have often been furprized at the negligence 
and deficiency of our common Schools, for the cultivation of 
Youth who are intended to fill the middle fphere of Life, in 
mechanic Trades, &c. They, almoft in general, purfue one com- 
mon Plan or track of Learning. After the fiift and necefTiiry 
branches, Reading, Writing, and Arithmetic ; which, indeed, 
might be a(^quired in half the time it ufually is ^ the next ftep (if 
the Pupil has made a progrefs thro' Arithmetic in any reafonable 
time} is the Grammar of the Latin 1 ongue through which, he 
fweats and labours to little purpofe. If the Pupil has three or four 
years to fpare, before he goes out to bufinefs, he perhaps gets into 
the Cordery or Erafmus ; or, if he reaches Cornelius Nepos, he 
is looked on as a prodigy. 

Now, it may reafonably be afkedj for what purpofe all this 
Time has been fpent f which might have been employed to much 

A better 



better purpofe. For, what has methanic Trades to do with Lati. 
any more than a common Porter or Carman with Logic ; it m. 
indeed complete him a Pedant or Coxcomb, but can never be 
real ufcin his Profelllon ; even fuppofc he had made a tolerab 
proficiency, it could anfwer no purpofe but to fct him above h, 
Employment, without being of any Tervice in it. ' 

On the contrary (fuppofing no particular avocation is intended f( 
the Student) if, inftead of Latin, Geometry and Menfuration, &< 
were introduced in all public, common Schools, I would ai 
any perfon, who has confideted tbefe things, and their nfes in Lift 
which is moft likely to turn to the Pupil's advantage ? Is there 
mechanic Profe.Tion in which Geometry or Menfuration may m 
be of fome ufe ? in fome particular ones it is well known lo be i 
the grcateft, the foundation of it ; and yet, altho' the Youth wi 
particularly intended for that Profeflion, it was, perhaps, neve 
once fo much as thought on } until, by too laic experience, h 
finds ihcwantofit: I mean all fuch Trades as relate pariicu 
hrly to Building, in genera!. Had fome Builders, whom I ha\ 
known, been converfant in the Mathematics, or only in plar 
Geometry; inftead of plodding on in alowfphere of Eraploymen 
they would, if their natural, mechanical genius had been jiroperl 
cultivated, have filled a more elevated ftation. 

For the ufe of fuch, I have been at the trouble of compofing th 
Tteaiife. If only the practical part is well inculcated, it will b 
ofmore fervice, in common Life, than a proficiency in Latin ca 
poflibly be. If the young Pupil has a genius, and difcovcrs a rclii 
for mathematical Science, let him go on with the Elements j an 
if heacquiresacompetentfiiare of knowledge therein, it will the 
be timeto confider, what particular Profeflion he cither wilhcs e 
isdeftined for. In choofingof which, regard oughtparticulatly to be 
had to the Boys genius and difpofition, which will, ere this, be dif- 
ccrnable. But, at all adventures, inftead of flogging and driving 
a ufelefs dead Language into a flupid Boy, which only renders 
him more fo, let the praflice of Geometry be introduced in its 
ftead, in every common School; there is fomething entertaining 
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to the Mind, more than in burdening the memory with As in pr^^ 
fentij and other rules of tht Latin Grammar. 

Accuftoming Boys, early, to handle the Compafles and other 
drawing utenfils, in delineating all the Diagrams, as they proceed, 
will be an entertainment to them, and of great utility, rather than 
a perplexing ftudy, and gradually enure them to Demonftration ; 
which, under a proper Tutor, they would feon have a relifh for, 
and then they would proceed with pleafure : befides, it is an in- 
trodudion to Drawing. A foundation being once laid in Geo- 
metry, they are then qualified to purfue any other branch of the 
Mathematics, fuitable to theProfef&on they are intended for ; fuch 
as Menfuration, Trigonometry, Navigation, Gunnery, Fortifica- 
tion, ArchiteiSurc, naval or domeflic. Surveying, 2cc. In (hort, 
all the ufeful and neceflary Employments, in the mechanic Arts, 
have their foundation in this moll neceflary Science ; which, 
being acquired, will, moft probably, make its Pofleflbr ftrike 
out of the common and vulgar track, and make him eminent and 
diiHnguifliable, in whatever Profeffion he is cafually fixed in ; as 
he will have laid a folid and permanent foundation, in Theory ; 
whereon, may, very probably, be ereded, a lading monument to 
his future Fame. 

1 have perufed feveral Authors on the Subjed, and find, that 
fome have treated it in a manner fcarce intelligible to a beginner, 
iinlefs he has fome knowledge of Algebra ; others would be bet- 
ter underfiood and approved, if they did not dwell too much 
on felf - evident Propofitions, which are, in themfelves, perfeJl 
Axioms. Perhaps, I (hall be blamed for cenfuring, as ufelefs, 
feveral Propofitions in that famous Geometrician, Euclid ; but 
muft own, I cannot conceive of what ufe is all that tedious 
round about method, in the 2nd Problem, Book i. vi%. ^^ To 
^< put a right Line, at a given point, equal to a given Line," 
unlefs fome particular diredion, in refpedl of the other Line, was 
alfo given. 

In Problem 3d. where the and is applied, I a(k, for what ufe ? 
and why, after having taken the line C intheCompaiTes, as Radius, 
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we may not as well cut off from the given 
Line(AB) at once, the mcafure ofC, 
(at E) without firft placing it from A to 
D ? (See the Figure) nor can I per- 
ceive that the Demonftration is, at all, 
the clearer for it. 

As the knowledge I have acquired, in fuch ftudies, has beeii 
entirely from Books without any other affiftance ; I may, per^ 
haps, have been able to fee deficiences or fuperfluities in them^ 
better than thofc who have ftudied under a Tutor ; and, I dare 
venture to affirm, that very few, who are not already tolerably 
verfed in 'Geometry, will be able to form any Idea of what the 
7th Propofition, Book L attempts to prove ; v/ho, from in-* 
fpeSion only of a proper Figure, might be fully convinced of the 
truth of it. 

I have, in this Treatife, endeavoured to render every Propofition 
cafy and intelligible, to any capacity ; and have omitted none that 
ace ufeful, or neceflary to demonftrate the reft ; and, I will be bold to 
affirm, that thofc who cannot, from it, acquire a knowledge of 
all that is requifite, inPlane Geometry, will never be able to at-^ 
tain it at all. Where there is not a capacity to underfland, they 
had better defift from the undertaking. An equal talent is not 
given to all ; and, for fuch as have not a talent and a natural 
propcnfity, to cxped to attain any tolerable fliare of knowledge^ 
in Geometry, is aiming at impoffibilities. 

Thei6th and 17th Propofitions, Bock ift, arc entirely ufclefs; 
for fince, in the 32nd, the external Angit: is proved to be equal 
to the two remote Angles of the Triangle; and, that all the 
three Angles, of every Triangle, are equal to two right ones 5 it 
feemsabfurd to prove, before hand, thatany two of the Angles are left 
than two right Angles, and, that the external Angle, is greater 
than either of the remote ones. As if one fliould undertake, 
firft, to prove that, five is greater than either two, or three, 
and afterwards, that it is equal to them both. I have, therefore, 
made free, to alter, in fome mcafure, the Elements of the firft 
Book J that, by a different arrangement, in tranfpofing the places 

of 
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of fome Propofitions, others, which depend on them, mly with 
moreeafe and elegance be demonftrated. 

I {hall ever be of opinion with Tacquet, and fome others^ 
that, to attempt a formal Demonftration of Propofitions which 
ate felf-evident, is involving a thing, in itfelf clear and confpicu* 
OU3, in darknefs and obfcurity. I have always found more 
difficulty in demonftrating, to another Perfon, felf-evident Pro- 
pofitions, than the moft intricate of others ; and, when done, 
hate €m\j confufed the Idea which the Pupil had more perfedly 
from infpedion of the Figure. If a knowledge of feveral proper* 
ties of Figures be acquired, which is neceflary to elucidate other 
more fublime Propofitions, is not the eafieft method the moft 
eligible ? certainly it is ; and, barely to be told feveral properties 
of Triangles is fufficient for attaining the reft. Therefore, ia 
this Work, I have reduced fome Propofitions into Corollaries; as 
diey are but a certain confequence of the preceding Propoiiiion, 
or of fome other. 

Dr. Keill, in his Preface to his Tranflation of Commandine, 
and alfo Mr. Cunn feems to think it an unpardonable fault in 
Tacquet, to omit the Demonftrations of the 5th Book; and 
aflfcrts, that not oneDemonfcration, in the 6th, i ithlnd 12th, can 
be obtained without it. But, I muft beg his pardon, for differing 
from him in opinion, and am, myfelf, a living wicnefs againft. 
fuch his aflertion ; for, I do avep, that, without any other de* 
monftration of the ^th Book, than what Tacquet has delivered, 
I have been able to go through all the other; and, without vanity, 
I think I underftand them; but, of that, let this Treatife bear 
witnefs. I never could, at firft, have had patience to go through 
the dry and tedious Demonftrations, delivered in y 5 Propofitions, 
of the 5th Book of his Euclid ; and, had it firft fallen in my way, 
I Ihould certainly have lain it afide before I had got through a 
fourth part of it ; yet, I muft acknowledge, that Tacquet is as 
much too brief as the other is tedious. 

I cannot think it abfolutely neceflary, in order to obtain a com- 
petent knowledge in Geometry, and of Proportion in particular, 
to tread exa£tly in the fame fteps with Euqlid ; therefore, 1 have 

made 
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made free to deviate, where I think it for the better, a readier 
or clearer way of inveftigating. I have, likewife, feparated the 
Problems from the Theorems ; making, of them, a diftiii£l and 
jeparate Book, for the ufe of Schools and for Mechanics in gene- 
ral 'y the full Dcmonftration, of which, may be obtained from the 
Elements, to which I refer where it is neceflary, I have given it 
the firft place, contrary to fomc others who have made .it the laft 
Book, or otherwife difpofed of it. By which means, we arc 
frequently at a lofs in the References, and are told to form Coa- 
ftruflions, before we have learned how. 

My reafon for feparatingPradical Geometry from the Theorems 
IB, that there are numbers of People, to whom it may be of great 
vfe, who either havd not leifureor inclination to go through, or^ 
]rerhaps, a capacity to underftand the Demonftrations of the pre- 
vious Propofitions, which difcourages them from proceeding. But, 
fuch as arc not inclined to take it on credit, will readily obtain the 
Dcmonftration from the Theorems. 

. To make the Work more compleat.I have added^ after Pra^i- 
cal Geometry, a brief 1 heory of the nature and conftrudiion of 
an Ellipfis, that mod ufeful and valuable Figure. And alfo, as 
an Appendix to the whole, I have given a concife Theory of 
men furat ion of Super tic ies and Solids; (hewing their immediate 
and abfolute dependence on Geometry. 

I have for fomc time debated, with myfelf, whether I fhould 
publiih a tra£l of Geometry or not ; from which I have been de- 
terred, through the perfuafions of fome particular Acquaintance; 
alledging, that there are more learned Treatifes already publifhed, 
than any I could produce : the truth of which, I readily aflent toj 
but, 1 don't find that they are more intelligible for that, and have, 
therefore, determined to publifli. My chief reafon, for which, is 
to bring the whole Elements into lefs compafs, and to abridge it of 
that tedious prolixity, which is in many Authors, on that Subjedl; 
in dwelling too long on fuch Propofitions as are clear and evident 
of thcmfclvcs ; and, by that means, to reiwler the ftudy of Geome- 
try more pleafant and entertaining. 'Tis enough to deter any one 
from the puifuit of a Science, who find, in the Rudiments of it. 
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fo much perplexity; for, I am pcrfuaclcd,that, unlcfs a Perfon hat 
a firong inclination to it, and a good natural Capacity, 'tis not a 
tcry pleafing Study, at the firft, until they begin to feel the fublime 
Truths it contains ; and am therefore of opinion, that, the eafier 
it is made in the begining, the more entertaining to young 
Students. 

Can there need Deraonftration, that any two fides of a Tr iangley 
are greater than the third ? is there a Perfon fo ignorant as not to 
know it ? it is implanted in us by Nature ; every common Porter 
knows it, or pradices it every Day. Who ever.faw one of tbeiB 
traverfe two {ides of a Square, when he could crofs the Diagonal ? 
and why is it? but, becaufe he knows it to be fhorter than the 
two Sidles. Is it not obvious, that the greateft Angle of every 
Triangle, muft be oppoflte to the greateft Side ? and can there be 
any need to demonflratc the converfe ? that the greater Side fubtcnds, 
or isoppoiite to the greater Angle ; is not the one contained in the 
pthzr ? it is triflings to no purpofe ; for, alt converfe Propofition« 
may be Corollaries to the former. If two Sides of a Triangle, equal 
to two Sides of another Triangle, contain a greater or lefs Angleithe 
Safe will be greater or lefs ? Are not all thefe, and feveral more, 
obvious and clear, from a bare infpe£tion of the Figure ? nay evea 
without it; 'tis enough to be told they have fuch proper- 
ties, and not tolofe time in trying the patience of the Student, 
with a tedious and puzling DemonAration of what he faw clearer 
before ', for, if the thing is feen or known, what r^eds there more? 
is it intended to perplex, only, where it can be of no ufe ? to dif- 
goft the beginner, before he is able to fee any of the Beauties it 
contains ? Yet, I do not omit thefe entirely, becaufe the whole 
Elements depend on them j but have endeavoured to treat them in 
as Ample a manner as the nature of the SubjeiSt will admit of; if I 
have been concife, I doubt not I fhali be excufcd, if I have but 
faid enough. 

But, as 1 think I have faid enough, in this place, Ifball (Iraight- 
way proceed to the Subjed ; through which, if the Reader be in- 
clined to follow, with an intention to learn what it contains, lam 

much 



much mifiaken if he lofcs his labour ; and, for fiich as perufe it 
enly with intent lo cavil, I hope they will be greatly dirappointetl^ 
I «nd find but little to cavil at, I am not fo vain as to fuppofc it is 
r -wUhout defed, or that it will pleafe all, for that I know is im- 1 
fi poflible J but, if I have made Ji intelligible and uftful to common 
, capacities, it is what 1 aimr.d at, and £hall rull faiisfied in the fup* 
! ^fition that my labour is not entirely loft. 

The greatefi fault inTacquet is, that his Figtires areloofmaH 

► «nd trivial ; and it is a general fault, that they are often incotreil 

i and frequently contradidt the defcription. Correfl and well adap- 

I ted SchemeB are certainly of Tome confe(]uence, in which, 1 hav«i 

r lieen very particular ; and have, alfo, carefully revifed the letter 

I |)rcfs, fo that, I hope there are but few errors have efcaped m7 

[ tobfervaiion. For, Errors, in niifplacing the Referrences to the 

[ Schemes, and fometimes omitting them cntiiely (which is better of 

Ihe two) is unpardonable in mathematical Works; having fre- 

f quently experienced, in moft Authors that 1 have perufcd, the 

perplexity it occaftons j efpcclally, when the fubjeft is quite new 

to the Sttident. But, if any fhould remain unnoticed, I hope the 

candid reader will impute it to human fallibility, and not quarrel 

with it on that account, for lam certain he will not meet with 

[ .many. 

I Although I have, in this Treatife, devilled greatly from Eii- 
'did, in many particulars, I have endeavoured to make it gene- 
rally ufcfu! ; by putting his Numbers afier mine, to each I'rO- 
pofition, and alfo by means of an Index, 1 have fliewn where to 
find any Propoiilion of Eiiclid ; which, in cafe of reference, to 
Euclid, in oihirr Works, may be readily turned to. 

1 have well confidered and digefted every Propofitlon, have 
carefully revifed them over and over with the ftrifteft attention, 
and J am fully convinced, that there is no omlflion of any thing 
that is ejreniial, or neccflary to be known, NotwilhHanding, I 
have abridged the whole Elements, particularly the firft, the 
third, the fifth, and the eleventh Books ; yer, I dare venture to 
afHrm, that 1 have not omitted the fubftance of any Pro,iofition 
■ which will ever be referred to, by Authors in any other Science. 
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Containing a full Definition of the Terms peculiar to, of 
made ufc of in that Science, with explanatory Notes 
anJ Remarks, where it is neceflary to illuftrate or enlarge. 

Likewife aflbort Theory of Plane Angles ; in which they 
are more fully explained than in any other Work of the 
kind, that I havefeen. Indeed, mod Authors in Geometry 
are entirely deficient in that refpeft; for want of which, the 
young Geometrician is frequently at a lofs, to conceive a clear 
Idea of Angles. I have therefore, been explicit on that Head^ 

It alfo contains an Explanation of all the Abbreviations 
made ufe of in this Work i many of which are explained in 
Engliih Grammars, and other fchool Books, and ought to 
be known to every £ngli(h Reader ; yet^ as I know that their 
true fignifications are not fo generally underfiood, it may 
not be thought impertinent, or fuperfluous here. 

Nor have I omitted any thing, that is necefTary to eluci* 
date the Subje6l I am about to treat on ; at leaft, I think I 
have not ; for, in the courfe of my own ftudy of it, and in 
teaching others, I have been enabled to difcover what is 
needful to mod Capacities ; and if I have any pretence to 
merit in this Work, it is chiefly on that account ; in render<^ 
ing an intricate, yet generally ufeful and moft neceflary 
Science, attainable to ordinary Capacities ; and, at the fame 
time, I hope, not exceptionable to thofe of acuter talents* 

I flatter myfelf that it will not belefs acceptable to any» 
for being eafy to be attained , to write only for Proficients, is 
to little purpofe. By fuch I may, in fomc cafes, be thought 

S rath^ 
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rather prolix ; yet, I prefume, not tedious ; a repetition is 
fonaetimes neceflary to young Minds^^ and is more agreeable, 
, in general, than turning back, which they are too frequent- 
ly obliged to dp ; it being impoflible to retain^ in memory, 
all that is pafled over on the firft perufal. 

GEOMETRY, aceording to its original derivation, 
fignifies to meafure the Earth. It is a Science which con- 
templates continued Quantity, Extenfion or Magnitude, 
abftraftedly confidered; it teaches the nature and properties 
of Lines, Angles, Figures, Surfaces and Solids. 

Geometry is in two parts, fpecdlative and praftical ; the 
firft demonftratcs the properties of Right Lines, Figures, &c. 
in fpeculation j from which is deduced the practical part for 
various ufes, for the benefit 6f mankind, in mechanic 
Arts, &c. 

Euclid has judicioufly divide^ the Subjeft into Books or 
Seftions ; each of which, treats of different Figures, or dif- 
ferent properties of Figures, the power of Lines, Proportion, 
&c. which fome Authors have thought proper to deviate 
from^ though without any juftifiable reafon for fo doing. 

It treats, in the firfl, third, fourth, and fixth Books, of 
Plane Figures, and thence is called Plane Geometry ; and 
afterwards, in the nth and 12th of Euclid, the 7th and 
8th of thefe Elements, of Planes and Solids. 

Each Book contains fundry Propofitions ; from which, 
Are deduced Corollaries, Scolia, &c. the ftgnification of all 
which I {ball firfl beg leave to explain or define ; and then 
proceed to the Definitions of the more efTential Terms^ 
which are the Subjedl of Geometry. 

A DEFINITION is the defining or explaining the full 

fignification of any Term or particular Word, peculiar to, 

or made ufe of, in that Science of which we are about 

to treat. 

A PROPO- 
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A PROPOSITION is cither a Theorem, propofed to 
be proved or demonftrated, contemplatively ; or, it propofet 
fomething to be done, problematically or mechanically, 

A CONVERSE PROPOSITION is the contrary of the 
other; that, which in the foregoing was the Conclufion^ 
drawn from the Premifes of it. 

c. g. If a Triangle have two equal Sides, the Angles 
which they fubtend are alfo equal ; the Converfe is, that if 
a Triangle have two equal Angles, the Sides fubtending them (^ ^ V 
are alfo equaU 

A THEOREM is a fpcculativc Propofition ; a declara- 
tion of certain properties, equality, or other proportion re- 
lative to Quantity, or Figure, mathematically confidered, 

A PROBLEM, IS a Propofition which piopofes feme- 
thing to be done, pra£lically or mechanically. 

An AXIOM is a felf evident Propofition, which doesxK}t 
lequire to be demonftrated. See Axioms, Book i. £K 

A LEMMA Is a Propofition, as it were by the bye, or 
out of the way, which ferves, previoufly, to prepare the 
way for the more eafily comprehending the Demonftration of 
the following Propofition, 

I do not make ufe of Lemmas in this Work, as fome geometri- 
^ Authors do \ for if there be a necellity for a Lemma, I fee no 4'ea- 
fon why that Lemma is not as much a Propofition as any other. Tht 
7th and 1 6th Propofitions of the firft Book of Euclid, may be called 
Lemmas, for they are certainly redundant PropoCitions, In othtr ma- 
thematical Works, Lemmas are frequently nece^ar^, but, ill Geometry, 
they are quite incon&iletot. 

B a A CO. 
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A COROLLARY is a neceflary confequence dcducible 
from fome Propofition, already demonftrated. 

A SCHOLIUM is a remark, or ufeful leflbn derived 
from the preceding Propofition. 

A POSTULATE is a petition or requeft which it re- 
quired to be granted. See Poftulates^ p. 2i. 

HYPOTHESIS. Whatever is fuppofed or premifed, in 
a Propofition, is called the Hypothefis or Premifes of it ; 
from which fome certain Confequence is deduced, as af- 
firmed, and afterwards demondrated, called the Thefts or 
Affirmation. 

e. g. If a Right Line, cutting two Right Lines,, makes 
equal Angles with them both, thofe lines are parallel. 

Here, the Hypothefis is, if the Angles are equal ; and, 
the Confequence, that the Lines are parallel. 

SUPPOSITION. In demonftrating fome Theorems, 
it is neceflary to have recourfe, frequently, to fuppofe fuch 
and fuch things, which are not fo in reality -^ by the ab- 
furdity of the confequences, arifing from fuch a fuppofition, 
a conclufion is drawn, and the Demonftration is made evi-> 
(dently to appear. 

Such kind of Demonilratioil is called reduSiio ad abfur^ 
ium^ i. e. proving it to be abfurd, or impoffible to be on 
that fuppofition ; which, not being dired and pofuive, is, 
to many, very unfatisfadlory ; yet, if rightly confidered, is 
full, though not dire& Demonftration. 

CONSTRUCTION, is the contriving or difpofing, 
geometrically. Lines and Figures, neceflary for making the 
Demonftration appear, clear and confpicuous \ and muft 

always 
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always be made of fuch Figures or Line* as are already well 
xindcrftood; the Properties, of which, being previoufly 
demonftrated. . 

DEMONSTRATION. When any thing is propofed, or 
affirmed in a Propofition, the Cafe is firft ftated and pre- 
pared, by drawing fuch lines, or forming fuch a Conftruc- 
tion as is neceflary ; and it is afterwards demonftrated ; that 
is, the truth of the Aflertion is made to appear, obvious, and 
without the leaft doubt remaining; the performance or 
operation of which is called the Demonftration. 

The three laft Terms being common words in the Englilh 
Tongue, may, by fome, be thought impertinent } but, notwith- 
(landing the common acceptation of them is almoll univerfal, yet 
the application of them in Geometry requires to be explained, 

DEFINITIONS. 

Of the effential and operative Terms. 

The Terms of Art, to be defined in any Science, are Names, 
arbitrarily given, by the firft Authors, or others, to ccrtaia 
Symbols, Figures, Marks or Charafters, pofleffing certain pro* 
perties or relations, in refpe^t of figure, pofition, iituarion, &c. 

The operative Terms are, generally, technical Words, pecu- 
liar to that Science, though perhaps applicable to others ; which 
are not of common ufe in Language, or have a difi^ercnt fignifica- 
tion. 

The following Definitions are frequently referred to, hereafter, 
for illuftratien or proof of what is advanced in the Propofitions. 

When any Figure, &c, which we are contemplating, is found 
to poffefs fuch or fuch properties, we affirm it to be luch a Fi^ 
gure, as anfwers to them $ or, in contemplating any Figure, given 
m the Premifes, we affirm that it has fuch or fuch properties, 
arbitrarily, by the Definition of it; and therefore, it requires ,no 
other DemoAltration. 

DEF. 
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D E F. I. A POINT is, rather to be conceived thm 
underftood to be, without dimenftons, therefore 
indivifible. 

In Plane Geometry, 3t is a Mark, fuppofed to be 
made wiih a ftiarji-poitited Needle, or fine drawing 
Pen. As A. 



DEF. 2. A LINE has length only, without other 
dimeniions, of breadth or thicknefs. 




DEF. 3. A RIGHT LINE is the ftorteft that caq 
be drawn between two given Points, {A and B.) 

ufually called a flreight Line. 

DEF. 4. A CITRVE, or CURVED LINE, is any 
other than a Right Line; either regular, as 
ACB; or irregular, asADB. 

Curve Lines are of various kinds, as circular, ellip. 
tic, parabolic, &<;. each ot which has particular pro- 
perties peculiar to them, and Ibme incomniaii. 

DEF. 5. A SURFACE, or SUPERFICIES, is the 
outfidc or external parts of Bodies, having no re- 
gard to thicknefs or fubftance ; and therefore, has 
but two dimenfions, viz. length and breadth. 
AsABandCD. 

Surfaces are various, as Convex, Concave, and 
Plane. 

Irregular Surfaces are fuch as are not, uniformly, any 
of the three, but may be compounded of them all. 

A convex Surface is one that is externally round or 
protuberant. Alfo, the outfide of the curve of a 
Circle, &c. ii convex. 

A concave Surface is one that is round internally, 
or hollow, fuch as the infiUe of a round Vcfiel ; the 
outfide is convex. The curve of a Circie towa'rds the 
tenter is concave, 

DEF. 
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D E F. 6. A PLANE is a pcrfeaiy even and regular 
- furface, which is neither convex nor concave, in 

any part; to which, if a Right Line or llreighc 

Ruler be any bow applied, it will touch in c?ery 

Point. 

Or, if any two Points, in a Plane, be joined by a 

Right Line, the whole line is in that Plane. 

A Plane may be concelveJ to be generated by the 
liirecl motion of a Right Line, Inierally ; or whirled 
around on any Point in ic. 

If the Right Line A B be moved, direftly to CD, 
there will be generated [he Plane A BCD. 




N. B. A Plane may be of any Shape o 
refpeA of its bounde or limits. 



Figure, i 
Parallel X. 




DEF. 7. PARALLEL. Right Lines 

to each other, which, if produced infinitely, either 
way, and being in the Time Phne, would never 
meet. As AB and CD. 

N.B. Parallel Lines 
bettveen whicli nil Kig 
being alfo parallel, are equal. 

But, theDiitance bciucen <wo parallel Lines \i mc3- 
furedby a Perpendicular, AD or liC. St e Perpen- 
dicular (Def. 10.) 

The lame holds true in parallel Planes. 

DEF. 8. A PLANE-ANGLE is formed by the 
meeting, touching, or cutting, of two Lin< s in the 
fame Plane, fo as nut to fall into or conflitutc one 
Li„.. ( 

Angles are eitbcr ripht-liiieJ, as A or B; curved, a» 
C. Dand E i or mi\-td, a= !■' and G ; tvhici, are com- 
pounded ot a Kight Lincanda curved or crooked une. 

N.B. Angles are neither incrv-^f&.l nor diminilhed by 
the length ofi the Lines which form tliem ; fur, the 
Angle A is greater than the Angle B, notwithftiinding 
tliG Lines which form the .-Ingle B are longer than 
ihofe of the Angle A ; but, the Lines forming the 
Angle B arc more inclined to each other. 
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2. Imagine the clotted Lines to reprefent the Angld 
A laid upon, or applied to the Angle B ; it is evi^ 
dent, that the Angle B is lefs than the Angle A, ha- 
ving a greater inclination of its Sides, or the aperture 
between them lefs ; therefore, a lefs Angle may aU 
ways be contained in a greater, 

3. If the Sides of any Angle (as B) were length- 
ened infinitely, the Angle is not varied, if the incli- 
nation of the Lines remains the fame ; but, if you fup-* 
pofe them moveable, on the angular point, like a 
folding Rule, and are parted farther afunder, ap- 
proaching towards the dotted Lines, their inclination 
will then be lefs ; and confequently, the aperture or 
opening between them greater ; and therefore, the 
Angle is faid to be greater. 

DE.F. 9. VERTEX, is the angular Point in which 

two LineS) forming a Plane Angle, meet and 

touch each other. 

N. B. A fingle An^^le is ufually'defcribed by one 
Letter only, or other Chara(^er, as A or B ; but, if 
three or more Lines meet in a Point, then three Let- 
ters are ufed, to fpecify the Angle fpoken of; as 
ABC, C B D or ABD ; of which the middle Letter 
always denotes the Vertex ; and means, the Angle 
made by the lines AB and BC, or CB and BD, &c. 
wherefore, the middle Letter, denoting the Angle, ia 
undcrftood to be twice named. 

DEF. 10. PERPENDICULAR. A Right Line 
is perpendicular to another, when it does not in- 
cline to the other on either Side ; but makes the 
Angle, on each Side, equal to the other. 

Thus; if the Angles A CD, DCB, are equal to 
one another, then CD is perpendicular to AB. 

N. B. No more than one Perpendicular can be 
drawn from the fame Point in a Right Line, on the 
fame Si^ae, and in the fame Piane. 

For, if any other Line, as CE, be drawn from the 

fame Point, C, it cannot be a Perpendicular, but is 

faid to incline to AB ; and, the inclination is on the 

fame Side of the Perpendicular CD; i. e. the Angle 

ACE is the Angle 01 Inclination of the two Lines AB 

and C E. 

N. B. 2. 
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N. B. 2. If another Right Line, as FG, be drawn 
in the fame Plane, from any Point F, perpendicular to 
AB, it wiU be parallel to CD. 



D£F. II. A RIGHT ANGLE U that which it 
formed by the meeting of two Right Lines which 
do sot incline to each other, but either of them 
b perpendicular to the other. 

N. 6. If either Side of a Right Angle be produced, 
or drawn oat beyond the Vertex, there is ncccffarily 
generated another Right Angle. And, confequently, 
if both Sides are produced, there will be generated 
four Right Angles. 

Thus, AB C is a Right Angle ; if, when A B or 
Cfi is produced, towards D or E, there is made ano- 
ther, CBD or ABE ; and if both are produced, EfiD 
is a fourth Right Angle. 



A 
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D£F. 12. An ACUTE ANGLE is lefs than a 
Right Angle. 

If the Line'CB, meeting AB in the Point B, falls 
on this Side of a Perpendicular, BD, at that Point ; 
the Angle ABC, being left than the Right Angle * 
AB D, is therefore called Acute. 

A 

D£F. 13. An OBTUSE ANGLE is greater than 
a Right one. 

If die Line BE falls on the other Side of the Pef« 
pendicular, BD ; the Angle A B £ is Obtufe. 

N. B. The diflerence, CBD, between an Acute 
Angle, ABC, and a Right one, ABD, is called the 7* 
Complement of the Angle ABC. 

And, if either Side ot an Obtufe Angle, as AB, 
be produced, the Angle £BF is the Complement of 
the Obtufe Angle ; or its deficiency to two Right An- 
j^es, ABD/ DBF. 
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DEF. 14. EQUAL ANGLES, Angles are equal, 
* when the Lines, which form them, have the fatns 
Inclination each to the other, refpedlively. 

In the Angles a be, ABC; if the Vertex, b, of the 
one, be applied to the Vertex, B, of the other, in 
fuch wife, that the Side a b falling on A B, c b alfo 
falls on CB; then, there is the fame inclination of cb 
to a b as of CB to AB, and the Angles a be, ABC 
are equal. 

N. B. The length of the Lines, or Sides, is not con- 
sidered or regarded in the equality of the Angles, but 
only their inclination to each other. 

Angles have other Denominations, which are 
derived to them only from their Situation, in re- 
fpefl: of each other ; yet ftill retain the general 
appellation of Right, Acute, or Obtufe Angles. 
Such are the following. 

DEF. 15. VERTICAL and CONTIGUOUS 
ANGLES. 

If two Lines, AB and CD, cut and crofs each other, 
there are made four Angles, at the Point, E, of their 
mutual Interfedlion ; either two of which, AED, 
CEB, or AEC and DEB, touching at their. Vertices, 
only, are called Vertical Angles. 

Any other two, as AEC, AED, or AEC and CEB, 
&c. having one Side, CEor AE, common to both 
Angles, are called Contiguous or Adjoining Angles. 

DEF. 16. ALTERNATE ANGLES, and others. 

If a Line crofTes or interfefts two Lines, there are 
made eight Angles, A, B, C, D, &c. ; of which C 
and F, alfo E and D, between the two Lines, one on 
each Side of the cutting Line, are called Alternate 
Angles. 

C and £, alfo D and F, are called Internal An- 
gles on the fame Side. 

E and A, F and B, C and G, or D and H are called 
Internal and Opposite Angles, on xh6 (kme 
Side. 

DEF. 
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DEF. 17. A PLANE FIGURE i>a Space bound- 
ed on all fides by one or more Lines in the hmc 
Plane. 

2. Any Line, between two adjacent Angles, forming 
or bounding a Figure, is called a Side of that Figure, 

N. B. If a Plane Figure be bounded by Right Lines, 
only, it is called a Right-lined Figure ; as Z. And if 
it be formed of Right Lines and curved, it is called 
a mixed Figure. As A C. 

DEF, 18. INTERNAL and EXTERNAL 
ANGLES. 

If any Side of a Plane Figure be drawn out beyond 
the Figure, as" A B to D, the Angle E, or ABC, with- ^ 
in the Figure, is Internal ; and the Angle F or CBD, 
wiihout the Figure, is called an External Angle. • 

DEF. 19. A CIRCLE is the fimpleft and mqft 
perfeft of all Plane Figures, therefore the firftj it is 
bounded by one regular and uniform curved Line, 
falling ag:iin into itfelf ; which is called the Cir- 
cumference of the Circle. 

The curved Line ABD is the Circumference ; the 
Space, included within it, is the Circle, 

DEF. 20. CENTER of a Circle, or CENTRE, 
is a Point in the middle of a Circle, or the middle 
Point of a Circle ; which is equally diftant, every' 
way, from the Circumference. As C. 

N. B. The genefisofa Circle is thus defined. 

K a Line, CD, be conceived to be revolved quite 
around, on one extreme, C, fixed to a l*in or Point ; 
the other c:<rreme, D, will, in its revolution, defcribe 
the Circumference of a Circle, ABD ; and the Line 
CD 
the 

Hence, 
from the Center of a Circle to the Circumference, are 
equal, 

e 2 N. B. ir. 
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N. B. 1. Equal Right Liii» defciibe ci^ubI Circles; 
but, it another Line, CE, ^r, if any Point, E, be 
aflumed la ihe Line CD, anorher Circle will be de- 
fctibed, on the fame Center, and in ihe fame fpace of 
time; whofc Circumlirencc, EFG, is to that of the 
other Circle, defcribed by the Point D, in proportion to 
the Lines CE and CD, by which they were geneiated. 

PEF. 21. DIAMETER, of a Circle, is a Right 
Line drawn through the Center, and terminated 
on both fides by the Circumference. As A B. 

2. Half rhe Diameter of a Circle i; called thfl 

Radius. As AC or CB. 

N. B. Every Diameter divider the Circle, and alfo 
the Circumference, in two equal Parts. 

pEF. J2. A SEGMENT of a Circle, is any pot- 
tion cut ofF by a Right Line ; which is called a 
' Chord or Subtense. 

As AD, making two Segments, AED andAFD. 
N. B. A Diameter is alfo a Chord Line. 




DEE. 23. A SEMICIRCLE is a Segment, made 
by a Diameter, AB. AsAEBorAFB. 

Therefore, the Segment AED, which is greater 
than a Semicircle, is called a greater Segment ; and 
AFD a lefier Segment. 

DEF. 24. An ARK, or ARCH, is any portion of the 
Circumference of a Circle. As AB, BC, or ABC. 

DEF. 25. A TANGENT is a Right Line drawn 
without a Circle, and touching it in a Point onlyj 
which is called the PoiNT of Contact. 
As AB, touching thcCirdc in B. 



DEF. 26. A TRIANGLE is a Plane Figure 
bounded by three Right Lines, and contains as 

mwiy Angles. 

N. B. Not 
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N. B. Not Icfs thvi ihite Right Linjes cao include 
a Sps^ and form a Figure ; whereforci ^ Triangle is 
the firft of all Right-uned Figures. 

Trangles ut of various Iqnds. As follows. 

DEF a;. %. An EQUILATERAL TRIANGLE 
has all its three Sides equal) to one another. 

PEF. a8. 2. An ISOSCELES TRIANQLE has 
only two equal Sides. AB and BC. A 

PEF. 29. 3. A SCALENE TRIANGLE has all 
its Sides unequal. 



PEF. 30. 4. A right-angled TRIANGLE 4 
is one that has a Right Angle. B. 

Z. The Side A C, oppofite the Right Angle, is called j 
the Htfotu£nus9. ' 

DEF. 31. 5. An OBTUSE ANGLED TRI- 
ANGLE is one which has an Obtufe Angle. C« 

N. B. The two laft are not diHind fpecies of Tri- 
angles, but only a particular kind ; which ftill come 
under the general Denomination of Ifofceles or Sca- 
lene. 

An Ifofceles or Scalene Triangle may be either right 
or obtufe angled, or have all its Aneles acute. 

The Triangle ADB is right-angkd ; ACB is ob- 
tufe-angled ; and AEB has ^1 its Angles acute ; yet, 
they are all Ifofceles. 

So likewife, the Figures of "^icf" to laft Definitions 
are Scalene Triangles. Ifr^ 

DEF. 32. A QUADRILATERAL or QUA- 
DRANGLE is a Plane Figure which has four 
Sides, and four Angles. 

Thefe are fynonimous Terms ^ the firft expreCng 
it by the number of its Sides, the other by its Angles. 
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DEF. 33. A PARALLELOGRAM is a Quadri- 
lateral, whofc oppofite Sides are parallel. 

DEF* 34. A RECTANGLE is a Parallelogram, 
whofe Angles are all Right ones. As X. 

DEF. 35. A SQUARE is a Reaangle, whofe 
Sides are all equal, to one another. Z. 

N.B. All Redlanglcs and Squares are Parallelograms. - 

bEF. 36. A RHOMBUS is a Parallelogram, 
whofe Sides are all equal, and its Angles not 
Right ones. 

z. If the Sides of a Parallelogram are not all equal, 
and the Angles not Right ones, it is called aRiioM- 

BOIDES. 

DEF. 37. A DIAGONAL is a Right Line drawn 
between any two Angles, that are oppofitcs in 
any right-lined or mixed Figuie j i. e. from one 
Angle to the other. As AC. 

N. B. In Parallelocrrams, the Diagonal is ufunlly 
called a Diameter ; becaule it pafles tiirough the Cen- 
ter (the middle Point, E, where the tAvo Diagonals, 
AC and BD, interi'eA) and, as in a Circle, it divides 
the Parallelogram into two equal Parts. 

Any Right Line, cutting a Parallelogram through 
its Center, is a Diameter. 

DEF. 38. COMR^^MENTS of a Parallelogram. 

If any Point, as jh, be taken in the Diagonal of a 
Parallekgram, and, /-hrough that Point, two Right 
Lines are drawn parallel to the Sides, boih ways (AB 
and CD) it will be divided into four Parallelograms, 
V, X, Y, and Z ; the two, X and Z, which touch 
the Diameter, in the Point E, only, are called the 
.^Complements ; which, with either of the other, 
■ftbout the Diameter, taken together (as XYZ or XVZ) 
is called a Gnomok. 

DEF. 39. 
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DEF. 39. A TRAPEZIUM is an irregular four- 
(ided Figure. 

Wherefore, every Qaadrilateral which is not a 
Parallelogram, is, confequently, a Trapezium. 
As ABCD. 

DEF. 40. A POLIGON. All right-lined or other 
Plane Figures, having more than four Sides, have 
the general appellation of Poligons, fignifying 
many Sides. 

N. B. Ordinate or regular Polieons' are fuch as 
have all their Sides aod Angles eaual ; about which a 
Circle may be circumfcribed, wnofe Circumference 
ihall pafs through every Angle of the Poligon ; and, 
a Circle may alio be infcribed, which (hall touch eve- 
ry Side. 

Poligons have various Names, derived to them 
from the Number of their Sides ; as follows. 

1. A Pentagon is one that has five Sides. 

2. A Hexagon has fix Sides. 

3. A Heptagon has feven Sides. 

4. An Octagon has eight Sides. 

5. A NoNAGON has nine Sides. 

6. A Decagon has ten Sides. 

7. A DuoDECAGON has twelve Sides. 

8. A QuiNDECAGON has fifteen Sides. 

Thefe eight are the moft eflential, in Geometry, and 
the moft uleful amoneft Mechanics. To fpecify every 
kind of Poligon would be infinite. 



DEF. 41. PERIMETER is the fum or meafure of 
all the Sides of a Poligon, or other right-lined or 
mixed Figure, in one Sum ; which Is fometimes 
called its Circumference, or Periphery. 






DEF. 42. 
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DEF.42. EQU^i ANGULAR FfGURES arc fuch 
as have an equal number of Angles ; and the An- 
gles of one alfo equal, rtfjiefliveJy, to the Angles 
of the other, each to its correfponding Angle. 
As, a equal A, b equal B, and c equal C. 

DEE. 43. CONGRUOUS FIGURES are fuch as 
have all their Angles equal, refpciSively ; ^iVfo, 
the Sides, which contain equal Angles, or which 
are between equal Angles, are equal. 

If the Angle a be equal A, b equal B, c equal C, 
and d equal D ; ajid, if the Side ab is equal AB, 
be e^oal BC, ed eq^ual CD, and ad to AD; then, 

the Figures abed, ABCD, are copgruous. 

DEF. 44. EQUAL FIGURES arc fuch ss have 
an equal Area. See Def. 47, 

N, B. If two Figures of different Denominations 
have an equal Area, they are ci^Ued equal Figures. 

So, the Parallelogram ABDE is equal to the Tri- 
angle ABC. 

Congruous Figures are equal and fimikr. 

DEF. 45. BASE, of a Plane Figure, is the Side on 
which it is fuppofed to Itand ereft. As AB. 

N. B. It may be aay Side, at difctetion ; but is ge- 
nerally applied to the lower Side, or tliat which is next 
towards us. 

DEF. 46. ALTITUDE, of a Figure, is its per- 
pendicular height from the Bafe. 

As ED, perpendicular to the B»fe AB, is [he Alti- 
tude of the TrapcKium ADCB ; or of the Triangle 
ADB, 

B DEF. 47. AREA of a Plane Figure, or other Sur- 
face, is its fupeificia! Contents ; i, e. the mea- 
fure, or quaniity of Space contained within the 
bounds of the Figure, exprelTed in fquare Feet, 
YviSf or any other known meafure, of length. 
DEF. 48. 
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1)£F. 48. SEGMENT of a Line, is any portion 
of a Line. 

As AC, or GB, of the Line AB. A. 



n 



DEF. 49. SUBTEND. The Side of a Triahgld 
which is oppofite to any Angle is faid to fubtendl 
that Angle. 

Thus, AB fubtends the Angle C, AC fubtends the 
Angle B, and BC fubtends the Angle A. 

So likewiie, the Chord or Subtenfe AB, fubtends 
the Ark ACDB ; and CB fubtends the Ark CDB. 



DEF. 50. To BISECT, is to cut or divide a Line 
or Angle, &c. into two equal Parts. A 

Thus AB is bifedled in the Point C ; and the Angte 
BAD, is bifedted by the Line A£. 

2. To tRiSECt, is to cut, equally, into three Parts* 

t)Ef. 51. T6 PRODUCE, h tb dfaw Out a Line 
or Piahe, or tp lengthen it at pleafure. 

Thus, the Line AB is produced to C« 

DEF. 52- To DESCRIBE, is to draw a Linc^ 
Circle, or other Figure. 

DEF. 53. To INSCRIBE, is to draw a Figure 
touching every Side of another Figure, internally ) 
or, whofe Angles Ihall all touch the Circumference 
of a Circle* 

DEF. 54. To CIRCUMSCRIBE, is to defcribe 
a Circle or other Figure paffing through all At 
Angles of another Figure. As ABCD« 

D DEF. 55« 
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DEF. 55. EXTREMES or BOUNDS, arc the 

utmoft Limits of any thing. 

So, the extremes of a Linie are Points ; the bounds 
or extremes of a Surface are Lines, (except the fur- 
face of a Sphere, which has no ^unds) and, the 
extremes of a Solid are Svfrfaces. 

A Sphere has but one Surface ; alfo, a Circle is 
bounded but by one Line, without beginning or end; 
confequently it has no .Extremes. 

Some Reiaders will, perhaps, think I have already deviated 
. from the Plan prOpofed in the Preface, which was, to abridge" the 
Elements of Euclid ; but I hope they will ftnd, that the time 
fpent on the Definitions (by way of Introduftion) is not thrown- 
away ; having made fev«ral of them ufeful LefTons, as well as 
defined the Terms ; and I am perfuaded,- that the more perfeft- 
ly they are underftoodj the progrefs, in the SabjeA they rdate 
to, will be greatly facilitated. But, I muft inform the Reader, 
that it is not the length of the Definition itfclf, but the number 
of Terms I have defined, and the Notes to fevcral, which have 
fwelled the bulk of them ; having hear twice the Number which 
fome Authors have, and, in my opinion^ not one fuperfluous.^ 

However,' not to difcourage the young Student, I advife hiHi 
not to burthen his memory too much at once ; for there is not 
the leaft neceflity that he fhould retain them all, before he pro- 
ceeds further j 'tis enough, at firft, to read theni over with at- 
tention, and underfland them clearly as he reads ; they will foon 
become familiar to bim> by frequent ufe, in the courfe of his 
fiudy of the Science. 

I alfo particularly advife him, when he meets with any Tertn 
hereafter, of which he has not a clear Idea, to turn immediately 
back to the Definition of it ; he may depend on it, that the time 
will not be entirely loft. 

Several of the Terms which I have here defined, being fre- 
quently ufed in the Subjeft of Geometry, are abfolutely neceffary 
to be defined, but are not, properly fpeaking, elementary. Such 
are the 4th, the Qthj the 14th, 15th, 16th, and i8rh; the 36th, ^ 
the 41ft, 43d, 44th, 47th, and 48th, and the laft feven ; which are 
chiefly operative or practical Terms. Though I muft freely own, 
that I fee no reafon why the 49th, 50th, 51ft, and ^2d, are not 
as neceCity to be defined as the 5 3d and 54th: the 55th is 
made three feparate Definitions, in the 3d, 6th, and 13th of Eu- 
clid. 

It is, or ought to be, the defign of every Author on any Sci- 
ence, to make his Book a perfed Tutor; confequently, no par- 
xkular Term, made ufe of in thtit Science^ and which is peculiar 

to 
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to it« Ihould be left ondefiaed : for, we (hould fuppofe the Stu- 
deat to be entirely ignorant of all that relates to it. Can any 
thing be more abfard, than, to propofe bifedting a Line or Angle, 
or producing a Line, &c. to talk of Alternate Angles, &c. of 
Diagonals, Complements, Subtenfes, &c. without having firft de- 
fined what is meant by them ? I have often been furprized at 
the omiflion of the Definition of a Poligon, and the vanous 
kinds of Poligons ; the forming, infcribing, and circumfcribing 
of which, is the piincipal fubjea oi the 4th Book, They are frer 
quently called by the Terms Pentagon, Hexagon, &c. which' 
have never been properly, if at all, defined. In the 23d De<* 
finitioQ they are, in general, called many-iided Figures ; 'tis a 
ftrange ungeometrical Terra, and never once made ufe of after, 
hot pther Terms are afiumed. 

£iaclid, himfelf, has not defiQed a Parallelogram, that mod u(e* 
fill and necefiary Figure. I admire Mr. Stone's Apology for 
that omiflion, as "being unwilling to increafe the Number, unr 
necefiarily ; and fays, that Euclid has fufficiently defined it ia 
the 34th P^ropofition. Mr. Stone indeed has, but not Euclid ; 
for why elfe has Keill defined it beforexthe Propofition ? But, if 
it be thought moil eligible to define that Term in the Propofi^ 
tkm, where it is firfl made ufe of, why are not others fo defined ? 
why are not all, as well as this ? 

At the* fame time, Euclid has, in Nf r. Stone's Opinion, given 
fcveral unneceflary Definitions ; viz. the 3d, 6th, and 13th of 
his Euclid, which I always thought fuperfluous ; the 9th I think 
fo too, alfo the 20th. He, likcwife, thinks the i8th, 26th, the 
32d, and 33d, ufeleft, In refped of the 26th (the 29th of this) 
I cannot fay it is eflentially neceflary ; yet, as Scalene Triangle 
is a general Term, inclqding all that are neither Equilateral nor 
Ifofceles, I cannot think it redundant. 

The 29th, of which he fays nothing, is really fuperfluous, 
viz. " when all the Angles are acute, it is called an acute? 
Jingled Triangle." I know of no properties peculiar to fuch 
an acute-angled Triangle, that is not common to every Triangle; 
for every Tnangle has, neceflarily, two acute Angles. An equi- 
lateral Triangle is included in that Definition, and fo are the 
Jfofceles and Scalene, frequently. 

Why is not a three-fided Figure (Def. 21.) called a Triangle, 
as it is always called afterwards ? we might as well go on, from 
four to five or fifteen fided Figures. An Oblong (Def, 31.) for 
a Rcdtangle, is quite ungeometrical, and is never called fo af- 
ter. The Rhombus and Rhomboides, 32. and 33. (Def. 36. 
pf this) are, in a great meafurc, ulelefs, being fully fignified iu 
a Parallelogram, which alfo includes Squares and other Reft- 
angles ; all which, are only particular fpecies of Parallelograms 5 
Uie I^omboid^s including all unequal fided aQd acute angled. 



«d REMARKS. 

« 

I can by no means agree with Mr. Stone, in thinking the iSth 
Definition, of a Semicircle, needlefs ; I alfo think, the Radius as 
necefTary to be defined as the Diapieter. In fpeaking of Anglea 
in a Segment of a Circle, Prop. 3 1 . of the 3d Book, the 1 2. of this, 
viz. " the Angle in a Semicircle is a Right one,'* &c. ; fince there 
is a nece£ity for calling it fomething, 1 cannot but think a Semi-* 
circle more elegant and exprefiive than half a Circle, >yhich does 
not confine it to any particular Shape or Figure ; provided it has 
half the Area, it is half a Circle ; whereas, the Semicircle (which 
undoubtedly means half a Circle) is** always underflood to be 
contained under a Diameter, and half the Circumference. 

Mr. Stone is fomewhat too dogmatical in his remarks. I can* 
pot be of Opinion, that the manner in which Euclid has com^ 
piled his Elements, is the befl that can poflibly be, becaufe £u^ 
clid lived two thoufand Years ago. 'Tis not to be imagined that 
the mathematical Sciences had arrived at their ne plus ultra in 
his Days, for it is notorious they were not ; why then, fhould we 
fuppofe, the Elements of Geometry to be in their greateft perfecr 
tion ? I am not fo much wedded to antiquity, as to think them 
infallible ; neither do I think that dl Euclid's Definitions are ne* 
cefTary, or that he has omitted none that are fo : Such, therefore, 
as are ufelefs I have rejedted, and have fupplied their places with 
others, which I think more efiential^ and abfolutely neceflary tQ 
^e Refined. 
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POSTULATES. 

Poftulates are fundamental Principles in any Science; 
which, being plain and fimple in themfelves, may readily 
be granted ; although, it is not pofHble to give perfed and 
indifputable Demonftration. 

The following are, therefore, rcquefted to be grs^nted. 

!• That there may be a perfedl Plane ; and that it may 
be extended at pleafure. 

2. That a Right Line may be drawn between any two 
given Points j i. e. from one Point to the other. 

3. That a Right Line may be produced at pleafure ; i. e, 
that a finite Line may be continued or lengthened. 

4* That a Circle may be defcribcd on any Center, and 
with any given Radius, 

*;. That one Figure may be applied to, or laid upon an- 
other Figure. 

Thefe Poftulates muft be granted, at leaft in Idea, or all Geo- 
metry falls at once to the Gidund; for, it there cannot be a 
Plane, a Right Line, or a Circle, the whole Elements of Geo- 
metry are to no purpofe ; as it will be impoffible to form a Con- 
ilrudion, whepeby we may demonftrate the moll eJlential Properties 
of Figures in general, whether Plane Figures or Solids ; ahd 
confequently, it no Demonflration can be giveu, there is an end 
of the Science, having no Data to build on. I' 

In every mathematical or phyfical Science, there is a'tijJceCiiJr ' 

for fome Data or firft Principles to be given, .whereon to frame ^ 

Hypothefes, in order to demonftrate the Theorcnw which fol- 
low; and the more fimple thofe Principles! are, the better ; bc- 
caufe there will be lefs room to difputc them. But, at the fame 
time, if they are difputed, they arc the moft diificu^f to demons r. 

ftrate, for being the moft fimple; becaufe, there is no reverting 
back to any thing more fo ; and confequently, there can be no 
Pemonftration given. That the thing is fo, of itfelf, is fdmc- 
what arbitrary, notwithftanding there is no poiTibility oF deny- 
ing it ; therefore, the more limple the fiilt i'rinciples are, the 
readier the aflbnt will be given ; and the Demonftrations, of the 
moft complex Propofttions, which follow after, will be c^Iicr 
obtained and more firmly fupported ; and confequently, the whole 
Science, which is built on thofe Principles, is more folid and 
PcriQanent, and (nore fecurely eftabjifhed. 

THE 
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PLANE ANGLES, 



TJ^forc I proceed to pradlical Geometry, I think it pro- 
■*^ per, firft to explain the Theory of Plane Angles j 
which J look on as a very neceflary Introdudlion, 

In order to have a perfeft and clear Idea of Plane Angles, 
and to determine their Quantity by a certain ftandard or 
meafure, the Circumference of a Circle. is fuppofed to be 
divided into 360 equal parts, called Degrees (anfwering to 
the number of the Degrees on the Equator) it is evident; 
that thofe divifions will be lefs in a fipall Circle than in ^ 
larger, 

J. If from two Points in the Circumference of a Circle, as 
£ and F, Lines are drawn to the Center, as EC and FC, 

© there is made an A"g'^ ^' ^^^ Center, C, 

which is greater or lefs, according to the 
pumber of Degrees on the Ark EDF, but 
it will be the fame in a fmall Circle as in 
^ large one, i. e. the lines will have the 
fan^ inclination to each other. ^ g. 

A D B is a Semicircle, whofe Center is C ; the Arch 
AEDFB contains 180 deg. half 360, the whole Circum- 
ference.^,. 

From the middle point, D, of the Arch ADB, which 
is 90 dcg, each way, from A and B, if CD be drawn, it 
will be perpendicular to AB 5 for ACD and DCB, ar? 

Right 
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Right Angles, at the Center (Def. ii.) the Arks AD, 
DB, being each a fourth part of the whole Circumfe- 
rence, or half the Semi-circumference : hence, a Ri^ght 
Angle is faid to be of 90 Degrees. 

3i If the Ark AD be bifedted in E, and EC be drawn, 
the Angles ACE, ECD, will be each of 45 deg. half 
ACD a Right Angle, or 90 Degreed. 

And, if the Ark DB be trifefted, at F & G, (i. e. divided 
into three equal parts), and FC be drawn, the Ark DF 
containing 30, and FGB 60 deg. the Angle DCF is 
faid to be an Angle of 30, and FCB an Angle of 60 deg. 
By which means, an Angle of any quantity may be 
obtained, or meafured. 

'4« On the fame Center, C, with any other Radius, as C a, 
letthe Arch aed fb be drawn, which is alfo aSemicircle. 
It is very obvious, that it is alfo divided into the fame 
number of parts, and in the fame proportion, as the Arch 
AEDFB ; for it is bifeSed in d, and a d is again bife<^- 
ed in e, and d b is alfo trife£ted zt f and g ; wherefore, 
AD, a d are each a fourth ; ED, e d an eighth ; BF, 
bf, a fixth ; and FD, fd, a twelfth part of their refpec- 
tive Circles ; and the Angles ACD, aCd ; ECD, eCd, 

' &c. are the fame in both. 

From all which, it is clear, that. Angles may be formed 
or meafured by an Ark or Circle of any Radius. And 
alfo, that equal Arks of the fame, or of equal Circles, 
or an equal number of degrees in a Circle of any Ra^ 
dius, will form equal Angles at the Center. 

5 If you would have an Angle of 60 degrees at the point 
C, of the line BC. 

With 
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With any Radius, at pleafure, defcribc the Ark BIJ'i 
cutting the Line BC in B; ^ith the fame Radius, oil 
the Center B, cut the Ark BD at F, and draw CF. 

It is very clear, that the Angle B C F would be the 
fame, if a lefs Radius had been taken, as C b. 

For, draw the Chord Lines FB and fb, each will bi 
equal to the Radius of its refpedive Circle; and, the 
. Triangles CFB, C f b are equilateral; whofe Angles 
arc of 66 degrees each (Cor. i. 9. i.) j for the Arks BF 
and b f are, each a fixth part of the whole Circumference 
of their refpedive Circles, of which C is the common Cen- 
ter, (fee Prop. 11. 4.) ; and confequently, each contains 
6o degrees on the circumference of that Circle, of which 
k is a Part ; whofe Radius is CB or C b. 

A defcription of the Indrument called a Protractoe, 
with the application of it, in meafuring and making Angles, 
of any known -quantity or meafure, may not be improper In 
this place. It is of fpecial ufe in Surveying, in drawling 
Plans of any piece of Ground for building on, &c. or of 
Buildings, already ere£ledj being readier and more exa& 
than a Line of Chords. 

The Protrador is a Semicircle, divided oh its Limb or 
Semi-circumference, AEDFB, into 180 equal parts ; hav-^ 
ing a fmall Notch at C, the Center. See the laft Figure. 

Some Protradtors have a Scale, added to the Semicircle^ 
which are the beft and readieft in ufe. 

In meafuring an Angle, apply the Diameter, i. e. the 
Edge or Right Line AB, to either Side of the Angle ACEj 
with the Vertex, C, of the Angle, at the center of the 
Protraflor; and, where- ever the Side CE, cuts the Limb 
or circular edge of the Inftrument, obferve how many De-*« 
grces there are from A to E, the Ark intercepted between 
the Sides AC and CE, of the Angle ACE. 

If 
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If it contains 4 5, or 50, or whatever number of Degrees it 
happens to be, (as 45 by the Figure) the Angle ACE is 
of fo many Degrees. If it had cut the Arch at D, as ACD, 
it is a Right Angle; and if beyond D, as ACF, it is ob* 
tufc J the Complement FCB, i. c. the Ark FB, being fub- 
traded from the Arch of the Semicircle, ADB, or 180 de- 
grees, gives the quantity of the Angle ACF. 

2. If it is required to lie down or make an Angle of feme 
known Quantity (as 45 deg.) at the Point C, of the Line AB. 

Apply the edge of the Protra£lor, as above, with the 
Center, C^ at the Point given ; make a Mark or Point at 
£ ; take away the Inftrument, and draw £ C. 

Tbus^ may any Angle whatever be laid down on Paper. 

A Scale of equal Parts is nothing more than a Right Line 
divided into any number of equal Parts, at pleafure. 

Each Part may reprefent any meafure yoii pleafe, as an 
Inch, a Foot, a Yard, &c. ; for, being equal, whatever 
meafure any O^jeA or Figure contains, in length and breadth, 
a fimilar Figure may be conftru£ted, on a Plane, having 
or containing the fame number of Dlvifions, each way, on the 
Scale, as the real Objeft contains of Feet, Yards, &c. One 
of thofe Parts is generally fubdivided into parts of the next 
inferior denomination, or into tenths and hundredths^ denot- 
ing the Decimal Parts. 

Obferve, that the Divifions on the Scale, (whatever meafure 
is reprefented by them,) muft always be adapted to the Pro* 
portion you would delineate any Objeft, or form a Defign. 

See the Appendix (Page 15 and 16) for the conftrudUon 
of Scales. 

N. B. A pair of Compafles or Dividers, a Drawing Pen, and 
a ftreight Ruler, are all the Utenfils that are requifite, in Plane 
Geomttry. 

The Board or Paper, on which we draw any geometrical Figure, 
is fuppofed to be a Plane. 

E ABBRE. 



ABBREVIATIONS &c. Explained. 

) 

&€• Ei pitura. And all th« reft. When, what is fup* 

pofed to follow may be readily underfiood. 
X. e. Id ift^ That is. When, what has been faid re* 

quires to be further explained. 
viz. Vtdelicit. To wit; or, that is to fay. When 

alny thing advanced is given in Grofs, which 

Ss flnore particularly fpecified, as follows after. 
f.vg. Exempt gratia. For inftance ; or, for the fake of 
. exmnple. When an Example is to be given 

of what is advanced. 
NrB. Nota Bern, Mark well. That is, take particular 

notice of that Paragraph. 
Q^E.F. §uod tr at faciendum. Which was required to 

be done. 
Qi E. D. ^od erat demonjirandum. Which was to be 

demonftrated. 
DEM. Demonftration. 
€OR. Corollary. 
SCHOL.Sch61ium,or remark. 
APPL. Application, or ufe. 
Par. AB. 1 

orP.AB.P*'^''^^''*'"^^- 
Reft. AB. Reaangle AB, or ABCD, &c. 
R. Ang. ABC. Right Angle ABC, &c. 
Line AB. Denotes R^ight Line AB, &c. 

Note.' When it is required to join any two Points, it is 
meanty that a Right Line be drawn between them, i. e. from 
one Point to the ^er. 



Hyp. AB. 


. Hypothenufe AS 


Perp. 


Perpendicular. 


Dia. 


Diameter. 


Diag. 


Diagonal. 


Trap. 


Trapezium. 


Pent, 


Pentagon, &c. 



AB- 



AteBREVIAflONg E3tt»LAiNfii>. aj 
Abbreviations^ by way of Reference. 

Poft. I. or 2. Refers to the fifft or fecond Poftulatc ; wher6 

it is requefted that fuch or fuch things may 

be granted. ^ 

Def. 6. or 7. Refers to the fixth or fcvcnth Definition in 
Or, Def.6. 3. the general Introduction. But, when there 
Or 6. 5. &c. are two numbers, it refers to the 6th Defi« 

nitiolis bf the 3d. or 5th Book. 
Ax. 3* Refer3 to the third Axiom fpr DemonftratioA^ 

arifing from felf- evident properties of 

things. 
ft. Th. P. A. Refers to the fecond Article ill the Theory of 

Plane Angles^ for iHuftraciqn or Propf. 
l*r. I . or 2. &c. Refers to the firft or fecond Problem, for 

the cotiftruAing of fpme Figure, &c. 
P.l. ora. &c. Refers to the firft or fecond Propofition of ^ 

that Book, for proof of the Aflertion. 
t. a. 3. &c. To the fecond Propofition of the third Book^ 
C. 2. 4. I. To the 2d Corollary, pf the 4th PropofitioH 

of the firft Boqki 
Hyp. That the thing is fo by the Hypotb^fis^ or b 

given in the Premifes. 
Sup. That it is fo by Suppofition^ only* 

Coil. That it i^ fo by Cooftrudion ; i. e. the thing 

was foribed or made fo. 
'Conf. «otitfequently4 Th. therefore. Wh. ;(irheFefore| it is fo« 

Note. Wh^h there is but one Number ivlthin Parenthefis of 
otberwi(b, as (iC*) ^Ci it refers to the fiikecnth Problem or 
Theorem of that fame Book. But if there be two Numbers, as 
(10. I.) or (12. 3.) >&c. it refers to the lOth.Piop. of the £rik 
Book| or to the xath of the third, ^c. 

1 N S T R U C« 
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I would advife th^ yottng P'raftitioner to draw every Figure as 
he proceeds ; carefully remarking what things, as Points, Lines, 
Angles, &c. are given ; which are, in general,- ftronger marked 
than the operative Lines; they being eithei* dotted or finer drawn; 
the given Lines, &c. are, by that means, obvious and diflin- 
gui&able from the other* 

In Geometry, as in Arithmetic, there is always fome Data or 
things given ; from which, in Theory, other Properties are dedu- 
ced, as a neceffary confequence ; and, in Pradice, fomtswhat is 
required to be done, or performed, from what is given. 

Let the Pradiitionery therefore, fele£t the given things, and 
mark them down, firft, in the pofition given in- the Premifes ; but, 
with as nluch variation as it will* admit of; 1,6. he need not put 
thenv exactly as iii* the figure, only obferve that they are as required. 

. c. g. In.Prob. 4. an Angle is required to be made at the ex- 
'treiAity of a giVen hine j but the pofition of that given Line is 
not abfolutely determined; alfoy the Angle may be made at either 
extreme, and either above or below the given- Line. 

• * 

Likewife, in the 6th and 7 th Problems, the Perpendicular 
may be drawn, and the Point, in the 7th, given on either Side 
of the Line ; for, let it be obferved, and carefully remembered, 
"that, by the Term Perpendicular, nothing, more is meant than 
the: Pofition one Line has to another ; which Pofition, is when 
they make a Right Angle or Right Angles with each other; no 
regard being had to the pofition or fituation of either, feparately. 

Thefe things being premifed, and* the ^iven Lines, Sec. de<» 
fcribed on Paper ; carefally obferve the directions given in the 
operation, and proceed accordingly, fiep by fiep, drawing every 
Line, Angle, Ark, &c. as the Problem direds. 

PRAC- 
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PROBLEM I. 

m 

To defcribe a Circle of arty given Radius, and on 

a given Center. 

AB is the Radius given^ and C the given Center. 

T?IX one Point of a pair of CompaiTes in ei- 
•*• ther extreme of the given Line, AB, 
and extend the other Point to the other ex-<r 7 
treme, i. e. open the CompaiTes equal to the * 
given line. 

Then, fix one Point of the Compaffi;s in C, 
the Center given, and revolve the other Point 
around ; which, by its revolution, will defcribe the Cir- 
cumference DBF. - - . - - Poft.4. 

DEF contains the Circle required (Def. 19.} 

For, if a Right Line be drawn from the Center to 
the Circumference, as C D» it is equal to the givezt Line 
A B ; by Conftru£tion. 
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PROBLEM ll. 2nd. I.Euclidr 

To draw Right Line from a Point given^ C, which 
fhall be equal to a given Line ; A B. 

Ex^nd or open th6 Compafles equal t6 th^ 
Line given ; fix one of theif Points in C, thtf 
given Point, and, With the: othefj defcribe a 
Circle, or portion of a Circle only^ at D. (Pr. i. ) 
Apply a {ircight Riiler clofe to -the Point C, 
and croffing the Ark at D^ (in vi^hatever pofi- 
tion -you require the Linie to be) ai^, .with.tM 
point of a Pencil oi* a Drawing Pen (applied 
f5rft to the Point C, and drawn, along the edge 6f the Ru- 
ler, to .the Ark »t P) defcribe the,RightLineCD. (Poftjia.) 
Which is equal to the given Line AB j by Conftruftion % 
and by N. B. Def. 20. 

' SCHOL* Thus, the genefis of a Right Line (Def. 3.) is coll- 
ceivfed to be by the direft motion of a Point. 

• B> In the pradice of Geometry, it is often required -to dra^i^ 
. or to m^ake a Line equal to another Line given j 
which is done by drawihgi an Ark of a Circlci as 
AB, firow the given Line, AC, till it cuts the 
other ; if the two Lines, A C and C B, touch aC 
the Point given, C, which is made the Center. 

But5 if they do not touch, the Line ^ven is ta- 
ken for Radius (as in the Problem) and an Ark 
.draivn where it is required ; for equal Circles havei 
- equal Radii, as well as all Radii of the fattie Circle 
are equal j which needs no other Demonftration 
** than the geticiis of a Circle, in N. B. Def. 20. 

So that, 'hereafter, .when two Lines are obferyed to be Radii 
of the fame Circle, it is fuflicient Demon ftration that the Lines 
are equal ; and alfo, when they are made Radii of equal Circles < 

APPL. The Application of this Problem, in defigning, is to 
deliaeate or draw, on Paper, &c. a Right Line equal to fome 
known meafare, as AB, by a Scale of equal Parts* 

PRO- 
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PROBLEM III- 3. 1. Eyelid. 

A Right Line being given, to cut off a por ion or 
fcgmcnt cqud to ^wothcr given Linci or known 
meafure. 

AB is the firft given Line, and CD the meafureofci e 
Segment required to be cut off. 

Extend the CompaiTes from C to D, i. e. 
with the Radius CD, fetting one Point of the 
Codipafles in either extreme of A B, ( from 
which the g;iven Segment is required to be cui 
ftff), SIS A, with the other Pointy draw a fmaU 
Ark cutting the Line A B, at £• Q^ £. F. 

2. After the fame manner, any portion of an 
Ark of a Circle may be cut off. As AeB» 

APPL. In delincaiitig, the giten Line AB may be fqppofcd to 
be an indefinite Line already dra^vn ; or, it may reprelcnt a cer^ 
tain meafiire, by fome Sc^le, fnppofe ^ Feci, being made 
equal to 5 Divifions on the bcale; and it is required to cut 
off 3 Feet fix>m the extreme Point A, of the Line AB, or two 
Feet from the other extreme, B. 

Sy which means, ^ Jtight Line may be divided in apy PTo^ 
pprtion rpauifed. 




PRO. 



31 PRACTICAL GEOMETRY. 



PROBLEM IV. 23. 1. Euclid. 

f 

To make an Angle, equal to a right-lined Plane 

Angle given. 

ABC is the given Angle, and DE a Line given j 
it is required to make, at the pfoint E, an An- 
gle, with the Line D£, equal to the given 
Angle. 

With any Radius, at difcrction, on the Ver- 
^ tex of the given Angle, B^ defcribe an Ark, 
a b, cutting the two Sides AB and B C in the 
Points a and b. - - - - Pott. 4. 
With the fame Radius, on the Point £, draw 
le Ark DF ; take the meafure of the Ark ab 
in your Compailes ; make DF equal ab. * - 2. Pr. 3. 
Praw £F through the Point F; and it is done i Q. £. Ft 

The Angle DEF is equal to the given Angle ABC| 
]. e. F£ inclines the fame to £D) as AB to BC. 

This is evident, from the Theory of Plane Angles, Art, 4, 
ab and DF being equal portions of equalCircles. 

Or, by drawing the Chord Lines ab and DF, the Tri- 
angles Bab, EDF, are Congruous. - - - - Con. 
And the Angle DEF is equal ABC. - - P. 7. i, 

APPL. From this Problem we learn to delineate, i. e. to lay 
down or draw, on Paper, any right-lined Angle, of a piece 
of Ground oi Buildings &c« which we have meafiired^ to form 
a Plan of it. 

The 
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The Angle may be taken in the manner following. 

If it be an internal Angle* as CBD; fet off 
equal meafure, from B, to C and D» and draw, or 
meafure only, the Diagonal, or Chord C D. 

Sappofe you have made B C and B D each eaual 
5 feet, and- the Chord C D meafures 6 feet 6 incnes* 
or as it happens ; then, by a Scale of equal Parts, 
hAving dmra B D, at dilcretioB, take 5 divifioaa 
of the Scale ; which may be either inches, half 
inches, er any other meafurci provided they are 
equal. 

With that Radius, on B, draw the Ark CD, cutlng BD in D. 

Take 6^ of the fame diviiions in your Compares ; «nd, feting 
one Point in D> make a faiall Ark^ at C, with the other, and 
draw BC. 

So (hall CBD be tn Angle kud down, equal to the Angle 
which was ineafuied> 

For ^j N. B. Def. 8. ) the lenc;th of the Lines or Sides 
ntkes no differeiice in the Angle ( wherefore, if the Lines BC 
and BD were produced, equal to the Originals; i.e. equal 
5ftet each ; then would CD meafure 6 feet 6 inches, and the 
Angle CBD would remain the (ame^ which is obvious, if B 
aiid^ d be taken a half or a third part, or any other portion o 
BC or B D ; for then, c d will be the fame portion of C D ; viz. 
a half or third, &c. 

But, if ABC be the external Angle of a Building, fo that, 
by reafon of the obftrudion of the Walls, &c. we cannot obuin 
the meafere of the Chord Line, AC, it muft then be got by its 
Complement of two Right Angles ; i. e. by producing one Side^ 
as AB, to D, and proceeding as before. 

For, haying aiTumed the Point B io the 
Right Line AO, and made the Aagle CBD 
equal to the Complement of uro Right 
Angles; ^ remaiaing Angle, ABC, is 
the inacceflible Angle required. 
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PROBLEM V* 31. LEuclid, 




To draw a Line through a given Point, which Ihall 
be parallel to a Right Line given- 

AB is the given Line, and C is the Point given. 

Through C, draw at pleafure a Right Line, 
as CB, cuting the given Line, AB, in the 
point B. 
With any Radius, ori B, defcribe the Ark Aaj 

and, on C, the Ark bD, with the fame Radius. 

Make bD equal to A a. - - - - Pr- 3» 

and through the Points C and D, draw a Right Line. 

Which wiil be parallel to the given Line AB. Q. E. F^ 

For, the Alternate Angles ABC and BCD are equal. Con. 
Therefore, CD is parallel to AB. - •*• -> P. 4. x« 

Otherwife, thus. 

With any Radius, at difcretion, fet one Point 
of the CompafTes in the given Point, C, and 
fix the other, at pleafure, in £, either in the 
Line or out of it ; on which Center defcribe a 
Circle, pailing through C ; or draw the Arks 
AC and BD only. 

Make BD equal AC, and draw CD; 
Then is CD parallel to the given Line AB. Q. £. F« 

For, let C B be drawn. 

Dbm. Then, the Angles ABC, BCD are equal. Cor.io.j. 
Therefore AB is parallel to CD. • - - P. 4. i 

Take 
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Or, when the Lines are very long, the following method 
is the moft eligible. 



> 




Take the diftance of the gi- 
ven Line A B, from the given 
Point C, in the CompaiTes ; as C A ; and, afluming an]r 
Point, B, towards the other end of the Line, defcribe an 
Ark, at D, with that Radius. 

Apply a Ruler to the Point C and the Ark at D, and draw 
CD I which will be parallel to AB. * - Def. 7.' 

For, the Perpendiculars, AC and BD, being drawn, are e« 
^ual, by Conftrudionf 



PROBLEM VL 11. L Euclid.* 

To draw a Perpendicular, from any Point, in a given 

Right Line. * ' 

A B is the given Line, and, let C be the Point given. 

With any Radius^ on the given Point C, 
defcribe a Semicircle, cuting the given Line in 
two Points, A and B; i.e. make CB equal CA, 
Then, with any Radius, greater than AC, 
on A and B, defcribe two Arks interfering at 
D, and draw CD. 
The Line CD will be perpendicular to AB. Q. 

For, draw DAandDB. 

Dem. Then, the Triangles A D C, C D B, are congruous. 
Wherefore, the Angles are refpeflively equal, and AC D 
is equal DC B. - - - - - P. 7. i. 

Therefore, CD is perpendicular to AB. - Def. 10. 

After the fame manner, a Perpendicular may be eredled 
en the Ark of a Circle, AEB, at the point £• 
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PROBLEM VII. 12, 1. Euclid, 

I* 

To draw a Perpendicular to a Right Line, froni ^ 
given Point which is out of the Line. 

Let C be the given Point, from which it is required to 
draw a ffirpendicuiar to AB. 

On C> the Point given, defcribe an Ark, 

with any Radius greater than CE, the nearefl; 

•diftance to the given Line, muting it in A^ 

anS'B. ------ Poft. 4. 

With the fame or any other Radius, on A, 
and B, defcribe two Arks, interfecSing at Df. 
Apply a Ruler to ihe Points C and D, and dra.v CE j 
7 hen will CE be perpendicular to A B. Q^ K. t . 

For, draw AC and AD, BC and ED- 

Dem. The Triangles ACD, DCB are congruous. Con. 
Wherefore, the Angle ACE is equal to ECB. — P. 7. i. 
Conf. the Triangles ACE, ECB are aifo equal. — 8. i. 
And the Angles A E C, C E B, being equal, are con-r 
fequently Right Angles. - - - - C. 2. i. i* 
Therefore, CE is perpendicular to AB, - - Def. lo. 

In the fame manner, a Perpendicular may be dra^wn to 
fbe Ark of a Circle, AFB. 
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PROBLEM VIII. 10. 1. Euclid, 



To bifcft a given Right Line, A B. 



With any Radius, at pleafure (provided it 
be more than half the given Line) on each ex- 
treme, A and B, defcribe two Arks, cuting 
each other, at C and D. 

Draw the Right Line CD ; which will bi- A 
(t&y or divide into two equal Parti, the givea 
Line AB, in the Point of their common inter- 
fcaion E. Q. E. F. 

Draw AC and AD, BC and BD. 



Dem. Then, ACBD is a parallelogram ; by Con, P. 15. x. 
And, the two Diameters AB and CD hiCt& each other, 

P. 16. I. 




in its Center, £• 



This Problem may be deduced from and proved as the 
foregoing. 



■'•■*. 



After the fame mannet an Ark of a Circle may be bi- 
fefled } as AFB in the Point F. 

N. B. It is not necefTary to draw the whole Arks from C to Dy 
^ut only the Interlcdions at C and D ; the reH arc ufeiefs.* 



V KOm 
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PROBLEM IX- 9.1. Euclid. 




To bifea a right-lined Plane Angle. ABC. 



On the Vertex, B, of the given Angle, de- 
fcribc an Ark, ab, at difcretion, cuting both 
Sides, in a and b ; ,and, on the interfeflion a» 
with the fame Radius, draw the Ark CD. 
Make CD equal ab (Pr. 4.) and draw BD, 
Then will B D bifea: the given Angle ABC. 

Compleat the Semicircle CD AB, and draw aD. 



DfiM. Then DaC is an Angle at the Center, and DBG 
is at the Circumference of that Circle. 
Th. DaC, (eq. ABC, Con.) is equal twice DBC. P. 9. 3. 
And ponfcqufently, ABC is double of DBC. Q. E. D. 

Or, an Angle may be readily bife£led in this manner. 

On the Vertex B defcribe an Ark, AC, as before. 
On the t«vo Interfe<ftions, A and C, with the 
fame, or any other Radius, defcribe two Afks^ 
cuting each other, at D. 
Praw Bp s Which bifeds the Angle ABC. 

Draw DA and DC. 

Dem. Then, the Triangles ADB and DBC arc con* 
gruous, by Conftru6iion. 
Therefore,' the Angle ABD is equal DBC. - P. 7. I, 

Angles may be thus divided into four, eight, or fixteen equal 

y^rts, by bifefting again and again ; but there is no geometrical 

*taethod," by which. Angles, or curved Lines, may be divided into 

any equal Parts, at pleafure, as a Right Line may be divided; 

otherwife than by dividing the Ark with Compaflcs. 

APPL, 
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APPL. By this Problem, Carpenters and Joiners, &c. find, what 
they call, the Mitre of any Angle (whether it be Right, Acute 
or Obtufe) with eafe and expecUtion. 

In returning, or breaking Mouldines at an Angle, whether 
external or internal, the Angle bifedted is the Mitre ; in which 
the Mouldings will exadly fit each other. 



PROBLEM X. 

To make a Right Angle ; or, to draw a Perpendi-] 
cular at the extreme Point of a Right Line. 

It is required to make a Right Angle, at the extreme, B^ 
of the Right Line AB. 

Set one point of the Compafles in the point 
B ; and, with any Radius, at difcretion, fix the 
<^er Point, at pleafure, at C (on that fide, 
joa require the Perpendicular) and draw the 
Ark ABD, through the Point B, and inter* ^ 

fe&ing the Line AB in A. ^ -^ 

Draw a Right Line through the Interfe£Uon A 

and the Center C, cuting the Ark on the oppofite Side, at D. 

Draw BD, which will be perpendicular to AB. Q^E. F. 

Dbm. For the Angle ABD, being in a Semicircle, is a 
Right Angle. - - - . - P. 12. 3, 

Or, it is frequently! and not inelegantly, performed thus. 

It Is required to draw a Perpendicular, to AB, at the ex-^ 

trcme Point A. 

Fix 





4 

• > 



4^ PR ajc.t ical geometry. 

Fix one point of the Compaffes at A, and 
wUh any Radius, defcribc the Ark BCE, cut- 
ing AB in B. 

On B, defcribe the Ark AC, cuting the 
former in C ; on which Center ddcribe a 
Circle, or an Ark A ED only^ and on E, 
where it cuts the Ark BCE, draw A CD, or 
cut the other Ark, only, at D. 
Draw AD, which will be perpendicular to AB. Q^ E. F. 

Or thus, without the Point E. 

Defcribe the Arks BC and AC, interfering at C. 
TKroiigh B and C draw the Right Line BCD, indefinite. 
Make CD equal CB, and draw AD ( and it is doBe. 

. By producing B A to F (making A F equal AB) and 
l?t) being diawn, it is demonftrated as the 6th. 

The u(^ of Right Angles, perpendicular and parallel Right 
Lines, are fo Well known', that it w6M be iiTij;>ertHieiH to point 
them out ; particularly to thofe concerned in building, and va- 
rious other mechanic Arts. They give beauty, llrength, utility, 
and convenie«icy to a Building and its feveral Appurtenances | 
alfo the execution, of the feveral parte thereof, depends on them 
entirely. 



f* 



PROBLEM XL i. L Euclid. 



^ Q^ To make an Equilateral Triangle, on a Line given, AB. 



With the Radius A B, the given Une, pnd 
on the extreme Points A and B, defcribe two 
Arlu AC and BC^ jnterfeaing at C.^ 
Draw AC and BC ; and it is done. Q^ E. F. 

This needs no Demonflration ; for -it is evident 
that the three Sides are all equal, feeing, they arc 
all Radii of equal Circles. 

P R O-, 
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PROBLEM XII. 
To make an Ifofceles Triangle. 

AB and C D are two given Lines ; of whidr^ 
letAB be the BaHs. 

Take the Line CD in your Compafles, and 
with that Radius, on the extremes of the other" 
Line, A and B, defcribe two Ark$, interfering 
at £ i draw AE and £B ; and it is done. Q^EF. 

If the other Line, CD, had been required for 
theBafe, the operation would be the fame; taking A B for 
Radius, & drawing the Arks, interfefting F; draw CF& FD. 




PROBLEM XIIL ^ 



To make a Right-angled Triangle, having two 
Lines given for the Sides containing the Right 
Angle. 

Let AB and C be the two given Lines, 

On either Line, as AB, and, on either ex* 
trcme, as D, make a Right Angle AB D. — 10^ 
Make BD equal to the other given Line, C,-2. 
and draw the Hypoihenufe AD ; - - Poft. 2.^ 
ABD is the Triangle required. Q^E. F. C' ^ 

The ofe and application of Triangles, in general, are almoft 
vimvcrfal, in mathematical Sciences. The Jfolceles and Right-an- 
gled are particularly ufcful in Peri*pc6tive. 

N. B. The Properties of the Right-angled Triangle are fully ex- 
plained in the levcnih rropofition of the lixrh Book of Elements. 

P Pv O- 
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PROBLEM XIV. 22. 1. Euclid. 

To make a Triangle, of three unequal Lines given j 
any two of which muft be greater than the other, 

F, G, and H, arc the three given Lrncs. 
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Let them be placed at the ends of 
each other in one Right Line, in 
what order you pleafe, i. e. having 
drawn the Right Line AD indefi- 
nite, make the Segments, AB, BC, 
and CD, refpeflively equal to the gi- 

— yen Lines, F, G, H. 

With the Radius AB, on B, dcfcrihe a Circle, or the 
Ark AE only; and on C, defcribe the Ark DE, with the 
Radius CD, cuting the other Ark in £ ^ draw BE and 
EC, and it is done. Q^ E. F. 

This Problem and the two lafl: need no Demonflration ; every 
thing being as required, by Qonflrudlion ; agreeable to Def, 26^ 
28. & 30. 

N. B. The Triangle BEG would be the fame, if either of the 
other two Lines,* F or A, had been made the Bafe, by placing it 
in the middle ; only the pofitiou of the Triangle would be va- 
ried. This follows from Prop. 7. i. of Elements. 

a. There is no neceflity for placing'them, at all, in this manner ;^ 
only, with the different Radii of two of the Lines, draw Arksy 
en the extremes of the other Line, cuting eadi other ; taking 
any one for the Bafe. 



PRO- 
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PROBLEM XV. 

To make a Triangle, fimilar to another Triangle*, 

Let ABC be the given Triangle, and DE 
a Line given, on which to conftruft a Trian- 
gle ; flmilar, and in a fioniiar Pofition, i. e. a* A 
likeiituated, to ABC. 

At the Point D, of the given Line, make a|n 
Angle ED a, equal to CAB, of the given Tri- 
angle, by - - - - - Pr. 4^ 
And, at the Point £, make the Angle D£b, equalto ABC. 
Produce Da and E b, meeting in F. - - Poft. 3. 
The Triangle DEF will be fimilar to ABC. Q. E. F. 

Dem. For, the three Angles are refpcdttvcly equal. C.5.10.1. 
Therefore, the Sides are proportional. - - P. 4. 6. 
Confequently, the Triangles are fimilar. - - Def. i. 6, 

APPL. This Problem is of great ufe in Tarious Profeffions. For, 
by it we learn to take Altitudes and Dillances, though ever 
fo inacceflibiej or, the Surveyor takes his Bearings, aiid lays 
dv)\vii a Plan of the Ground he furveys ; by it, the Miriner 
plans the Couj fe in which the Ship ploughs the Ocean ; 
and the jMechanic plans the Ground, on which he intends ta 
build, &:c. ; in fliort, it is almoil (»f univeri'ul Ufe ; which, to. 
enumerate, is not neceflary in this place. 



• For fimilar Figures, fee Def. x . of the 6th Book of Elements. 



G 2 
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PROBLEM XVI. 18. VI. Euclid. 

To make a Figure, fimilar to any given right-lined 

Figure. 

Let ABCDE be the Figure given, and ae a Line given, 
on which to conftrud a Figure, fimilar^ and alike fituated 
to the given Figure. 

Draw the Diagonals AC, AD, BE, and CE. 

On the given Line, ae, make the Triangle 
abe, fimilai: to the Triangle ABE, in the ori- 
ginal Figure, by the foregoing. - - Pr* 15. 
alfo, make ace fimilar to ACE, & ade to AD£* 
Join be & cd, which compleais the Figure, 
•a b c d e is fimilar to ABCDE. Q. E. F. 

*This method is deduced from the foregoing Problem ; for, all 
right-lined P'igures are compofed of, or may be reduced into 
light-lined Triangles. It is deinonllriible from 4. and 13. of 6. El. 

The Appllcution of this Problem is evident. 

It may be thus performed, when required bigger. 

. On AB, the given Line, defcribea Pentagpn, 
bcde, congruous to the given one, by redu- 
cing I'he given Figure into Triangles (as above) 
2|nd making Abe, Aed, and Ad e, refpeclive 
ly equal to them. - - - - - Pr. 14., 
Prodore AE, and the Diagonals, Ac, Ad, indcfinire. 
Draw DC, CD, and DE, parallel to the Sides be, cd, 
and d e, rcfpcfflivcly ; cuting the Diagonals and Side A E^ 
in the Paints C, D, and E. ABCDE is firnihr to Abcde. 

After the fame manner, any Poligon may be increafed or 

diminiflied in any Propv^ition 5 ^cmcnxlrabic by 2. 6. El. 

PRO- 
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PROBLEM XVII. 46. 1. Euclid. 
To make a Square on a given Line, AB. 

On cither extreme of AB, make a Right 
AngfejasABC. - - - - Pr. 10. . 
Make B C equal A B. - - - Pr. 2. 
Then, with the Radius A B, on A and C, 
defcribe two Arks, interfeiSting at D> and 
draw AD and DC. 
The Quadrilateral ABCD is a Square. 

Dem. For it Is equilateral, by Conftrudion ; . 

confequcntly it is a Parallelogram. - - - P. 15, k 
Wh. the Angle D=B j conf. D is a Right Anglc.-io. i. 
But, the Angles A and C are alfo equal ; conf. Right. 
Therefore, ABCD is a Square. - - - Def. 35. 




PROBLEM XVIII. 
To make a Redanglcj two Lines is given •, AB &c E. 

Make ABC a Right Angle. • - - Pr. 10. 
Make B C equal to the Line E ; - - - 2. 
Draw AD parallel to BC, and CD to AB.— 5, 
ABCD is the ReSangle required. 

Dem. For, it is a Paralfclogram, - - Con. 
Wh. the Angle D is equal B, and A equal C. 
But) the Angle B is a Right one. 



D 



- P.15. T. ' 

Con. 

wherefore they are all Right Angles ; - - Th. 1. 10. i. 
and therefore it is a Rcdtangle. - - - Def. 34. * 



The Square and Re<5tanirlc are of great ufe in the mechanic ' 
Aris; as mod regular Figurciare Rcftangles. 
^ In Menfuration, the Area ot every Figure is reduced to a 
ftandard mcafure; by the Square, or other Kcdangle. 

P. R O. 
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PROBLEM XIX. 

To conftriift a Parallelogram under a given Angle, 
and having its Sides equal to given Lines, of de- 
terminate length. 



AB and E are the given Lines, and X the given Angle. 

At either extreme, of either Line, (as A) 
make an Angle, BAD equal to the given Angle, 
Make AD equal to E, the other given Line. 
Through the Points D and B, draw DC paral- 
lel to AB, and BC to AD, meeting in C.-Pr.j. 
Then is ABCD the Paralidogram required. 





This needs no Dcmonftration, every thing being as required 
by Conftru<^ion. 

The oppofite Sides and Angles arc equal, by - - P. 15. i, 

APPL. By this Problem is delineated Plans, &c. of four fided 
Objefts which are not right-angled, but, whofe oppofite Sides 
are equal. Any one Angle, being taken, xietermines all the reft. 



PROBLEM XX. 42. L Euclid. 

To make a Redlangle, or any other angled ParaU 
Iclogram, equal to a given Triangle. 

B Qf G ^ ABC is the given Triangle. 

Bifed any Side, as AC in the Point D.— 8. 
Draw E F, through the oppofite Angle, B, 
parallel to A C. - - - - Pr. 5. 
Drav;^ DG, from the point of bifeSion, per- 
pendicular to theBafe AC, cuting EF in G« 
Laftly, draw CF parallel to DG. 
The Rea. DGFC is equal to the Triangle ABC. Q. E F. 

Or, 
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Or, if the Reftangle AHIC be conftru£ied on the whole 
Bafe, AC, and half the perpendicular Altitude, B K, it will 
be equal to the Triangle ABC. 

Dem. For, it is half the Rectangle A E F C, which is 
double the Area of the Triangle ABC. - - 17. !• 

N. B. If any other angled Parallelogram was required, you 
muft proceed as in Prob. 19. making the Angle CD G or D C F 
equal to the Angle given.; ftill keeping the fame Altitude ; i. c. 
between the fame Parallels, AC and £F, and the fame Bafe 
DC or AD. 

8CHOL. Fromhence^ and from tlye ijthPropofifion ofthcfirfiBook 
rf EUmentSy the 'whole Theory of Mcnjuration is deduced ; as all 
Figures <wbate'ver^ except Parallelograms ^ are refolved into Tri^ 
angles in Menfuration. 

From the I Jth of the firfi Book ivc learn, that every Triangle is 
tfual to half a Parallelogram of the fame Bafe and Height ; con^ 

Jequtntfy, the ReSlangle D G F C is equal to the friangle ABC, 
which is on half its Bafe^ A C, and the fame height, G D, 
equal B K. 

Cor. Hence, the Rule for meafuring a Triangle is to 
multiply the Perpendicular, B K (equal GD) by half the 
Bafe, AC (equal DC) or the whole Bafe, AC, by half 
the Perpendicular B K (equal AH); the firft gives the 
Reaangle DGFC, the other is the Reftangle AHIC ; 
either of which is equal to the Triangle ABC. 

For, if the whole Bafe A C be multiplied by the Perpendi- 
cular BK, it gives the Area of ihe RetTtangle AEFC which is 
'double of the Triangle (17. i,) confcquently, half that Sum 
is the Area of the Triangle ABC; and alfo of the Redanglc 
DGFC or AHI.C; which is, thcrefoie, equal to the Tri- 
angle given. 



PRO- 
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PROBLEM XXL 




To make a Parallelogram, under any given Angle, 
equal to a Re6tangle, and having the fame Bafe. 

ABC D is the given Re<3angle. 

F Make the Angle DAE equal to the given An- 
gle, cuting B C in £, by - - - Pr. 4. 
Produce BC ; and draw DF parallel to AE.-5. 
The Parallelogram AEFD is equal to the given 
Redangle ABCD. - - - - P. 18. i. 
Or, it may be thus dcmonftrated. 

IDem. A*B is equal DC (15. i.) and BE is equal CF. Ax. 7; 
for, £F (eq. AD) is equal to BC ; and EC is common. 
And, the Angle ABE is equal to DCF. - - P. 4. i^ 
conf. the Triangle AEB is equal to DFC. - 7 8. I. 
Wherefore, if from the Reftangle ABCD there be taken 
away the Triangle AEB, and an equal Triangle DFC 
be added, the Par. AEFD is equal to the Re£i. ABCD. 

CoR, !• Hence it is evident, that two Spaces may have the 
fame Area, yet differ greatly in compafs or circuit. 

For, the Sides A E and D F, of the Paf allelogram AEFD, 
are greater than A B and DC of the Rectangle ABCD. 12. i. 
But, EF is equal B C (Ax. 3.) for each is equal AD.— i^. i. 
Therefore, the Circuit of the Par. AEFD is greater than that 
of ABCD ; and they contain equal Areas. - - 18. i. 

Co&. 2. From hence is deduced the general Rule for mea« 
Turing all Parallelograms ; which is, to multiply the Bafe; 
i. e. any Side (as AD) by its perpendicular height, (CD) 

For it gives the Area of the Re£langle ABCD, and confe- 
quertly of the Par. AEFD, which is equal to the Redangle. 

PRO. 
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PROBLEM XXII. 




To make a Redlangle equal to a given Trape- 
zium i A B C D. « 

Draw either Diagonal, as AC ; to which, j 
draw the Perpendiculars BE and DP\ from 
the oppofite Angles. - - - Pr. 7. 
Bifed the Perpendiculars, BE and FD, in 
G and H. - - - - - Pr. 8, ^ 
Through the Points G and H, draw IK and 
LM parallel to A C. - - - Pr. 5. 
and through A and C, draw I M and KL, 
perpendicular to A C. - - - Pr. 10. 

The Re£langle IKLM is equs^l to the Trapezium ABCD. 

Dem. For, the Reft. AlKC is equal to the Triangle ABC, 
and the ReS. ACLM is equal to the Triangle ACD. 20. 
Conf. the Rc6l.lKLM is equal to the Trap. ABCD. Ax,z. 

^. . N B Hh 

Otherwife, ^ ' "^ ^"^ 

Having drawn a Diagonal and Perpendicu-^ 

hrs, as before; bifeft the Diagonal, in 

the Point G. - - - - Pr. 8. 

Draw BI and M K through the Angles B 

and D, parallel to the Diagonal (AC), 

and, through G and C, draw HL and IK, M 

parallel to BE and FD, cuting BJ and MK '^ 

in the Points H and L, I and K. 

Then, the Reft. HIKL is equal to the Trap. ABCD. 

Dem. For, the Reft. GHIC is equal to the Triangle ABC. 
and the Redl. GLKC is equal to the Triangle ACD. 20. 

H N B. hy 
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N. B. By this Problem and the laft may be performcJ the 
45th of Euclid, without the aflilbnce of the next, which he 
makes ufe of, and much readier ; making the Parallelogram un-r 
der a given Angle, as h i k 1, whicli is equal to HIKL by the 
lafl. 

Cor. Hence we learn, to find the Area of apy Quadrilate- 
ral whatever ; the Rule for which 15, to multiply the 
Diagonal (AC) by half the Sum of the two Perpendi- 
culars (Fig. I.) or, the Sum of the two Perpendicular* 
(BE and FD) by half the Diagonal (GC, Fig. 2.) or, if 
we multiply the whole Diagonal by |he Sum of the two 
Perpendiculars, they will give the Area of the Reftangle 
MNIK ; half the Sum, of which, is the Area of the Tia- 
peaium ABCD. 

It may appear ftrange, to thofe who have not confider^ it, tha( 
the A^ea or any Figure fhould be obtained without meafurlng ii8 
Sides ; which are oi no ufe in this operation. 

But, having well digefled whnt has been advanced, they will 
find, that t*he whole bufinefs of Meniuration is to find a Red« 
angle equal to any Figure ; for (as 1 (hall make appear hereafter) 
the multiplication of any two Numbers, applied to meafure, de- 
notes a Redlangle of fuch Dinienfions. ' ^ 

Now, fnice it feldom happens, that a Trapezium has either 
Right Angles or parallel Sides, it is plain, that they cannot be of 
any ufe towards obtaining its Area; whereas, the Diagonals and 
Perpendiculars are at Right Angles with each other. 

* A Diagonal divides any Quadrilateral into two Triaijglcs ; and 
every Triangle is equal to half a Parallelogram having the fame 
or an equal Bafe, and the fame Altitude. (Prop* 17. i.) 

Hence, it is eafy to account for the Rules given for meafuring 
' a Trapezii^ih, as two Triangles having a common Bale ; whi^h 
is a Diagonal of the Trapezium. 

For, every Trapezium is equal to half a Parallelogram which 

circumfcribcs it, having two Sides parallel to either Diagonal 1 

and all Parallelograms having the fame Bafe and Altitude arc 

equal (18. I.) confecjucnily, they arc equal ^o a Rcdlaaglc of 

tnoie Dii)ien£ons. 

PRO- 
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PROBLEM XXIII. 44. 1. Euclid. 

To make a Parallelogrann equal to a Triangle, ha- 
ving an Angle equal to a given one, and a Side 
equal to a given Right Line. 

ABC is the given Triangle; X the Angle, 

mtd Z the given Line. 
« 

Make the Parallelogram DEFC, equal 
to the Triangle ABC, wbofe Angle, at D or 
C, is equal to the given Angle, X.— Pr. 20. 
Produce D E indefinite ; alfo, produce AC ; 
and make CH equal to the given Line, Z;*2* 
trom the Point H, and fhrough the Angle '^ 
F, of the Parallelogram DEFC, draw H I, outing D E, 
produced, in I. 

£ I, is the other Side of the Parallelogram, fought ; 
which may be compleated by Prob« 19. 

Draw 1 L parallel to AH, and H L parallel to D I me«t« 
ing at L ; produce E F to G, and C F to K. 

Dem. The Par; KLGF (having its Anglei, at K and O, 
equal to the given Angle X, and a Side, F G, equal to a 
given Line, Z) is equal to the Par, D E F C. — P. 19. x. 
which, is equal to the Triangle ABC. - - Pr. 20* 

SCHOL. nis isy properly t gtomOrical Divifim^ 
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Let the Reflangle ABCD he any Qiianiity giv^n, to be dU 
vidcd ; whofe Area is 24 ; ' the Side A B being 6, and A D 
4 equal Pans ; ic is required to be divided by 3. 

T?* Produce any Side, 33 AB j and make BE 
eqoal 3 (halt AB) iilfo produce AD indefinite. 
Through E and the Angle C, draw E C, and 
il produce it, cueing AD produced, in Fj 

D F will be equal 3 of the divitions, or twice 
Vtp, which is the Quotient fought. 

Compleat thcRefl^AEHF; produceBCto 
I, and D C to G ; the Reft CH = A C, , 



tor, CI is equal D F, i. e. etjual 8 ; and, C G is equal BB 
caual 3 ; 8 multiplied hy 3, is equal 14, the Area of CH j 
which i^^qiial to the DitidenJ, or the Reflangle ABCD. 

If the Divifor had been 8, equal D F, the Quotient woaki 
have been 3, equal B E. 

If a fraflional Number was given for the Divifor, the-Qno- 
lient would, mod probably, be fraftional Jikewife; for the Redl- 
angle under the Divifor and the Quotient will always be eqml 
to the given Keftangle, which is the Dividend. 

As inDivifton, the Quotient multiplied by_ the Divifor is 
(when there ii no remainder) equal to the Dividend ; which 
proves the vrark to be true. 

N.B..Iti9 equal, which way the given Reflangle is fituateil, 
in this operation ; or which Side is produced fot the D'lviht ; 
the Qublient, will always be the fame. 





PROBLEM XXIV. 

Tomake a Triangle equal to any given Right-lined 
Figure-, ABCDE. 

Draw the Diagonals AC and CE;an<] 
produce EA, indefinite. - - _ Poft. 3. 
From the Angle B, and parallel to A C (the 
adjacent Diagonal) draw BF; cutingEA, 
produced in F } and draw F C. 

Again. Produce the adjoining Side D E, 
I'ddefinitei and, parairel fo thcother Diagonal 
C£, drawFG} cuting DE produced, in G} 
draw G C, ahtf it is done. Q. E. F. 

The 
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The Triangle GCD, is equal to the given Pentagon 
ABCDE. 

Dem. ift ; the Trap.FCDE is equal to the Pent. ABCDE. 
For, fince FB is parallel to AC, the Triangle AFC is 
equal to ABC (18. i.) and A I C is common to both ; 
wherefore, AFl is equal to IBC. - - A,x. 7. i. 
7 hen, if from th? given Pentagon, A^CDE, there be 
taken away the Triangle IBC, and ih equal FAI be 
added; the Trapezium FC.OE is equal to the given 
Pehtagon. - - - - - - Ax. 7. & 6. 

But, the Trap. FCt)E is equal to the Triangle GCD. 
For, becaufe FG is parallel to CE, the Triangle E G C 
isequaiio EFC. - - - - - - P. 18. I. 

conf. EGC added to ECD = EFC + ECt).— Ax. 6. i. 
i. e. the Triangle GCD is equal to the Trap. FCDE. 
But, the Trap. FCDJ|*;= the Pent. ABC^E.-proved above 
Th. the Trianglp GCt) is equal to the given Pentagon. 

Or, if the Side AE had been produced both ways, and 
DH drawn parallel to CE,'cuting AE in H, and if HC 
be drawn ; the Triangle F C H is alfo equal to the given 
Pentagon, equal to the Triangle GCD. 

For, the Triangle CHE is equal to CDE, - • 18. i. 

SCHOL* By 'Mhich means, a Triangle may be readily conftruSled^ 
'iuhofe Altitude Jhall he equal to the Altitude of the Poligon lor, i9 
a Perpendicular^ f'om any Angle to any Side ; as Ql or Q^, 
Or^ any one Angle, as D, arid an adjoining Side^ C D, ^ the 
Poligony may be retained in the Triangle. 

I have been more particular in the Dcmonflratlon ofihisPlx)- 
olem than in any of the former; bccauic, it may, to fume, ap- 
pear, at firft light, rather intricate ; which it certainly is not, 
fc«ing properly analized. 

From hence, and from Prob. 20. a Refl angle may be found or 
tonftrudled equal to any given right-lined Figure ; and, by 
Prob. 25. the Side of a Square, equal to a given Redangle, is 
readily obtained. 

But 
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But, as the operatian, in a more complex Figure, may not be 
Itadily performed, without an Example, I fliuil briefly go 
through the whole procefs ; and alfo, (hew how tnuch it ii pre- 
ferable to the 1 4th Prop, of the id Book of Euclid ; viz. To 
«£gfi the Side of a Square, which is equal to any givea right-lined 
Pi«ut. 



Let ABCDEFGH beibe p.vea Figure. 




l^iIft, draw the Diagonals BH, BG, GC, &t. 
t^roduce the Side G H, and, draw AI, parallel to thiDii- 
gonal B H j cuting GH produced^ at I, and draw B I. 

Now, fincc Al is par. to BH, the Tri. BlH,=tBAHi 2d. I, 
■ wherefore, the Tri. BIG> is equal to the Trap. BaHG. 

Next, pfodtice the Side BC, both ways, indefinite, for 
the Bafe of the Triangle fought. 

From the new-acquired Angle I, draw IK, par. to the 
Diagonal BG ; cuting CB produced, atK, anddrawGK. 
Then, the Tri. BKG=BIG, having the fame BafcBG. iS. i . 

But the Tri. BIG is equal to the Trap. BAHG ; 
wh. the Tri. BKG, is equal to the Trap. BAHG — Ax. 3, 
Conf. the Triangle BKO, which is added, is equal to the 
Trap. A H GjO, taken away from the original Figure j 
for, BOG is common to both. 

Again, 
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Again; produce GF ; and, from the Angle £, draw EL, 
parallel to the Diagonal FD; and draw DL. 
The Triangle FLD is equal to FED. - - - 18. i. 
The given Figure is now reduced to a PentagonjKGLDC* 

Then ; produce the Side CD ; and, from the Angle L, 
draw LM, parallel to the Diagonal GD ; cuting CD pro- 
duced, in M, and draw GM. 
The Triangle GMD is equal to GLD. - - 18. i. 

Laftly ; from the Angle M, and par. to the Diag. GC, 
draw MN, cuting KC produced, inN, and draw GN. 
The Triangle GNC is equal GMC ; equal to the Tra- 
pezium GLDC ; equal GFEDC. 

But, the Triangle BKG is equal the Trap. BAHG ; 
wherefore, BKG, added to BGC, added to GNC, is c- 
qual to the Triangle KGN. • • • Ax. 2. 
Conf. the Triangle KGN, is equal to the Trap.KGMC ; 
which 19 equal to the Pentagon KGLDC i 
equal to ^he Hexagon KGFEDC ; 
equal to the Heptagon BIGFEDC ; 
fqual to the Oaagon AHGFEDCB, 
Therefore, the Triangle KGN, is equal to the given 
Figure. 

Having thus reduced |he giren Figure to a Triangle, it 
is eafily formed into a Rcf^angle, by Prob. 20. ; 
For, aRedangie on KR,*half thcBafe KN, and GP, 
the perpendicular Altitude of the Triangle, is equal to 
the Triangle. - - ^ - Cor. 17. i. 

Or, byProb^23. it is eafily reduce J to a Parallelo- 
^am under any given Angle and Side. 

£C lOL. Lit 
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SCHOL. Let any one compare thls^ ixjith the i^fb Propoptlon in the 
2d Bock of Euclid \ that is^ let him go through the operation^ hoth 
iva)'Sj in a Figure of as many Sides ; / am confident to 'which he 
ijuill give the preference. To fay nothing of the inaccuracy of. the 
ether^ this may be done in lefs than a fourth part of the Time* 
Each Triangle (of ixjhicb there are Jixy in this figure) goes 
through two operations ^ viz, zoth and z^d of this ; and are add^ 
edf feparately into one Sum, or Re^angU* Whereas^ by this fne* 
thody the Figure is reduced one Side at e^very operation ; from a 
Hexagon to a Pentagony from a Pentagon to a Trapezium^ from. 
•a Trapezium to a Triangle ; each^ being equal to the original Ft* 
gure : and, from a 'triangle to a RcHangle, or otixr Parallelo^ 
gram under any Side or Angle \ by the z^d* 

APPL. This Problem, may be applicable in feveral Cafes, in 
furveying, &c. with the greatefl accuracy, e. 2, 

If you would exchange an irregular piece of Ground in one 
Place, for the fame Quantity in another, fuppofe to build on ; 
which, by rcafon of the contiguous Buildings, is confined to a 
certain Angle, which is the given Angle ; the length in Fyout 
may be conlidered as the given Side ; the Quelhon is, what 
Depth of Ground from the Front is required, to be equal in ita 
Area to the other. 

Having firft reduced the original given Figure to a Triangle, 
by this Problem, it is then convertible into a Parallelogram 
under any Side and Angle, by the 23d ; or, into a Square by 
the following. 



PROBLEM XXV. 



To make a Square, equal to a Redlangle. ABCD. 



G 



y B 



I. 



\ 



^ 



Produce any Side, as A B, of the given 
Refiangle, until it be equal to the adjoining 
Side, BC ; i» e. make A£ equal to AB and 
B C, in a Right Line. 
i Biliefl: AE, in F ; on which, with the Radius 
AF, equal FE, defcribe a Semicircle. 
Produce CB, till it cuts the Arch, at G ; 
or, at the point B, draw BG perpen. to AE» 
Pcfcribe the Square BGHI on the Line B 






Dem* 



It 
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Dem. It will be equal to the Redangle ABCD. - - 14. 3« 
Alfo, BG is a mean Proportional between AB and BJ£. 
Conr. the Redangle under AB and B£ (i.e. DB) is 
equal to the fquare of B G (i. e. BH) by — Cor, to 9. 6. 

fl. B. In the performance of this Problem it is not neceflary 
to conlbrudt the Ret^fangle; but only, to draw a Right Line 
! (A£) in which, take A B and BE equal to the meafures of 
the two Sides, and.procfed as above, 



PROBLEM XXVI. 



To divide a Triangle into two equal parts, by a 
Right Lin? drawn from any Point given, in a Side, 

Let D be the given Point, in the Side AC, 
of the Triangle ABC. 

Bife£t the Side AC» in £, and draw £B, to 
the Vertex B. 

Draw DB, and £F parallel to it, cuting B C ^4 
in F, and draw DF. 

The Trapezium ABFD, is equal to thp Tri- 
angle D F C. 

pEM. Becaufe. A£=z£C, the Tri. AB£3:£BC.— 20. 1. 
But, EF is par. to DB i wh. the Tri. BFDzzDBE-fame. 
conf.BFD + ABD is equal 10 DBF + ABD. - - Ax. 6, 
And, the Triangle ABE is equal to EBC. - - - above, 
wh. the Trap. ABFD, is equal to the Tri. ABE, cq. £BC j 
and confequently, to the Triangle DFC. 

Therefore, the Right Line DF divides the Trianglf 
ABC ii^ito two equal Parts. C^ £• F^ 

I P R OV 
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PROBLEM XXVIL 

To divide, a Trapezium into two equal Parts, by ». 
Right Line, dr^wn from a Point given in any Side. 



ABCD is the Trapezium gtroi, an.d E the given, Poiat. 




ThroBgh the ^ngle B, draw BF, parallel to AO. — . 5. 
Birea A D and B F, in G and H ; and draw GH and HC. 
Then the Pentagon ABCHG is equal to the Trap. AHCD. 

Dim. For (having drawn BG and GF) the Triangle ABQ 
Is equal to GFD, the Triangle BGH is equal to HGF, 
andBCHisequalto HCF. - - - - P. 18, i. 

adlj-. In Fig. 2. let ABCHG be equal GHCD, as before. 
Draw GO, and HI parallel to GC, cutingBC in I, 
apd draw G 1. 
The Right Line GI bifcfls the given Trapezium. 

Dem. For, becaufe HI is parallel to G C, the Triangle GIC 

is equal to GHC. P. 18. i. 

Wherefore, GIC added to GCD^GHC + GCD, Ax. 6. 

Again. Draw EI, and GK parallel to EI, cutingBC 

in K, and draw £ K. ' 

I Uy^ thft EK divides the Trapezium ABCD equally. 
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Dem. For firft, the Trap. GHCD was proved half ABCD; 
fecondly ; GICD was proved equal to GHCD i 
and, EKCDis equal to GICD* 
For the Triangle EKI is equal to £ GI. • - P. 18. !• 
Therefore, the Trap. ABKE is equal to EKCD. 

Now, if E had been given near the Angle A, at the 
lefier end of the Trapezium, the operation would require 
more labour. 

Let Fig. 3. be fuppofed the fame Figure divided, by the 
Line G 1, into two equal parts, from the middle Point G 
(as by the fecond operation) which is nece0ary to be iirft 
done, in all cafes. 

Join the given Point, £, and I, as before ; draw GF, 
parallel to £1, cuting CD in F, and draw £F and IF. 
Then, the Pent. ABIFE is equal to the Tri. EFD +FIC. 

For, becftufe GF is parallel to EI, the Tri. IFEzzEGL 

But, although the Pentagon ABIFE is equal to half the 
Trap. ABCD, it is not equally divided by one Right Line. 
Therefore, draw IH parallel to CD, cuting EF in H, 
and draw HC. 

Then, becaufe IH is parallel to CF, the Triangle 
ICH is equal to IFH. - - - - - - - 18. i. 

Wh. the Pent. ABCHE z: ABIFE = the Trap. EUCD. 

Laflly ; join EC, and draw HK parallel to EC, cuting 
CF in K i and draw EK i which Line divides the Tra- 
pezium ABCD into two equal parts, as required. 

For, fincc HK is parallel to EC the Tri. EKCzrEHC ; 
wherefore, EKC added to ECB AzzEHC added to ECBA. 
But, ABCHE was equal to ABIFE, equal to ABIG i 
which^ was equal to half the Trapezium ABCD. 

. la PRO- 
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IP R O B L E M XXVIlt 




To find the Side of a Square, equal to any Numbef 

of Squares. 

Let X, Y and Z be the Sides of three given Squares, 

It is required to find the proportion of a 
Line, on which if a Square be conftru£led^ 
it fhall be equal in Area to all the three. 

Make a Right Angle ABD. - •« Pr. i6. 
From the Angle B, take BA and B C, equal 
: to any two of the given Lines, refpeftively^ 
, as X and Y^ and join AC. 
The Square of A C is equal to the twa 
Squares of AB and BC, or X and Y. - - - P. ao. i« 

Again. Make iD equal AC, and BE equal Z; 
l^raw ED, which is the Line required. 

Dem. For, E D fquare zz the two Squares ^ £B & fiD. 
But, BD, equal AC, fquare z: A B + BC fquare. 
Wherefore, ED fquare n AB + B C -f EB fquare. 
2. e. ED fquareizthe three Squares, of X, Y and Z.— lo.i. 

APPL. By this nfeful Problem, Quantities may be increased in 
any Proportion at pleafure. 

Alfo, by means of this Problem, and Prop, 20. i. Carpenters 
form a Right Angle, ift framing Timber^ &c. 

For, having made AB equal 3 fett, and £ C equal four ; 
then, if AC meafures 5 feet ABC is a Right Angle. 

N. B. The Numbers 3^ 4 and g being multiplied, feparately^ 
by any one Number, at pleauire, produce the lame cSie&* e. g« 

If AB be made 6 or 9 feet, and B C equal 8 or 12 feety then will 
AC be equal to 10 or 15 feet^ if the Angle ABC be a right one. 

For, the Square of 9- is 61 ; and the Square of 12 is 144, 
added to 81 ia ^2^ i. eqiial to'^« Square of ]t5k<-«~«-40. t. Ei* 
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When the Timbers are long, it is neccffary, in placing theni 
at right angles, to apply greater meafures ; which, will givo 
the £ght Angle with greater accuracy. 

C0R4 Hence, a Perpendicular may be drawn, very readily, 
at the extremity of a Right Line ; by a Scale of equal 
Parts. As B C, perpendicular to AB. e. g. 

Take, by any Scale, 3, 6, 9, or 12 equal Parti, which ^ 
iet off*, from B to A ; at which pointy fi, a Perpendicular ,to 
AB is required. 

• Then take, for Radius, 4, [8, 12, or 16 Divifions^ of the 
fame Scale; and, feting one Point of the Compafles in B» 
make a fmall Ark, at €• 

By the fame Scale, take ^, 10, 1$, or ao equal Parts, and 
with one poim of the Compafles, at /i, crofs the former Ark« 
at C, and draw B C ; which will be perpendicular to AB. 

For, the Square of A C is equal to the two Squares of A B 
Jttd BCy added together; by 20. ii£l. 



M 



PROBLEM XXIX. 



The Sides of two Squares being given, to find the 
Side of a Square which is equal to the difference 
between theni •, i, e. by how much the greater ex- 
ceeds the lefs* 

X and Z are the Sides of the given Squares. 

Draw AC indefinite ; in wh)ch5 take AB 
equal X, and BC equal Z. - - - Pr. 3. 
Make AGD a R. Angle, and dr^w CD, indef. I 
On B, with the Radius A 6, defcribe the Ark 
AED, curing CD atD ; CD is the Side of 
a Square, equal to the difference between the ' 
Squares of AB and BC, or X & Z. Draw BD. 

D£M. BD (equal AB, equal X) is the Hypothenufe o^ 
the right»angled Triangle DCB ; thefquareof which, is 
equal to the fquare of BC added to the fquare of CD. 
Confeqilently, BD fquare (equal X) exceeds BC fquare 
(equal Z) by the fquare of CD) by Prop. 20. i. 

PRO- 
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PROBLEM XXX. 13. Vl. Euclid. 

To find a mean Proportional between two given 

Lines. 

X and Zare the two given Lines. 

It is required to find a Line, to which, either 

: I of the Lines, X or Z, (hall have the fame 

V ' Ratio or Proportion, as that Line has to the 

other. Or, the Square of which, &all be 

equal to a Redangle under the two givCii 

C Lines. 

Draw at pleafure A'C ; make AB equal to one of the given 
Lines, as X, and m^ke BC equal to the other, Z. 
BifeS A C, in the point D ; on which Center, and with 
the -Radius AD, equal DC, defcribe a Semicircle. 
At the Point B, draw a Perpendicular, to A C, cuting the 
Ark ac £ ; and B £ is the Line fought. 

Dem. For, draw AE and £C; AEC is a Right Angle— 12. f . . 
And, the Perpendicular, 6£, in a right-angled Triangle, 
A£C, is a mean Proportional, between the Segments of 
theBafe, AB,BC, made by the Perpendicular. C.i. 7. 6.£1. 
Confequently, AB is to B£, as B £ is to BC. — fame. 
Therefore, ABxBCzzthe fquare of B £.— Cor. to 9. 6. 

SCHOL. This is the veryfamcy in the operation^ as the 2^th; for the 
Side of a Square is a mean Proportioual between the two Sides of a 
ReHangU having an equal Area^ 

PRO- 
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PROBLEM XXXr. ii.VI.Euclid, 



To find a third Proportional to two given Lines. 
X and Z are the given Lines. 



t • 



It is required to find a third Line, to which the greater, Z, 
(ball have the fame proportion, as the lefler, X, has to Z, 
Or, which fhal! have that proportion to the lead, as thq 
Icafl to the greateft. 

Make a Right-angled Triangle, ABC, 
whofe Catheti or Legs, are equal to the 
two given Lines, i. e« make AB equal to 
one (X) and BO eqti^I to the other*— 13 
Produce AB and CB, indefinite, 
Make ACD and CAE Right Angles i i. e. 
draw CD and A£ perpendicular to AC, 
cuting AB and CB, produced, in D and £• 

Then will B D be a greater, and B £ a lefs, third Pr^por^ 
tioqal, to the two given Lines, X and Z 5 Q; £« F, 

D£M. For, as in the laft, £ B is to A B, as AB to B C ; 
andAB:BC::BC:BD. - - - - P. 7. 6. 
Wherefore, £B, AB, BC, and BD are in continual 
ProportioiT. ---.-. Def. 7, 5. 
Confequently £B is a lefs, and BD a greater third Pro- 
portional, to the two Lines A^ and BC, equal X and Z. 




PRO- 
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PROBLEM XXXII. u.VI.Euclid; 




To find a fourth Proportional, to three given, vni 
cqu^l Lines 5 X, Y and Z. 

B — * / 1 It is required to find a Line, to which^ 

the third (Z) fhall have the fame pro-i 
portion, as the firft (X) ha3 to the fe« 
cond (Y). Or, the fame proportion to. 
the iirft Line as the fecond has to thQ 
third, 

Draw two Lines, AD & AE, making any Angle at pleafure. 
Make AB eqtfal X, & AC equal Y; alfo make BD equal Z, 
Draw BC, and D £ parallel to it ; outing A£ in £ ; and, 
C £ is a fourth Proportional, greater than Z. 
i. e. As AB is to AC, fo is Bp to ^E. CL E. F, 

Dem. For, becaufe BC is parallel to DE, the Sides of the 
Triangle ADE are cut proportionally ; 
svhercfore, AB : : AC,. as BD : : CE. - - P. 2. 6. 
But, AB is equal to X, AC is equal Y, and BD equal Z ^ 
therefore, as X is to Y, fo is Z to CE* . 

If a lef§ Proportional be required j make AG equal to Z^ 
make AF. equal Y, and GE equal to X, 
Join FG, and draw D£ parallel to it. 
Then, will FD be the Proportional fought. 

Dem. For, as AG (equal Z) is to AF (equal Y) fo is 
GE (equal X) to FD. - - - - by the fame, 

. . Alter 
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After the fame manner, a third Proportional may be found. 

Draw AF and AG, making any A^^g^^f ^^ before. 

(let AB & AC be made equal to the giveQ Lines, reipe£kively 

If the greater Proportion be rcquir-? -^^ 
ed, make B F equal to A C, and draw ''' 
FG, parallel to BC. 
■ The Segment CG is the Proportional 
fcught. jV- 

^ut if a lefs Proportional is wanted; 
make CD equal AI^, and draw DE parallel to BC; 
Then, BE is the Proportional required. 

Dem. For, as AB is to AC, fo is BF to CG ; 
?ind, as AC is to AB, fo is CD to BE. - - 2. 6. EU 
But, B F was made equal to A C, and CD to AB« 
Conf. asAB : A C : : AC: CG 5 and, AC : CD ; : CD \ BE. 

N. B. A fourth Proportional to three given Right Lines may 
be required and found in various orders pf the given Lines. 

Let X, y, and Z be three given Lines ; of which, let X b^ 
the leaft, and Z th€ greateil of the three, 

By the firft, it is, as X is to Y, fo is ^ to a fourth ; 
and by the lecond, as Z is to Y, fo is X to a fourth. 
But it may be, as Y is to either X or Z, fo is the other to afourth* 
Alfo, as X is to Z, or Z to X, fo is Y fo a fourth. 

It may alfo be obferved, that it is not ncceflary to draw the 
Lines, making an Angle, for the operation, longer than t^p 
greateft given Line ; except when a Proportional is required great- 
er ; for the meafures may all be fet off trpm 'the Vertex, e. g. 
Let AB and AC make any Angle (BAG) at difcretion. 

• Make AB equal to Y, and A C equal Z; alfo, make AD ^qual X. 
Join BC; and 4raw DE, parallel to BSPr 
curing A C in E. Y*- 

Then, as AB or Y, is to AC or Z ; fo is^ 
wX, to AE, a fourth. ' 

jBut, if D C be joined, and B F drawn, pa- 
lallel to D C ; it is then, as AD or X, is to 
AC or Z, {q is AB or Y, to AF, a tburth. 
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Note. This method, of feting oft all the meafures from the 
Angle, is the moft eligible, when we are clear in the nnanner of 
placing them ; being lefs liable to error than when they are fet 
forward on a longer Line ; on account of the Parallels being 
sparer together. The Demon^ration is in the 4tli of 6th £L 

A third Proportional may alfo be found after the fame manner. 
For, if AD be the firll ; and, if AB and AC be each mad^ 
equal to the fecond j DC being joined, and BF drawn.parallel 
to DC gives AF, a greater third Proportional; or, if A F be 
the iirrt, AD is a leifer third, 

# 

A third or a fourth Proportional may be very elegantly 
found after this manner. 

Let Xy Y and Z be three given Lines. 

If you require a lefs Proportional, X is the firft Term 
taken j if a greater be required, Z muft be the firft, con- 
trary to the order, rafter the former method j nor can the 
Terms be taken alternately, as in the other. 

Praw a Right Line, AC, at pleafure. 
Make AB and B C equal, refpeSively, to 
the firft and fecond Terms, X and Y. 
Through the point B,*draw, atpleafure, D£ 
and make BD equal to the third Term (Z) 
Pefcribe a Circle through the three Points 
A, C, and D, cuting D E, at E. — Pr. 40. 
Then, BE is a fourth Proportional; in the 
- - order Z to X, as X to ^ £• 

p£M. For, the Reflangles under the fegmpnts of Chord . 
Lines, cuting each other, are equal, i. e. the RecSlangle, 
under AB and BC, is equal to that under DB and BE. 

. Conf. as PB : A3, or BC : : BC, or AB : BE.- 9.6. £1, 
Therefore, B £ is a fourth Proportional. 

If a third Proportional be required, AB and BC muft be 
each ctyxal to that Term, of two given Lines, which you re- 
quire to be the middle Term of the three. 

For, if three Quantities are Proportionals, the middle Term 
is a M^ao betn^^n ,the other twa 

- , In 
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In analogous or equal Proportion of four Quantities, (ince the 
firil ha^ the fame proportion to the fecond, as the third has to the 
fourth ; and confequently, the ^^ is to the third as the iecond 
to fourth ; a ReAangle under the two extreme 'J'enns (in equal 
Ratios of Right Line^ is equHl to a Rcdiangle under ihc two 
middle Terms (9. 6. El.) ; which, in Numbers, is eaiily proved. 
Take any four proportional Numbers, either continual; c. g. 
>s 3, 6, 13, and 24; or in equal Ratios, as 3, ^ ; 9, &a4 15* 
Now, it is plain that the firll Number, 3, has the fame pru})Ot' 
tion to the fecond, 5, as 9, die third, has to the fourth, 15. 
For, if 3 be multiplied three times, it is equal 9 ; and 5 multi- 
plied three times, is equal 15 ; confequently, 3 has the fume pto- 
ponion to 9, the third Number, as 5, the iecond, has to i 5, 
the fourth; and fo it will ever be, when any two Numbers are 
multiplied equally^ 

As 4 is to 6, 10 is 10 to 15 ; confeqitently, 4 : lo : : 6 : 15. 
Now, in both thcfe Cafes, the two extreme Terms, i. e. the hrA 
and the laft, viz. 4 and 15, and the two middle Terms, 6 and 
10, remain the fame ; only, the middle Terms have changed 
places; but, the fecond multiplied by the third or the third 
by the fecond is the fame thing ; and is always equal to the fourth 
multiplied by the firft, or the firft by the fourth.. 

Wherefore, if four Lines are proportional, as above ; a Re6\- 
angle under the firft and the fourth, the two Extremes, is equal to 
a Redangle under the two mean or middle Terms ; that is, the 
Rectangles have equal Areas, feeing, the Area, of a Rec'bmgle, 
is produced by the multiplication of one Side by the orhf r. 

Hencei a fourth Proportional may very readily and accurately 
be found ; as follows. 

Let X, Y and Z be three given Linc^. 
It is required to find a fourth rroportion?*!, which {hall hav6 
the fame Ratio or Proportion to Z, as X has to Y. 

In this Cafe, X and Z will be the two Extremes; for fincc X is 
Icfs than Y ; confequently, the Proportional required, will b« 
kfs than Z, and is, properly, a Mean. 

Make aReftangle, ABCD, under the two 
given Lines X, and Z. 

Produce any two Sides, from the fame Angle^ 
as AB and AD; on either of which, make 
BEorDF, equal Y. 

Draw EG or FH, through the Angle C, cut • 
ing the other Side, produced, in G or H ; 
tbcn is DG, or BH, the Proportional fought. 

K 2 For, 
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iFor, complcat the Rfefiangle AEIG; 
Produce BC to K, and DC to L. 

t)ti4. The feeaangle CI, is under BE (equal Y) zni 
D G, the fourth Proportional required. 
AC and CI are Complenients of the Par. 'AEIG. Def. 38. 
But, the Comp. in every Parallelogtam are equal. - 19. !• 
Thi the Par, or ReS. CI is equal to the Reftangle ABCD. 




But, if the Proportional wafi required to be 
to Z, as Y to X ; then the Re6tangle, or any 
Paralielogratn, A B C D, muft be under the 
two Lines Y and Z ; which will, in this Cafe, 
be the two Means ; and DG the Proportional 
fought, is now one of the Extremes ; being 
the greateft bf the fbur 5 which, in the former 
Cafe^ wiis one of the middle Terms. 



Thus ma^ a fburth Proportional ht foiliid, either greater or Icfs 
than either of the three given Lines, X and Z. 

For, if a lefs Proportional was required, which fhould be ^n 
Extreme of the four ; the Reftangle or Parallelograih, muft be 
made under X and Y. 

SCHOL. injen three Lines are given ; a fourth Prdportiorud is ge* 

■fterally underftoody to he either greater than the great eft ^ or lefs than 

the haft of the three ; hUt f another mean Proportional is required^ 

to three Lines gi<ven^ as it muft he between the t^o Extremes of the 

.Ltkr^ X Jj^- '^ '^^^^ ^^7 either greater or lefs than the middle Line, as 

that is either greater or lefs than a true Mean^ between the other 

two, Jfftd if it be already a true Mean^ thire can no other he 

. found, ^n^ either Side ; for^ the Square of a mean Proportional^ he^ 

ing equdl to the ReSlangle under the t<wo Extremes (C. 2. 6.) con* 

fequently^ no other Reilangle but a Square, nuhich flyall ha*ve the 

, Jsate^MatA for its Slde^ can be equal to a Re£l angle under the tiuo 
l^xtrcms. 
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PROBLEM XXXIII. 

To find two mean Proportionals, to two given Lines. 

Let X and Z be the two given Linei. 

It IS required, to find two other Lines ; which not only 

contain an equal Rei9:angle, but,are in continual Proportion^ 

Conftrua the ReflangleABCD, on the j^ / "Nj, 

two given Lines ; and on its Center, £> 
defcribe a Circle, circumfcribing it. 
Produce the two Sides AB & AD, indef. B'^ 
Apply a Ruler to the Angle C, and move 
it on that Point, till it makes F C & -G H 
equal ; and draw FH through G and C> f/ 
Then will BK and DH be the two Proportionals fought. 

For, D C, DH, BF, and B C are in geometrical Progreffion. 
And, a Rectangle under the two Means, DH and BF, is 
equal to the Re<A. ABCD, under the two given Lines, XSiZ. 

Or, biielly thus. 
MakeaRight Angle FAH; in which, from the Angle A, 
make AB & AD refpe^tivclyequal to the given Lines, X&Z. 
Join BD i which bife^t in £ ; and, on £, with the Ra- 
dius £B, dcrcribe a Semicircle, BCD. 
Make DC equal AS (cq. X) and apply a freight Ruler to 
the Point C, making EF equal to EH, and it is done. Q^E.F. 

N. B. This method, though very ingeoious, is not perfeflly 
geometrical; feeing, the Points P and H cannot be arccrtaiocd, 
but by trial { yet, it is the beft I have met with ; for thofe me- 
thods which are performed by an Inflmment, are not practical 
oiherwife, and confequently canrot be calieJ geomcii ted. 

The method for finding a thlid Proportional (Pr.31.) exhibits 
theTeverfeof this; for AB and BC, the two given Lines, in that 
Problem, are two Meana, between tht tivoExtr«mes BE and BD. 
for, BD:BC:;BC:BA::BA:BE. - - - - P. 7. 6. 
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PROBLEM XXXIV- 



X 



To continue a pro^rellive Proportion, between two 
given LineSi infinitely j and to rcprcfent the ium 
of them all. 



X and Z are the two given Line$tf 




V 



>ft 
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Draw an indefinite Right Lifte, At*} 
iii which, take AB equal to X, and 
B C equal Z. 

Make BAG a Right Angle ; and draw 
BH parallel to AG. 
Make AG equal AB, and BH eq. BC^ 
Through the Points G and H, drw 

1 Right Line, eating AC, produced, at F ; and AF is the 

whole Sum of the infinite Proportionals. 



Draw CI par. to BH; make CD equal C I, and draw DK. 
Make D£ equal D K, and draw EL, perp. to AH. 
Then is CI a third, DK a fourth, and EL a fifth Propor- 
tional ; and, after the fame manner, it may be continued^ 
ad infinitum. 

For, fince AG is lefs than AF j fo B H is lefs than Bl'' } 
and confequently, CI, DK and EL, will ftill have the 

I ' 

' fame Ratio to CF, DF and EE j wherefore, the laft may 
always be taken from the remainder, and therefore, A F, 
is equal to the whole fum of the infinite Proportionals ; and 
AB, BC, CD, &c. or, AG, BH, CI, &c. are in a pro- 
greffive, geometrical Proportion* 

The Demonflratxon of this Problem and the laft are given at 
the end of the fixth Book. 

P R O, 
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PROBLEM XXXV. II. 11. Euclid 



To divide a Line in extrenie and mean Proportion. 



AB is the given Line. 

It Is required to cut it fo, that the leflTer Segment (hall 
have that Proportion to the greater, as the greater Segment 
has to the whole Line. 

Or, the Redangle under the whole Line and the leaft 
Segment fl^all be equal to the Square of the greater, 

BifeA AB, in C ; draw BD perpendicular 
to AB and equal to QC, half the given Line| 
and di;3w Ap. 

Od D, with the Radius D B, defcribe an 
Ark BE, i. e. make D£ equal DB ; and, on 
the point A, defcrihe the Ark EF> cuting A 
AB in F, the Point fought, CL E. F* 




N. B. AF, tbe greater Segment, is the difference between the 
leaft Side, DB, and the Hypbthenufe, A£, of the Right-angled 
Triangle ABD j conftru£ted on the whole given Line, and naif 
the Line, for the Paft and Perpendicular. « • - - Pr. ij*. 

Tins Problem is otherwife performed and demonftrated ia 
?iop. M* of the fecond Bqok of Elements* 
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P R O B I^ E M XXXVI. lo.Vi.EucUd. . 
To divide a given Line, in any known Proportion, 

AB is the given Line; and Z, is a Line divided in thePro^ 
portion required^ at i, ;t> and ^. , 

At any djftance from AB, at dtfcriction, draw CD pa-» 
rallel to AB J and make CE, EF, and FD 
equal, refpefiively, to the Divifions on Z. 
Through the extreme Points of the twoLines^ 
AB and CD, draw CA and Dliy produced 
till they interfe(3, at G. 
Draw EG and FQ, cuting AB in e ^ni f. 

Then, is the given Line, AB, divided (in c 
and f) in the fame Ratio as CD (in £ and F) 
or as the given Line, Z;, is divided, in the 
Points I, 2, 3, - - - - P. 2. 6. El. 

If the Meafure given had been lefs than the Line given 
to be divided (as in this Example it is greater) ,AB would btf 
divided t^ie fame* 

Let cdj lefs than AB,be divided in the known Ratio, iicf. 

Draw, as before, the Lines Ac, and Bd, through tbeir 
JJxtremes, meeting at G ; and, from G, through the £)ivU 
fions e and /, draw the Lines G^, Gf^ cuting the given 
Line, AB, in the fame Points e and f. Q^ E, F« 

The difference, it is evident, is only in the operation, for the 
^ffcdl is the fame. 

In the firil Cafe, when the Meafure is greater than the Line to 
be divided"; then, the Vertex G will fall on the oppoiiie Side^ 
from CD ; hut, when it is lefs, as cd, the Vertex, G, will faU 
<^n the fame Side with cd ; as is obvious from the figure. 

N. B. Any 
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N. B. Any other Line drawn between the two Lints G C and 
GD, as gh, parallel to AB or CD, will be divided in the fame 
Katio, by the Lines G £ and G F. 

2. The fame thing may be very readily and accurately done 
after this manner. 

AB is the given Line, to be divided ; and HI is a Line 
divided in the given or known Ratio, in i and 2. 

At either extreme of the given Line, draw A£, in any 
Angle at pleafure. 
An acute Angle, not too fmall, is beft. 

Makethedivifionsat C,D, andE, equal, 
refpecSlively, to the divifions on HI; 
according as you require them on AB, be- 
gin at either end, H or L 
Join the Point E, and the other extreme, B, 
of AB ; draw D G and C F, parallel to 
£B, cuting AB in G and F. 

So Ihall AB be divided in the fame Ratio, 
u HI, in F aod G, - - -. P. 2. 6. 

If theMeafure given had been Icfs than AB, as Ac, <H- 
vi4cd in c and d, the Divifions, on AB, would be the fame:, 

N. B. If it was required to divide AB into any number of equal 
Farts; make fa many equal Divifions on CD» in the firll, or on 
A£, in the laft method, at pleafure ; and proceed as di reded. 

AB may be readily bife(fled by cither method ; by the laft, 
making Af, fE, or fe, two equal divifions, and drawing fg, as 
before, parallel to EB or eB. 

The firft method is demonllrable, froip Prop. 6. 6. ^ Corol. 
For the Triangles CGe and AGe, alfoE'GF and c Of, Sec, 
are fimilar. Conf. Ac : ef : : CE : EF, and as tB to FD. 

The laft method is cafily deduced from Prob. 32, aod the Dc- 
Ifionibration of it^ from Prop. 2. 6. El. 
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APPL. It ii almoft nsedlefs to give an Application of thi* Pro- 
blcin, at it fpeaks iu life fut^cientty. It it eKtremely ofeful ii\ 
the praflice of Perfpcftivc, ai well a* in all geometrical Draw 
ings ; as Plans, Elevations, &c, 

A B is confidefed as a Unite Line, already drawq, in fon^ 
Plan, tc. and the Ratio or Proportion giren, is certain . 
fciioivn mearures, or divilions, to be reprefenled «k AB> froi^ 
ciclicr a greater or Icfs Scale of Proportion. 

3. There is another method, by which a Line may he diyir 
dcd from a greater Meafure given ; which, not {o much for 
Its utility as the Angular elegance •( it, i fliaM give, aa 
follows. 

Let AD be divided in the given B..t!o, at B and C ; 9J\/i 
ict X or Z be a Line given,' to be divided, in equal Ratio. 

DeCciibe three Circles, on the titree DUa 
meters AB, AC> and AD. 
Take the Line X or Z in yeui Compaflt*^ 
and, feting one Point i[> A, cut the gmtett 
Circumference at E or F, with the otbcf 
Point, and join AE or AF ; which, will be 
divided in the fame It,atio ai AX)j in b & c« 

DrawBb and Cc. 

Dem. The Anglei AbB, AcC, alfo AED or AFD; 
are Right. - - - - - - P. lal 3. El. 

whcrc^e, AbB, AcC, itc. are Umilai TrUnglca, thtt 
Angle at A being common to them at]. - t C. 3, 2.6.' 
Therefore, A E <"* AF is divided in the fame Ratio as AQ^ 
the Lines B b, C c, and £D, or FD, being paraIleL-r:-2. 6* 

4. A Right Line may be accurately divided into any nmnber 
of equal Parts, by the followiag Method. 

- Let AB be the given Line, to be divided into five cqtial 

parts. . 

From 
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From cither extreme, as A, draw AD, making any Angle, 
BAD, at picarore; and, at the other extreme, B( make 
the Angle ABC equal BAD. 
On AD and BC take, at pleaAire, foure- 
quil Divifioffis, from A and B, at a, b, c, D 
and, d, e, f, C 

Join, aC, b f, &c. as in the Figure, which 
will divide AB ihto five equal Parts, as 
required I at ij 2, 3, and 4. Q^E. F. 

This is very evident from the fecond method { for, the DivJ. 
fions on AD and BC being equal, they are coniequentiy equal 
on AB; the Lines AC, bf, &c. being parallel (C. 15. i.) forj 
AD is parallel to B C ; by P4 4. l. 

N. B. U the Divifiotts on A D and B C wtrt either greater of 
lefs, AB would be divided the fame ; which is obvious by taking 
Atf 3 fourths of A a, and joining af j for, B f is alfo 3 fourths 
tfBC. I 

I have never feen this method ufed for dividing a Right 
Line in any given Ratio ) which may be applied with fuccefs. 

Let AB be a Line given to be divided ; and Z, a Meafure 
known,i»e. a RightLine divided in the katio rMuired,in st&b. 

Make AD aiid BC in equal Angles with 
A B, as before, 

^ranfeiKhe meafures 2 a, a b, and b C, to^ 
AD and B C, iil the order required ; vi2* 
«make AE equal Za, and £F equal a b. 
alfo, make B G equal b c, and G H equal 
a b, &c. and join the Points £ H, F G ( 
which will divide AB, in the Ratio of 2t, in the Points ci:i. 

Note. The two extreme Divifions FD and C H are of no ufe in 
the operation ; but AC and DB, being joined, will be parallel to 
£H 8c FG; and exhibits the former Method^ applied on both 
Sides. 

The only difference is, that, in this Method, there is no re- 
gard had to the parallelifm of the Lines E H and F G, but only to 
join the Points, and they are neceffarily parallel. 

t ^ PRO- 
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PROBLEM XXXVII. 

To find the Side of a Square, or any other .Rights 
lined Figure (fimilar to a given one) which fhall 
be to the given Figure in any proportion required 

Let A.B be the given Line, or Side of the given Figure. 

It is required to find the length of a Line, for a edrrefpond* 
ihg Side ; on which, if a fitnilar Figure be conflrutSled, itt 
Area fliall be to the given one in the Ratio of 3^ to i. 

Produce the gi?en Line, AB, indef. 
Make BD equal to 34 times AB. 
BifetS^ AD i and, on the point of bi- 
fedlion, C, defcribe a Sediicircle, Off 
the Ark AE only. 

At the Point B, draw BE perpendicu- 
lar to AB, cuting the Ark at E ; 
BE is the Line fought. Q^ E. F. 

Dem- For, BE is a mean Proportional betvpcen AB & BD. 
Wherefore, the fquareof AB, tothe fquareof BE, is du- 
plicate of AB to BE. - - - - P. 10. ^& 12.6. 
i. e. their Ratio or Proportion, to each other, is as AB to 
BD ; and all fimilar Figures are In the fame Ratio, as the 
Squares of iheir corref{X)nding Sides. - - C. 2. 13. 6« 

Bv this Problem, any right-rnied Figure, whatever, may be in- 
created or diminiihed in any Proportion, e. g. 

If you would decreafe it a firth, a fourth, a third, or a half, 
^•c. iTiakc B F to A B in that Ratio ; bifed A F, and defcribe 
the Semicircle AGF, cuting the Perpendicular B£ (at the 
Point B) in G; .and B G is the Line fought. 

iltacc the Ratio between any two Figures, may be known. 

For, 
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Tor, having, fcy Prob. 24. and 25. reduced the given Figures 
to Squifres ? 1. e. having found tht fide of a Square, equal to 
each Figure, refpediVely, nuike AB and BE refpe^tively equal 
lo them, and forming a Right Angle, ABE. 

Produce A B or EB, indefinite 1 Join A fi, and make A ED, 
or E AH, a Right Angle ; i. e. draw ED, or AH, oerpendicu- 
lar to AE, cutin^ AB, or E B, produced^ in D or li. 

Then, as AB is to B D, or, as H B to B £, (b is one Figur^ 
to the other; — by Cor. i. P. 13. 6. El. 

For, the Squares of AB ^d BE are^ refpefiively, equa) to 
diofe Figures. 

N. B. If the Figures, whofe Ratio is required, are fimilar, 
make AB and BE, refpe£lively^ ec^ual to any two correiponding 
Sides, and proceed as above* 



PROBLEM XXXtlM. 25, VL Euclid* 

To confiruft a Poligon fimilar to a given one, and 
equal to any given Right-lined Figure* 

X and Z are the two Figures given* 

It is required to make a Pentagon fimilar to X, and equal 
to the Trapezium Z* 

On any Side of the Pentagon, as A B, 
make a Rectangle A B C D equal to the 
Pentagon j by Prob. 24, 20, and 23. 
Then, on the Side B C, of the Redtangle 
BD, make another Reflang!e, BE, equal 
to the Trapezium ; by the fame Problems. 
Bifcft D E, in F ; and, on that Center, 
defcribc a Semicircle, with the Radius FD, 
cuting BC, at G. 
On C (t, if a Pentagon be conftrufled, fimilar to X, ba- 
king CG the correfponding Side to AB, it will be equal 
to the given Trapezium Zt Q^ E, F. 

Dem. For 
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Dem. For, CG is a mean Propdrttdhal between DC & CE. 
Wherefofe, fioce the Ratio of ^j two fimilar t^iguresf 
k dis]plicate of their eorr€(^KHkiit)g Sides (131 6.) and thi! 
Ratio of DB to BE is as their J3afes» DC to C£ ^ - i. 6. 
Confkthe Ratio of the two Pentagons^wiil be'a^ i>C to CE | 
for, thejr are rcfpe£Hvelyequal to the R^datigles DB & BE« 
Therefore, a Pentagon iconflruSed on GGj fimilar to X, 
wilt bo tq^l to die Trapezium 2, (^ £. D. 

By the 24th any Figure is reddlly reduced to a Triangle, by 
fte.JOthlikeft^'ttgle is fdund ei^j^ual to a Triangle; and by the 
^3d, l&ilblihef ftei^angle may he found equal to tnat« having one 
Side equal to AB, or any given Linel 

For, it will produce ADj for the other Side of the Reflangle 
AC, which is a fourth Proportional to AB and the two Sides of 
that 4ledan|le, /ound by the 2^h, equal to the PenUgon ; as hf 
the laft method of Probi 32. 
Conf. the Rectangle BD is equal to the Pentagon X, and BE to Z* 



PROBLEM XXXIX. u III. EuclicL 

To find the Center of a given Circle ; and through 
a giyen Pointy to defcribe a Circle parallel to the 
given 6i\c. 

^irli. ABE IS the Circle given 3 and G the given Points 

^ Draw a Chord Line, AB, at pleafure. 

Bifedt AB (Pr. 8.) and through D, th« 
point of bife£iion, draw £F perpendicular to 
AB(6.)cuting the Circumference in E&F. 
Bife<a EF, in C, which is the Center of 
the Circle ABE. Q;E.-F, 

For EF is a Diameter, and confequently pafTes through 
the Center of the Circle. - - - * - P. i. 3, 

and. Join 
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2ni. Joip QG. With the Radius CG, and qq tbe Qca^ 
ter C, dcfccibc « Circle QH, and you have done. Qj^£.F* 

6CHOL. ja paraUei Circks^ in the fame Planny hmn «*< Jam$ 
Center^ and are catted concentric ; hut^ if tb^ are in parallel 
flams, as on a Cylinder, Cone or Sphere ; a Right Line perpendi- 
cmlar to tbofe Planes^ if it pajfes through the Center of one Circle^ 
it 'osillpafs through the Centers of then^ally which line is the Axii 
rf the Cylinder^ Qone or ^ker^* 



PROBLEM XL. 25. MI. EucUd, 

To pcrfeft or complcat a Circle, from a given ArK 
or Scgmoni of |hac Circle, 

m 

A B D is the Ark given. 

Draw, it pleafure» two Chord Lines} AQ aad BQ, 
tb« iwo Chords, at £ and F , iioa^ 
which, dra^ the PerpendicuIaYS £C and 
FC, interieaing sn C* - - fn 8. 9( ^ 
Xben will C be the Qeater of the Cisclo} 
on which, with tKe Raidius CAj C B, 01 
CD, the Circle ABDG maybecompleated 

This Problem is detnonftrated in the laft. 

N. B. By this niethod^^ mgy b^ found the Center of a perfeQ 
Circle, as really as in this finregoine ; nor b it necefTary to draw 
the CI|orda ; only, aQamii>g^ ajk pfeafare» |ky|^ pouata,. A, B, & Q»: 
and proceed alter the msinner following. 

• 

With any Radiu8| at difcretion, on 11, as a Center, defcribe the 
j^k K^^J^i and, with the fame Radius,' on A and I>, jdefcribe 
two ArkS) H I and K L, cuting the former in H, I, K and L ; 
through which Points, draw Right Lines, HI and L K, interfcdin 
ing at C> the Center fought. 
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Cor. Ifehce^ through three given Points (not lying in a 
Right Lihe) as A, B» and D, the Circumference of a 
Circle may be defcribed . whole Center (being founds as 
above) is G, 



P E O B L E M XU, 

f 

To draw a Tangent to a Circle, through a given 
Point in the Circumference. And, to find the 
Point of Contaft of a Tangent to a Circle. 

Firfl: I B is the Point given ; through which a. Tangent is 

required to be drawn. 

Having found A, the center of the Circle 
(by the foregoing) join the point B, and the 
center of the Circle by a Right Line^AB; 
At the Point B, make a Right Angle, 
ABC, and produce CB, towards D. 
The Right Line CD will touch the Cir- 
cle, in the Point B. - - P. 8. 3. EI. 

2nd. CD is the Tangent given; to find the Point of 
Cont|i£^, 

-Draw a Perpendicular AB to the Tangent, from the cenr 
tcr of the Circle j cuting CD in B ; - -• - - Pr. 7.- 

B is the Point of Conta£^, in which the Tangent, AD, 
touches the Circle. - * - * - C. 3. 8. 3* 
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PROBLEM XLII. 17. III. Euclid. 

To draw a Tangent to a given Circle, from a Point 
given without the Circle; i. e. to determine the 
Point, in which a Right Line drawn from the 
given Point (hall touch the Circle. 

Fcom the given Point, A, draw AC j 
to the Center of the Circle. 
BlkSt AC ; and, on the poiitt of bifedi^ 
on, By with the Radius AB, defcribe a Se- 
micircle ; cuting the circumference of the 
given Circle in D, the Point fought. Q^E.F, 

Dem. Having drawn AD and CD, the 
Right Line AD wiH touch the Circleat D. 
For, the Angle ADC is a Right one. - • P. la. 3. 
Wherefore, AD touches the Circle in D. - - C. 2. 8. 3. w 

Other wife. -^^ 

Join the Point A, and the Center C, as 
before, cuting the Circumference in B. / \ / 

With the Radius CA defcribe the Ark AD. 
Draw the Perpend. BD, cuting AD at D. 
Laftly, draw CD, cuting the given Circle 
at E, the Point fought. Draw AE. 
The Right Line AE will touch the Circle, at E. 

Dem. The Triangles AEC, BDC are congruous. 

For, the fides AC, CE are equal to DC and CB, refpec- 
tively; and the Angle C is common to both ; therefore, 
AE is equal to BD ; the Angle at A equal D, and the 

Angle AEC equal DEC. P. 8. i. El. 

But CBD is a Right Angle (Con.) wh. AEC is a R.Anglc. 
.Therefore, AE touches the Circle at E. - C. 2. 8. 3. 
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PROBLEM XLIII. 34. III. Euclicli , 

To cut off a Segment of a Circle, which fhall cdii- 
tain an Angle equal to a given one. 

DEC is the Circle given, and X the given Angle. 

Draw a Tangent, AB, to the given Circle, 
At the Point of cOntafl:, C, make the 
Angle ACD equal to X, the Angle given ; 
and DEFC is the Segment required. Q^E.F, 

Dem. For, if from any Point in the Cir- 
cumference, as E or F, Lines are drawn 
to the extremes of the Chord CD ; the 
Angle DEC or DFC, is equal to ACD, 
(equal X, by Con.) - - - P. 13. 3; 




PROBLEM XLIV. sS- IH. Euclid 

On a given Line, to defcribe a Segment of a Circle^ 
which ftiall contain an Angle equal to a given one^ 




AB is the given Line, and X the given Angle. 

Make an Angle, BAD, equal to tfce 
given Angle, X. ----- Pr. 4. 
Draw AC perpendicular to AD, — io 
and, on the other Extreme, B, make the 
angle ABC equal BAC. 

Or, having bifeSed AB, draw EC per- 
pendicular to AB, cuting AC in Cj on 
which, with the Radius CA or CBy de- 
fcribe the Ark AFB, the_Segment required^ 

Ot 
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Dem. From any Point, as F, draw FA and FB. 
The Ang. AFBizBAD, cq. to the given Ang. X.-13.3, 

Or, without drawing AD, on the given Line AB, make 
an Ifofceles Triangle, whofe Angles at the Bafe, BAC, 
ABC, are each equal to the Complement of the given 
Angle, to a Right Angle. 

The Vertex C will be the Center, and CA, or CB, the 
Radius of the Circle required. 



PROBLEM XLV. 



The Angles being given, under which three Objefts, 
fituate in 4 Right L^ine, are feen, and their 
Diftances from each other known •, tp determine 
the Point from which they are feen. 

A> B, and C arc the three Objefls. ' > 




Make the Angles ACD, CAD, alter- 
nately, equal to the given Angles, i. e. 
make ACD equal to the Angle under 
which AB is feen, and CAD equal tq 
the other Angle given. 
Produce CD and AD, intcrfefting at D. 
Defcribe a Circle through the two ex- 
treme Objefts, A & C, and the Angle D; - * by Pr. 40. 
Draw DB, and produce it, till it cuts the oppofite Cir- 
cumference, at E, the Point fought. 

Dem. For (having drawn AE and CE) the Angle 
AEBzi ACD, and the Angle CEB=:CAD. - P. 10. 3. 
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PROBLEM XLVI. 



A Circle being given, to cu,t off . a Segment, fiinilar 
- to a given Segment •, and, on a given Line, to con- 
ftrudi a Segment, fimilar to a given one. 

Firft. It is required to cut off, from the given Circle 
FHI, a Segment fimilar to X. , 

Find the Center, C, of the given Segment, X, - Pr. 40» 
and compleat the Semicircle ABD. 

Through the Center, E, draw FG, and 
make the Angle GFH equal DAB ; - Pr. 4. 
. The Segment, Y, cut off by the Chord 
FH, will be fimilar to the given Segment. 

Dem. For, the Angle GFH:z:BAD..Con, 

And (having joined BD and HG) the 

Angle FHGzi ABD - - - Ax. 9. 

(for they are Right Angles; 12. 3.) 

tonf. FGH— ADB - - C. 5. 10. u 

wherefore, the Triangles ABD, FHQ 

are fimilar, - - - C. 2. 4. &• 

Therefore, as FG : AD :: FH : AB,-4. 6, 

And, by taking away the Triangles ABD, FHG, from 

the Semicircle?, there is lefc the Segment Y fimilar to X.' 

N. B. If the Segment given had been c:rcarcr than a Semi 
circle, the operation is the fame; tlie Triangle GFH being addeil 
to the Semicircle FIG, inilead of talcing it uvv.iy from FHG* 
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2nd. FH is the given Line, on which to conftruft a Seg- 
ment as required. 

. Make the Angle HFG equal to BAD ; which, AB, the 
Chord of the given Segment, makes with the Diameter AD; 
found as above. 

Draw HG perpendicular to FH, cuting FG in G. 
hik£t FG, and on E, the Center, with the radius EF or 
EG, defcribe the Ark FCH, forming the Segment required. 

APPLr, This Problem is very ufeful to Builders, to form Arches, 
and fcheme Heads for Windows, Doors, &c. (imilar to others, 
cither greater or lefs, of any proportion required. 

The following is an univerfal Rule, to find, arithmetic 
caily, the Diameter of a Circle, from any given Segment, 
by the meafure of the Chord Line or Subtenfe: i. e. the 
Bafe of the fegment, and the height of the Ark. 

ADB is the Segment given. 

Divide the Square of half the Bafe by the perpendicular 
height and add the Q^totient to the Divifor. See Cafe 2.I4.^« 

r 

e. g. Let the Bafe AB be 14 and the Per- 
pendicular CD, 4. 

The Square of AC or CB, 7 multiplied by j ^/ ■. 
" is equal 49 ; whfbb, divided by 4, gives the 
Quotient 12, 2^^ equal CE; to which add > 
the divifor, 4, the height of the Ark, CD, it \ 
gives 16, 2^, for the Diameter. '\ 

For a Redan gle under CE and CD is equal 
to the Square of AC P. 14. 3. 

ouppofing the Integers Feet, the Diameter, DE, is 1 6 Feet 3 In. 

The Rule is the fame, if the Segment be greater than a Semi* 
circle. But, having found the Center (by Pr. 39 or 40) a Right 
Line drawn through the Center, cuting the Ark in two Points, is 
a Di«.iieter. 




r» 



86 PRACTICAL GEOMETRY. 



PROBLEM XLVII. 
To make a regular Pentagon, on a given Line, AB, 



^.F. 




Divide AB in extreme and mean Pro-? 
portion, in the Point C. - - Pr. 35, 
Produce AB ; and make BD equal to BC, 
the greater Segment; then, AD is to AB, 
as AB to BC, and as BC to AC* 

On A, with the Radius AD, dcfcribe 
the Ark DEF; and, on B, dcfcribe tjie 
D Ark GF, interfcfiing at F. 

On F, with the Radius AB, dcfcribe 
the Ark EG ; i. e. make FE and FG each equ^l AB, and 
join the Points A and G, B and E ; alfo E, F and F, G,. 
which compleats the Pentagon. Q^ E. F. 

The Demondration of this conftrud^ion of a Pentagon may be 
obtained, from the 7th and 8th Prop, of the 4th of Elements. 

Fpr, AED is an llbfceles Triangle, having its Angles at the 
Bafe, ED, each double the Angle EAD, at the Vertex ; 
AtB is the fame, which may be confidered as infcribed. 

And, by 34.. of the 6th. the Diagonal of a Pentagon, BF or 
AE (equal AD) has that ratio to the Side, AB, BE, &c. as the 
greater Segment to the Icfs, of a Line divided in extreme an4 
pxean Proportion, 

Or it may be conflrufled thus. 

Having found the Point D, as above, and drawn the 
Ark DEF, on the Center A. 

On B, with the Radius AB, dcfcribe the Ark AE, cuting 
the other at E, and draw AE and DE. 
Draw BF parallel, to DE ; and alfo AG, indefinite. 
Draw FG parallel to AE, cuting AG in G, and join FE 
and BE, which compleats the Figure. 



* Sec N. B. 2. Prop. 35. 6th of Elements. 
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Otherwife, mechamcallyi AB being the given Side. , 

On A and B, with the Radius AB, 

defcribe two Circles, cuting each other 

in C and D, and draw CD. 
On D, with the fame Radius, defcribe 

Iht Ark EABG, cuting the two Circles 

and the Right Line CD, in E, F, and G. ! 

Draw the Right Lines EF and GF, and ^ 

produce them till they cut the Circum- 

Terences, in H and L 

Then, on H and I, with the Radius AB, 

dcrcribe two Arks, int:rfe£ting at K, 

and join the Points Al, IK, EH, and HB, whicli ctJiA'' 

pleats the Pentagon, AlKHB. Q^E. F. 

Of this conftrufiion of a Pentagon, there is no Demonflratioa 
. has yet been given. 

I fhalj, here, give a general Method for con (I ru Sting every 
kind of regular Poligon, frdm a Pentagon to a Duodccagon, 
'by means of the following Table; tn which, the Angle of 
the Poligon is determined by the proportion it has to a Right 
Angle, and the difference there is between them. 

A Right Angle is to the Angle of a Poligon as follows. 

Ratio Diff. " Ratio Diff". 

fPentagon as 5 to 6—11 fNocagon as 9(014-0 
J Hexagon 33310 4— ilj Decagon as 5 to 8 - j i 
j Heptagon as 7 to 10 — 3 J | Undecagon as 1 1 to 18 - 7 r 
(.OOagon as a to 3 — 1 J (.Duodccagonas 3 to 5 - a J 

Note ; the Hexagon, Oflagon, &c. having an equal number 
of Sides, arc reduced to the lowell Denomination ; otherwife, the 
Right Angle is always fuppofcd to be divided into the fame num- 
Wof Parts 15 the rdigo.ihas Sides; which will then be, for a 
. Hclcigoo, as 6 to 8, difference 2 ; in an Oflagon, as 8 to 1 1, 
difle.'cnce 4 ; and fo of the others. 
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To conftru£l a Pentagon, by the Table, on the Line AB. 




Make a Right Angle, ABF, on the extreme Point B. ' 
» - * » • 

By the Table, the Angle of a Pentagon 
is to a Right Angle in the ratio of 6 to 5, 
difference i. 

Wiih the Radius AB (or any other) on 9 
defcfibe an Ark from A to C. 
Divide the Ark (of the Right Angle) AGF 
into five equal Parts, as in the Figure j the 
Angle of the Pentagon is fix of thofe Parts. 
Add the difference, i, from F toC, and draw BC* 
'The Angle ABC is the Angle of a Pentagon, containing 
6 fifths of a Right Angle, on the Ark AGC. 

On A, with the fame Radius, AB, defcribe the Ark 
BGE, cuting the other at G; make G£ equal GC, and 
draw AE* 

With the fame Radius, on E and C, defcribe two Arks, in* 
teribding at D, and join CD and D£ -, which compleats 
the Pentagon. 



Dem. The Sides AB, BC, &c. are equal, by Conftruftion. 
And the Angles are aifo equal, being fubtended b)r equal 
Arks, AGC, BGE, &c. of equal Circles. - C. 2. 9 3. 
Therefore, ABCDE is a regular Pentagon. 
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PROBLEM XLVIII. 




To make a Hexagon, on a given Line, AB, 

In the conftrudion of a Hexagon you need not regard 

the Table, nor proceed after that method ; feeing that, the 

Kde of a Hexagon is always equal to the Radius of a cir* 

cumfcribing Circle. - . . • • 11.4. £K 

Therefore, with the Radius AB, defcribe 
two Arks, on A and 6, interfering at C, 
and compleat the equilateral Triangle ACB. 
On the Center C, with the fame Radius, de* 
fcribe a Circle. 

Produce AC to £, and BC to F^ and, through 
the Center C, draw GD parallel to AB, and 
join the Points A, G, F, £, D, and B. 

Or, having found the Center C, and defcribed a Circle, 
as above. 

Apply the given Side, AB (equal to the Radius, AC) 11^ 
times round the Circumference, from B to D, E, F, G, 
and join the Points as before. 
AGFEDB is a regular Hexagon. Qi E. F. 

The circumference of a Circle contains the Radius ex- 
aflly fix times infcribed (Th.P. Ang.Art. 5.) confcquently, 
it is equal to the Side of a Hexagon infcribed. - P. 11. 4. 

This needs no other Demonftrarion ; for, the Sides are all 
equal by Conlirudtion ; and the Triangles ACB, BCD, DCE,&c. 
arc Equilateral, whofe Angles are alfo equal (C, 1.9. i.) Each 
Angle of the Hexagon, contains two Angles ot a Triangle, 
ABD, equal ABC added to CBD, &c. which are therefore equal ; 
and confequently have that proportion to a Right Angle as 4 to 3 ; 
as the Per|iendicular BH, bifcding the Angle CBD, indicates. 
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PROBLEM XLIX. 




To make a Heptagon, on a given Line, AB. 

Make a Right Angle ABP ; and divide thf 
Ark of it into feven ^qual parts, as many a| 
the Figure has Sides. 

Obferve, by the Table, that the angle of a 
Heptagon is ten of thofe Parts, the difr 
ference is three. 

Set off three Parts from the Perpendiculat? 
BD to £, and draw BE. Make BE equal AB« 
Bifea the two Sides A B and BE; - Pr. 8.' 
and draw the Perpendiculars, FC and GC, interfeSing at C,' 
Qn C, the Center, and Radius CA, or CB, defcribe a 
"Circle;' which will contain the given Line, AB, feven- 
tiqies in its Circumfnrence, at A, B, £, H, I, K, Xji 
which Points, joined by Right Lines, will compleat the 
Heptagon required. Q^ E. E. 

Dem. It is equilateral by ConilruAion ; and it is alfo equi-r 
angular, becaufe infcribed in a Circle; for, equal Seg- 
ments contain equal Angles. - - - P. lo, j, 

N. B. It is plain that thq Angl^ ABE, \yhich Is an Angle 6£ 
the Heptagon, is equal to the Right Angle ABD added to the 
Angle DBE ; the Right Angle containing ieven,parts, the Acute 
Angle, DBE, three ; and confequently, the Angle ABE contains 
ten ; therefore, the Ratio is as lo to 7 ; as by the Table. 

After the fame manner a Circle may be found, which (hall 
cpnta'tn a given Line any number of times, to twelve, applied tQ 
the Circumference, by the Table, given above. 



PRO- 



PRACTICAL GEOMETRY. 91 



PROBLEM L; 

To defcribe an O6lagon, on a given Line, mechanr* 

cally, without the Table, 

On the extremes of the given Line^ AB, draw the Per« 

pendiculars AG and BH, indefinite. 

Produce AB, both ways,' to I and K. 

BikSt the external Angles, lAG &HBK» 

bf the lines AC and BD ; which, make 

equal to AB, and draw CD ; which, will 

be parallel to AB* 

Make LN equal LM ; and, through N» 

draw EF parallel to CD. 

Draw CE & DF, parallel to AG & BH. 

Make NH equal NF, and draw GH 
parallel to £F ; and join EG and FH ; 

which compleats the 0£lagon. (^E. F. 

• 

N. B, Jt is obvious, in this Figure, that its Angles, as ABD, 
has the proportion to a Right Angle, ABL, of 3 to 2, as in the 
Table; for, the Angle LBD is half the Right Angle LBK; and 
LBD added to ABL> equal ABD, is the Angle of the Odtagon, 
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TorRtid the Side of an Oftagon, in a given Square^ 

* ABCD. 

l>raw the two Diagonal AC and EDi 
ivhich|gives the Center E. - P.i6.i.Eh 
With the Radius of half the Diagonal^. 
A£^ on every Angle of the Square, de— 
fcribe an Ark or Quadrant^ b£g^ a£4#* 
&€• i.e. make Ab, Ag, Ba, Bd, ttc 
equal half the Diagonal ; and, joining 
> the Points a b, be, &c. you will have a 
regular Odlagon a b c d c f g h. Q^ E. F. 

APPL. The ufes of thefe Problems, to various Mechanics, arct- 
very obvious. By the 50th we learn how to form an Odagon 
Building; as a Temple, Library^ Sec. an Alcove, or Sow 
Window, &c. (which are frequently half a regular Odbgon 01' 
Hexagon) of a given meafure, for a Side of the Building, &c.r 
By this Problem, we find the meafure of a Side, when thd 
width or Diameter is firfl determined. 

iTo enumerate all the ufes of Pol?gons^ would be impertinent 
and foreign to the purpofe ; my delign being to fhew how to con- 
ftrud them, in the eafieft and readieu manner, the application of 
them will readily occur, as occafions require. 

Thefe are the moft neceflary Poligons for mechanical ufes ; and * 
fince, by the Table, and Rules already given, any PoJigon, to 
twelve Sides, may be readily conftruded, I (hall defer treating 
more fully on them to the fourth Book ; which teaches how to iii-t 
fcribe and circumfcribe all kinds of regular Figures. 

Although it is entirely Problematical, yet I think it beft to fol- 
low the order of Euclid, in that ; feeing, it cannot be properly- 
treated on without the Elements of the firft three Books. 7'he 
prafticfll Part is, neverthelefs, eafy and intelligible to any Ca- 
pacity. 

PRO- 
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PROBLEM Lll. 




To find ths Side of any regular Foligon in 8 gtycn 
Circle. 

Draw a Diameter, AB, on which, 
conftrud an equilateral Triangle, ACB ; 
mr draw the two Arks onlj', interfedtng 
■c C. (This preparation is the fame 
for an; Poligon whatever.) 
Xben, divide the Diameter into a$ many ^ 

equal Parts as the Poligon, required^ 

has Sides; (Pr. 36.) and, through the k- 

cond diviiion, from either extreme, draw 

a Right Line, from C tb the oppolitc 

Side, of the concave Circumference, e, g. 

If a Pentagon he required, the Diameter (AB] mull be 
divided into five equal Parts ; through (he fecond Diviiion, 
from A or B, draw CD i then, AD is the fide of a Penta- . 
gon i i. e. a iifth part of the whole Circumference, or two 
Utfas of the Semicircumference AFB, 

The Side of a Hexagon is equal to the Radius ; and the 
'.Side of an equilateral Triangle is the Diagonal of two fides 
of a Hexagon j yet the fame Rule holds equally true in all. 

If a Right Line, be drawn, from C, through the Center, 
£, to F, it divides the Circle equally into foui , and AF or 
FB, is the Side of a Square. 

For, if the Diameter be divided into four equal Parts, the 
Center being equally diftant from each extreme of the Dia- 
meter, AE is, confequently, two of thofe Parts. 

One 
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One of thofe Parts, GB, equal half the Radius, EB, is 
two eighths of the Diameter j wherefore, if CG be drawn 
and produced, it will cUt the c6nc^ve Circumference in the 
Point H; and BH, or FH, being joined, is the Side of an 
Oaagon ; for it will bifea the Ark, FHB, of the Side of a 
Square. 

Again. Ai, being a fifth part of the Diameter, is equal 
to two tenths ; wherefore, if Ci be drawn, to I, it will 
hifeSt the Ark AID; and AI or ID, being joined, is thoi 
fide of a Decagon, infcribed ; for, it is equal to two tenthi. 
of the concave Circumference AFB. 
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Thus may the Side of any Poligoh whatever, cohtainfed in a 
Circle, be obtained ; by obferving the Rules given above* And 
it is truly worthy of notice ; that, any Right Line, drawn from C, 
cuting the Diameter and the concave Circu inference, will cu^ 
them both in the fame Proportion ; or, in whatever Ratio one of 
them is divided, a Right Line being drawn, from C, through the 
point of divifion, will alfo cut the other in the fame P^atio. 

Of this Conftrudion, or equal divifion of the Diameter and 
the Circumference, no Demonftratioil can be given, having con- 
fulted feveral able Geometricians concerning it ; who fay, that it 
is only an approximation and not mathematically true. Yet, I 
muft own, that I do believe it to be perfedly true, or it could 
never anfwcr fo very accurately, as it does, in all Divifionsi 
whatever. 
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ELLIPSIS, 



HAVING now, gone through all the moft ufcful and 
valuable Problems in Geometry; I (hall, next, be- 
fore I proceed to the Elements, (hew how to dcfcribe that 
ufeful and elegant Figure called an Ellipfis; which is To 
very neceflary to Mechanics, and particularly to Architedts 
anjd Builders, in general ; infomuch, tha( I fhpuld reckon a^ 
compleat Syftem of pradtical Geometry deficient without it. 

The ElllpGs, is a Figure which is not admitted into 
Plane Geometry ; as the nature of its Curve and the pro- 
perties peculiar to it, are of no ufe in the Elements of Eu- 
clid. Neverthelefs, as it is a very ufeful Figure, I (hall de- 
fine all its parts, particularly, and fhcw how, by various. 
ways, it may be defcribed of any Proportion required ; a 
thing much wanted and but little known, to many who have 
a conftant occaHon for it; how many lame and imperfecS: 
Ovals may be feen amongft the Works, of our moft eminent 
Artifls, at an Exhibition, is but too obvious to a judicious 
Eve. 

I fliall alfo explain fome of its peculiar Properties; fhew- 

ivz the affiuitv b/tween the CircU' :ind Ellipfis (as between 

a Square nnd Rhombus) the Ellipfis being confidered as a 

Circle, prefled gently, or drawn put, at the two extremes^ 

of any Diameter, 
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DEFINITIONS. 



DEF. I. An ELLIPSIS, or OVAL, ie a Plane Figu» 
bounded by a regular curved Line, falling into ttfelfy 
which, is not circular in zny part, being dclciibed on 
two Cent«irs. 




PEF. II. PERIPHERY, or CIRCUMFERENCE, h the 
curved Line which bounds the Elltpfis; ACBD. 

DEF. III. CENThR, of an ELLIPSIS, is the Point E, 
where any two Diameters inteile£t, and, confequentiy, 
bifedt each other, 

DEF. IV. DIAMETER, of an ELLIPSIS, is any right 
Line, as AB, MN, &c. paOing through its Center, £, 
and terminated by the Periphery. 

For, every fuch Line divides the Ellipfis eijually in . 
two; and is alfo bifcdted in the Center, E. Therefore} 
any two Diameters birc6i each other j ai in a Circle. 

DEF. V. TRANSVERSE DIAMETER is the longcft 
which can be drawn in an Ellipfis. As AB. 

DEF. VI. CONJUGATE DIAMETFR. This Term 
is generally confined lo the ihorteft Diameter, CD; but, 
that is conjugate only in refpeilof the Tranfverfe ABj 
which is alfo conjugate to CD. 

If Tangents to the Ellipfis be drawn, through the ex- 
tremes, A and B, of the Tranfvcrfe, and CD its conjugate 
Diameter, cutL.ig each other in F> G, H and i, they 
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»ill form 2 Rectangle ; and if the Diagonals of the Red- 
angle, FH aad IG, be drawn, they will pafs through the 
' Center of the Ellipfis ; the parts, KM and LN, which 
are terminated by the Curve, are Diameters of the ElHp- 
Gsi eacK of which, is Cbnjugate, In refped of the other. 

thefe are the only two ConjUcateDiatActefi which are equal. 

The TTanfverfe Dianieter, and its Conjugate, are Che only two 
vhich are perpendicular to each other, or cut at right Angles. 

The Tranrverle Diameter, AB, bifeds the acute Anglea FEI, 
GEH; and the obtufe Angles, FECr, I£H, are bifeiSed by th« 
Conjugate, CD. 

Every Diameter, drawn within the acote Angles, 
dun iti Cur^ugate, which falls within the obtufe Angles. 

DEF. Vir. ORDINATES are Right 
Lines drawn parallel to the Conjugate r' 
of any Diameter, as MN,OP, Sec, and 
they arc bifefled by the Diameter, AB. 
The whole Lines MN, OP, are, there- 
fore, double Oidinates to the Diameter 
AU. 

DF.F. VIII. A TANGENT is a Right Line towchiftg 
rhe Periphery, at the extrciVie of a Diameter, parallel to 
itiOrdinates. As FI, FG, &c. 

DIK. IX. AXES, of »n ElHpfe, are the TranfvMfe aai 
its Conjugate Diameter; ABandCD, Fig. ilk. 

DEF. X. FOCI, of an Ellipfis, arc the Points Q.and R, 
on which it is defcribed ; as a Circle on its Center. 

fiEF. XC. LATUS RECTUM, or RIGHT PARAME- 
TER, is that Ordinate to the Tranfvetfc Axe which 
jaffcs* through either, Focus J asMN; Fig. ift. 

The LatU5 ■Refliira, and every Paratnetcr, n a third Vn- 
JOftional to the two conjugate Diameters, to which it is t&e 
•Parameter. 

O Note. 
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Note. The Parameter to the Diameters KM and LN, Fig. i ft. 
cdinckies with them ; for, being equal, there cannot be a third 
Proportional to them. 

DEF. XII. ABSCISSA. If the Tranfvcrfe Diameter be 
cut, in any Point at pleafure, the two Segments, made by 
that Se6lion, are called Abfcifias. 

Note. An EUipiis may be generated, by the Shadow of ti 
Circle, or Ring, projcfted on a Planfe, not parallel to the Ring ; 
provided, the luminous Point is not in the Plane of the Circle. 

Or it is an oblique Sedion, fnade by a Plane, of a Cylinder or 
Cone. (See Def. 15 and 18, 7th. £1.) 



J 



PROBLEM I. 

The Tranfvcrfe and its Conjugate Diameter being gi- 
vcn, how to determine the Foci, on which an El- 
lipfis may bt defcribed, of the Proportion required. 



Let X and Z be the meafures given. 




^hcn, proceed in the manner following, 



Draw, at right Angles, two Right 
Lines, AB and CD, equal, refpe(S^ive- 
ly, to X and Z, and bifedling each 
other, in the Point E. 
On either extreme, C or D, of the 
Conjugate Diameter, defcnbe an Ark, 
with the radius A£, or £B, half the 
Tranfvcrfe, cuting it in F and G; 
which are the Foci, or Centers, on 
which the ElKpfis may be defcribed. 



Take 
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Take a fine, fmooth Cord or firing, and, having fixed 
two Pins in F and G, carry the ftring round both Pins, and 
draw it, on both Sides, to the Point C, or D ; where, fix a 
Pencil, and revolve it around, on the two Pins, keeping the 
String at full ftretch; the point C will defcribc a Curve, 
which will pafs through the four Points A, C, B and D. 

From which con ft ruction it is evident, that any two Right 
Lines, FH and GH, drawn from the Foci to any Point in the 
Circumference, are equal to FC and CG ; that is, to the Tranf- 
veiTe Diameter, AB, 

For, FG being common to both the Triangles FOG and FHG, 
the remaining Sides, added together, are equal; 
i. e. FC added to CG is equal tb FH added to HG» 

As it is difficult to keep the Point or Pencil true, in a firing, 
this Method is not fo eligible, for fmall Ovals, or for any, which 
require the Curve to be exatt ; but, from what has been advanced, 
(l)cing well confidered and underftood) it will be found practicable 
to defcribe fmall Ovals with tolerable exadnefs. 

Having deternr^ined the two Foci, F and G, in the given 
Tranfverfe Dianfieter, AB, whofe Conjugate is CD (as 
above) as many Points, H, may be determined, in the Pe- 
riphery, 2is are necelTary ; through which a Curve may be 
defcribed, by a fteady Hand, which will be a true EUipfis | 
after the following manner. 

With any Radius, at pleafure, 
fetting one Point of the Compares 
in either Focus, as at F; with the 
other Point, make an Ark, at H. 
Then, with the fame Radius, FH, 
feting one Point in either extreme 
of the tranfverfe Diameter, as at A, 
cut the Tranfverfe, at £ with the other. 
Take the remaining Segment, £B> as Radius, and, on the 
Center, G, defcribe another A^k, cuting the former in (i; 
which will be a Point in the Periphery. 

Thus, as many Points, H or h, may be ohtaimt^ as yon 
plcafe ^ which are all in th^ Periphery, 

O 2 That 
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That the Point H is in the Periphery is raiinifelh For, feefnfl 
that the Foci are determined Irum rhe extremes, C and D, of th 
Conjugate Axe, making CF ajid CG each equal to AE, baJ 
thcTranfverfe; (by Prob. i Jconfeqiientty, FH and GH beinj 
made alTo cfiual to AB, the Punt H is in the Pepiphery. 

2nd- To defcribe an Ellipfis, by means of an Inflrumeni 
called a Trammel. 

The Trammel is made of two pieces of wood, fixed to^ 
gether at ri^ht Angles, in the form of a Crofs ; or, for 
fmail Ovals, it may be of Metal, with two ftfelght Grooves, 
truly perpendicular to each other, as AB and CD. 

Then, having provided a ftreight Ruler, of wood or 
metal, fix a point or Pencil 3t one em!, as at E; and, lec 
two fiiort, round Pins (equal, in Diameter, lo the width 
of the Grooves in (he Trammel, which will Aide in them, 
frcdy) be fixed at F and G, in the manner, or order, as 
follows. 

Make EG equa! to half the TranfvetO;, and EF half 
the Conjugate piameicr. • 

The Trammel and the Ruler being thus prepared, let the 
Trammel be placed, as in the Figure; cxadly on th« 
Tr^nfverfe and Conjugate Diameters. 

Then, apply the Ruler, with the 
pins in the Groove, along the Tranf- 
vcrfe Diameter, G being in the Center^ 
and the point E in the Periphery, at the 
extremity of the Tranfi'crfc. 

When the point E is moved towards 
C, the Pin at G, in the Center, falU 
into the Groove towards D, whilft the 
Pin _at F, moves towards the Center ; 
vrhich is continued till it falls into the Center, at G, and * 
(bf point £ being arrived at Cj has defcrlbed, by its motion, 
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the Curve AC, a fourth part of the Periphery ; which has 
all the variety of the whole ; for every fourth part is the 
fame; from C to B, and from A to D, it is inverted. 

The Ruler being now in the poTuion of the Conjugate 
Diameter ; the Pin, at F, in the Center, and that at* G 
fallen down to g ; the motion is continued to B ; the Pin 
af F, being now fuppofed to be in the Center, moves to* 
wards B, and the Pin at g goes back again to the Center^ 
when the Point has defcribed the Curve CB, another 4th 
part, the converfe of the former ; thus cpntinuing the mo- 
tion until the Curve is compleated, and the point £ arrives 
again at A ; the Pin, at F, dill moving, to and again, in 
fjic Tranfverfe, from F to f and baclc again to F; and 
the Pin at G, to and again, in the Conjugate Groove; by 
which means a true Eilipfis is formed ; which, it is evident, 
has no part of the Curve of a -Circle in its compofition, feed- 
ing it is defcribed on two Centeis. 

The nearer the Foci arc together, that is, the lefs the dif- 
ference is between the Tranfverfe and Conjugate Diameters* 
the nearei* it approaches to a Circle, and at lad ends in 4 
Circle, when the Centers unitp, 

P R O B J. E M XL 
To find the Center of an Eilipfis* 

Draw, at pleafure, two parallel 
lines, A6 and CD, in the ^llipfis. 
Bifeft them, in E and F ; through ' 
which Points draw HI, which is a 
Diameter, of the FUipfis. 
Bifed the Diameter, HI, in G» 
v^hifh is the Center of the EHipfis* 

Fpr^ every B.ight Line drawn through the Center is a 
I^iameter^ apd ^very Piaqieter is bife^ed in the Center. 

PRO- 
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PROBLEM III. 



To find the Axes of an Ellipfis. 

Having found the Center, by the laft, 
with any radius, lefs than the Tranfvcrfc 
Diameter and greater than the Conjugate, 
. defcribe a Circle, cuting the Ellipfis in four 
points. A, B, C, and D. 
Draw the Ordinates AD and BC and bi- 
feft them, in E and F ; through E and F 
draw HI, which is the Tranfvcrfc Axe. 
Through the Center, G, draw KL, at right Angles 
with the Tranfverfe, or parallel to the Ordinates, AD and 
BC, and that is the Conjugate Axe. 




P R O B L EM IV. 

To find the Foci of an Ellipfis. 

Havingfound the Center, G,anddrawn the Tranfverfcand 
Conjugate Diameters, or Axes, take GH, half the Tranf-* 
verfe, for radius, and on either extreme, K or L, of the 
Conjugate, as a Center, defcribe an Ark, cueing the 
Tranfverfe iii two points, E and F, which are the Foci, cwr 
Centers, on which the Ellipfis is defcribed. 



P R O- 
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PROBLEM V, 

To draw a Tangent to an EIlipGs at any Point given ; 

in the Periphery. 

If the Tangent was required at either extreme of the 
tranfyerfe or conjugate Axes» as B or C, it will be perpen- 
dicular to them, as in the Circle, and confequently Daakes 
equal Angles. 

Let D be the given Pointi through which a Tangent is 
rtquired to be drawn. 

Find £ and F, the Foci of the El- 
lipfis, by the foregoing ; and draw 
ED and DE. 

Make DG equal DF, and draw GF; 
to which, if HI be drawn parallel, 
through the given Point D, it will 
touch or be a Tangent to the El- 
lipfis in that Point. 

For, let KL be drawn, through C, parallel to the Tranf- 
wrfe, AB ; it will touch the Periphery in C. 

Draw EC & CF ; they are equal, by Conftruflion - Pr.4. 
>nd, confequently, the Angle ECK, is equal LCF - 4. i.EU 
for the Angles CEF, CFE are equal - - - 9.1. EL 

But, the Tri. GDF is Ifofceles, and HI is par. to G£. 
conf. the Angle HDG or E is equal to FDI. * 4. i. El. 
Therefore, HI touches the EUipiis, in the Point D. 




PRO- 
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Any Diameter, as AB, being given, to find its Con- 

jagatc, CD. 

Through cither extreme of the iJia* 
eter, as A, draw the Tangent FGj 
through the Ccriiter E^ draw CD, pa- 
rallel to the Tangent ; which is Conju- 
gate to the Diameter AB, 

J£ Tangents are drawn, through the four 
points A, B, C and D, of any two Conju* 
gate "Oiameters, meeting in F, G, H and I, the Parallelograia 
i^GHl, is equal to a Rei^angle ii^nder the two Axes* 




PROBLEM VIL 

/ To make a Reprefentation of an EllipGs, wkK Com- 

**^ pafles. 

Let AB be the given Tranlverfe Axe, and CD the Con- 
jugate* 

Bifea AE and EB, in F and G, 
\^ and on the Centers F and G, de- 
fcribe the Circles AIEH, & EKBL, 
touching at E,» 

Draw CA ; and, with that raditiV, 

on C, defcribe the Ark AM, cut- 

ing the Conjugate Axe in M. 

•Make EN equal EM; on wKieh 

, Centers, M and N, with the ra- 

, ilius MC and ND, defcribe the Arks HI and KL, falling 

into the Circles A£ and £6, at H, I, K, and L. 

Or 
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Of thuSt when the difference between the Axes is Icfs. 

Divide the Tranfverfe, AB, into three equal Parts, at 
C and D ; on which, with the radius AC, dcfcribe two 
Circles, cuting each other in £ and F ; on which Centerit 
the radius AD, defcribe the Arks GH and I K. 



This laft, is nearer to tn Ellipfis than the other; and thc^ 
maj be lengthened or (hortened at pleafure. It is very obvious 
-fiiat thcf are not £llipies, bat compounded of circular Curves ; 
vbereas, a true £llip£s has no part of the curve of a Circle, in 
its oompofition, the Curve, being every wh^re defcnbed on two 
Joints, is continually varying ; wherefore, no Oval, formed by 
Clicks, can partake of the properties of an EUipfis, 

Having explained or defined all the Terms peculiar to 
the Ellipfis, and fhewn how to conftruA it of any given 
Din^enfionSy and to fix the Points on which it is defcribed, 
there remains nothing more to be done in refped of the uti- 
lity of it, to Mechanics, &c. 

To treat at large of its Properties would neither be pro- 
|>er nor neceilary^ in this Work, for the reafon mentioned 
in the Prelude or Introdudion. 

The Properties of the Ellipfis are really very extraordi* 
nary and furprizing | many of which have fo near Affinity 
to thofe o( a Circle, that they are almoft neceifarily deduced 
from them. But, as it is requlfite to have fome acquaintance 
vith the Conic Se^ons, in order to a right and clear un- 
derftanding of the Properties of the Ellipfis, which would 
not be proper to enter upon in this place ; I (hall content 
myfelf with giving one or two general Theorems, from which^ 
the preceding Problems are deducible ; and juft mention two 
or three particular Properties, and then proceed to the £le« 
ments of Geometry, from which this may properly be call* 
cd a Digreffion, though a very ufeful onej and which, I am 
perfuaded, will not be unacceptable to many. 

P T H E O- 
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THEOREM I. 

ft 

The Reftangle, under any two Abfclflas, has the tktjaf 
Proportion to the Square of the Ordinate which divides 
them, as the Re6iangle under any other two AbfciflaSy hafl 
to the Square of the Ordinate dividing them. 

• 

In a Circle, the Re<^angle, voder the two Segments of a "Dkh 
^nctcr is equal to the Square of an Ordinate, at the point of hif» 
iedipn; conlequently they have all the fame Ratio (Pr. 14. 3 •El*) 

Let ACBD be an Ellipfis; and let there bedefcrihed twa 
Circles, the one circumfcribing it, th^ ot;h^r, f CFD, in* 
d. 

From any Point, E, in the outer Cir* 
cles Periphery, draw the Right Line EF, 
parallel to the Conjugate Axe, CD, cut-p 
ing the Periphery, of the EJlipfis, in (be 
Point G; from which Point, draw GH. 
parallel to the Tranfverfe, >\BV alfo dran^ 
the Radius, EI, which will cut the in« 
»<fcribed Circle in the fame Point K. 

For, ^ecaufe KG is par. to IF, FE:FG: :IE:IK, - 2. 6; 
I. e. as IB:IC. And, EF par. to CD will be cut, in G, bf 
the Periphery of the EUipfis, as iB, to IC.^iQ.Em.C.Secv 

Now, GH Js parallel to IB, and EF to 1 1 - - - Coo. 
wh. the Angle HKI=EIF,undHIK=lEF - - 4.X.EL: 
confequently, the Triapglcs, IHKandlEF, are fimilar j 

wh. as 1E:EF: :1K:IH -- - -. 4. 6« 

But, AI=IE, IC=:IK; andFG=IH; 15. i . 

wh. AI:EF::IC:FG; conf. AI:IC: :EF:FG, alternately; 
and confequently, AI a :IC D : : EF Q ;FG a . - - - 15,6* 
But, At" X FB is equal to EF D , --•--,^ 14- Ji 
mid, AIxIB is the fame as Ala ; for Ai=lB, 
Therefore, as AIxIB;ICa : : AFxFBiFGq. ' 

The fame holds true of any AbfcifTas. whatever, and thc^ 
Ordinate. For, Af X fB : fgo : :AI X IBiICd 

conf. AfxfB:f^a::AFxFB:FGa. 




OF THEELLIPSIS. 



107 




2, The Latus Reflum (FG) is a tbicd Proportional to the 
Tranfverfc and Conjugate Axes. 

The common method of proving it, is to make 
fG to AB, as CE a to AE a ; i. e. as CD a to 
ABa (4. 2. El.) which is making FO a thii'd Pro- 
portional to AB and CD (12 and 13. 6.) and thcn« 
proring it to be what it is by Conllrudlioa. 

The diftance of the Focus from the Center = 
the 5q. Root of the diflf. between AE (eq. CH) a and CE □ .20. i. 

No^, IF+FH==AB=2EB, i.e. IF=2EB-FH5 - Pr. i 

wh. IFa=4EBa+FHa-4EBxFH EL Ilj 

But, IFa=lHa+FHa; - - 20. i.El 

wh. 4EBa+FHa-4EBxFH=IHa+FHa. 

&ait 4EBa-^4EBxFH=IHD=4EHd, - - - Ax. 7. 

and, 4EBa=4EBxFH+4EHQ El. II. 

i.e. 4EBa=:4EBxFH+4CHn-^4CEa. 
^h. 4EBa+4CED=4EBxFH+4CHa. 
Bttt^ CH=jEB (Pr. 1.) wh. aCE d =4EE x FH; 

i. c 4CEd=2EBx2FH; i.e. CDa=AB.xFG. 
coaf. FG is a third Proportion al to AB and CD. - - 9. 6. EI. 

3. If from the Center, E, of an EUipHs, EL (on the 
conjugate Axe) be made equal to the Semitranfycrfe, AE, 
the Tangents LI^ and LG, drawn from that Point, will 
pafs through the Extremes of the Latus Rcdtum. 

4. If from the Point of Coutad, K, of any Tangent, 
KN, to an Ellipfis, an Ordinate, KI, be drawn to any 
Diartieter, cuting it in I j half that Diameter, 
AE, is a mean Proportional between the Seg- 
ment EI, made by the Ordinate, and the Dif- 
taijce of the Point N, from the Center, where 

• 4e Tangent cuts the Diametei, AB, pro- 
duced; i.e. EI:EA::EA:EN. 

5. If a Tangent MN be drawn through the Extreme of 
^ny Diameter, KL, cuting any other two conjugate Dia- 
meters, AB and CD, in M and N; the Reflangle under 
ICM and KN, the Segments of that Tangent, will be 
^qual to the fquare of ^ EF, half the Diameter FG, conju^ 
^^te to the Diameter KL. 

P :^ *. If 
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6. 5f from the Extremes, F and K, of any two conjtf^ 
gate Diameters, Ordinates are drawn to the tranfveife Axe^ 
cuting it in H and I ; tbien is the Ordinate FH to the femi-» 
conjugate Axe, as tKe Segment £1^ made by the other 
Ordinate, to the fcmi-tranfvcrfe Axe, 

i. e. FH:CE::EI;EA; and IK:CE::EH:EB. 

7. Every Paratlek^ram /oriRed by Tangents at the Ex-*- 
treme of any two eon}ugate DiartieCers, is equal to a Red-* 
angie, under the tranfverfe and conjirgate Axes* 

As this is a curious arid extraofdirfary Property, I IhaK give« 
[ief Demonflration of it^ as follows. 

Let NOPQ. be a Parallelogram, 
jtoade b;^ the Tangents^ NO, OP^ &c .. 
at the extremes of the Diameters GV^ 
and its Conjugate KL,. 

Draw the Ordinates,- FH and Itl^ 
to the tranfverfe Axe, cuting it in EC' 
and I; and draw EM perpendicular 
do NO; and confequently, 

ffie Triangles EFH, ENM are fimilar. . - - . 4. 5, EI,». 
Ibr, the Angles NME, EHF arc Right ; and MNE=FEH. 4. u 
Wherefore, . EF:FH:: EN: EM. - - -^ • . by 4. 6* 

Now, - - FH:CE::EI:EA(60andEI:EA::EA:EN(4.> 
wherefore, - FH :CE : : EA : EN ; by equality of Ratios. 
Then, fince, EF:FH: :EN:EM; and, FH:CE: :EA:EN> 
confequently, EF:CE : : EA : EM ; by inordinate equality t 
wherefore, - EFxEM=CExEA by 9^.6. Et 

But, - CE X EA = ^ of the Redangle under AB and CD* 
And, - . EF X EM = J of the Parallelogram NOPQ. -18. i— 
Therefore, the Par. NOPQJs equal to the Red. RSTU. Ax. £0^ 
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BOOK I. 

flT^HIS fitft Book of Elementa treats of particular pro- 
J» pcrtiesof Right Lines and right lined Figures, re« 
Ijpediog themfelves, and alfo their relation to, or connexion 
with one another ; of Angles, formed by the interfedions of 
Kigfat Lines, &c. which,- being entirely unconne£ted with 
Figures, in this Work, are firft treated on, before we begin 
with Figures. 

Next we proceed with Triangles, the firft, yet mod ufe- 
fttl and extenfive, of all right lined Figures. Then is ihewn 
the affinity between Triangles and Parallelograms, and 
other four fid.ed Figures ; all which, is neceflary, in fome 
degree, to prepare the way for the laft grand Propofition, 
the 47th of Euclid, which conckides this Book. 

The Order in -which thefe things are treated, according 
to Euclid, feems to me not very regular; the chain of con- 
ne^on is frequently broken or interrupted ; beginning firft 
with Figures, then Lines and Angles; again Figures and 
Lines, alternately. The fourth Propofition begins the pro- 
perties of Triangles, in general; the 5th introduces the Ifo- 
fc^lesy a particular fpecies of Triangles, merely (in this 
place) for the Demonftration of the 7th; and that, is of 170 
other ufe but to demonfirate the Sth, which may be clearly 
demonftrated (according to Proclus) without it. In the 24th 

and 
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25th fs again introduced the fame general properties of 'i^ri* 
angles, which are evidently deducible from the fourth. For^ 
having, in the fourth, proved, that, in two Xnangles, if 
there are found two Sides, in each, refpe£tively equal, and ' 
that the Angles, contained between the equal Sides, are 
alfo equal, the remaining Sides are equal ; can any Perfon 
of common fenfej who knows what a Plane Angle mealis^' 
ii^atit Demohftratioh, that if, in the Cafe of equality of tne 
Angles, the Sides oppoilte thofe Angles are equal ; if one 
of the Angles be greater or lefs, the fide oppofite will alfo 
be greater or lefs? and, vice ver/a (in the 2Sth) if the Side 
or Bafe, lying between the equal Sides, be greater or lefs, 
the Angle it fubtends muft neceiTarily be fo too: tbefe things. 
feem, to me^ fuch a neceiTary confequence^ that 1 would n6t 
hefitate to take them for granted^ 

This Book is much encumbered with ufelefs Demon-^ 
ftrations, of feveral Propofitions, already fully demonftratcd 
or need none; for, what is evident in itfelf, needs no other 
Demonftration ; and fuch Propofitions, as may eafily and 
clearly be deduced from fome preceding ones, are as well 
made Corollaries to them ; fuch are all converfe Propofiti^ 
ons ; for I cannot conceive it ufeful to perplex and embar<« 
rafs the minds of Youths, with demonfirating what is not 
efTential and abfolutely necefiary. 

I have, therefore, greatly abridged, and altered the Ele- 
ments of Euclid's firft Book ; yet, I am greatly miftaken, if 
I have not retained all that is eiTential in it ; 'and which, 
I think, may be much eafier and more regularly ac« 
quired. After abftrafting the 14 Problems, I have but 20 
other Propofitions in this firft Book ; three of which num-» 
ber (the 3d the 6th and i6th) are not in Euclid; where-* 
as, exclufive of the Problems, Euclid has 34 Theorems, 
twice the number, of the remaining feventcen. 



The 
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The 7th of Euclid is not only ufclefs, in itfclf, but the 
Oemonftration is intricate, to a beginner; and fince the 
tth. which is made to depend on it, is clearly deducibte 
from the 4th, I fee no ufe for it all. In refped of the 4th 
(my 8th) I cannot think the Demonftration of it perfedly 
geometrical ; but, fuch as it is, has been generally accept- 
ed; and although it has been thought fomewhat deficient, 
yet| I have not feen even an attempt at any other kind of 
Demonftration ; which is fufficient convidion that no other 
can be given. As it is the firft Propofition on the properties 
of Figures, which might well pafs for an Axiom, the De- 
monftration^ being purely mental, is fatisfadory; though it 
fiippofes a manual, or mechanical application of one to 
the other ; the proof arifing, from which, would be, mere-* 
ly^ occular. 

Having received the firft rudiments of Geometry from 
Pardie, I may perhaps have imbibed a prejudice, in refpe£l 
of his manner of treating the firft Elements. Upon the 
whole, I look on that Tra6t as vory iniperfe£l and irregu- 
lar; but I have always thought it more introductory to 
treat, firft, of Lines and Angles, before Figures ; keeping 
them diftinCt and unconneded, as much ae poftible. The 
13th. of Euclid I have, therefore, made the firft ; for, on 
the foundation of it, dep.ends, in a great meafure, the whole 
SrilBook. I am the more confirmed in it, having feei^ 
(fince my Plan was formed) two or three Authors, of fome 
Fame, who have purfued the fame Plan^ nearly ; which at 
firft (I freely own) hurt rne, not a little, but, which, I am 
now reconciled to, and think it does me credit. 

According to Euclid, the properties of parallel Lines 
&c. cannot be obtained without haying recourfe tq Tri-j 
angles, and is the reafon why the 27th, and the following^ 
?rc not introduced fooner, which are previoufly neceflary to 
d?m9nftrate the 32nd; in which, the i6th and 17th are 
H^ore fully and perfectly demonftrated: wherefore^ Euclid 
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.was obliged to have recourfe to the i6di, as a Lentma^ 
.(which is much more complex and difficult to conceive tban 
.the 3Znd) in demonftrating feveral j?ropofitions previous to 
them. But, for what ufe the i^th is introduoedi I am at 
a lofs to devife, it being never once referred to, I believct 
sn the whole Elements ; it might (if it be neceifary} be a 
Corollary after the 32nd9 and it is never ufed before. We 
can never be at a lofs to know, that any two Angles of a 
Triangle are lefs than two Right Angles^ having full D^ 
mondration (in the 32nd) that, the three Angles of every 
Triangle are, together, equal to two Right ones i coqifef 
quently it is of no ufe at all. 

In the j8th of this, is contained the 35, 36, 37 and 38th 
of Euclid including alfo, in a Corollary, the 39th and 40th. 

This property of Parallelograms and Triangles is, un- 
doubtedly, very extenfive ; but it is all included in t^he firft 
part of the i8th (i. e. ifi the 35th of Euclid] having previ-v 
pufly demonflrated, in the lytfa, that every Triangle is 
equal to half a Parallelogram, having the fame Bafe and 
Altitude i which, Euclid deduces and demonftrates from tbQ 
other. To dwell fo long on one Property, in fix Propofit 
tionS) becomes tedious, if not trifling; for where is the dif<i* 
ference, whether Parallelograms, or Triangles, have the 
fame or an equal Bafe ? 

The alterations, which I have made in the firft Book, are 
very confiderablej and the manner of demonftrating is, in 
geaeral, different, and more concife ; as to the clearnefs of 
it| it muft be left for others to determine. I do not doubt 
but the judicious, candid, and impartial Reader will concur 
^ith me, or not difapprove, entirely, the liberty I have 
taken. I thought it incumbent on me to advertife him of 
the alterations, and, by pointing them out, -he may, with 
moreeafe, form a judgment of them* 

The 
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The firft fix Propofitions, and the Corollaries deduced 
trom them^ contaiti all the properties of Right Lines, and 
Angles fotibed by their IhtctfeiSliohs ; which are eiTehtiallj 
beceffiuy to be known', before we can obtain a knowledge 
bf the '|)r6perties of Plane Figures. But, I think it firarce 
worth the lofs bf time to demonflrate them, they being in a 
hanner felf evident; infbmuch, that the greateft part of 
Uiem may be, and arb, by fome, given aa (Irft Principles^ 
br felf ievident Propofxtions. 

1. For, fince (by Def. lo.) oiie Right Lihe (landing per<* 
pendicularly on another makes the Angles on each fide equal 
to the Other, they are^ therefore, Right Angles* 

The PetpcndJcular, CD, being <:om-j 
hion lb both Angles, ACD and DCB } 
Ihe two other Sides AC, CB are, con-^ 
feqaeiitly, in one Right Line, ACB. 
And, it is clearly evident, that any 
other Line, or number of Lines, as CEj 
CD, CF, at the fame Point C, muft 
make all the Angles^ ACE + ECD + DCF + FCb,"c^uai 
to the two Right Angles (ACD + DCB.) 

Hence, the firft Propofition and its Corollaties are evi- 
dendy clear and maiiifeft. 

2. Again; (by Def. ii.) if the Perpendicular, CD, he 
produced) towards H, there is generated equal Angles, to 
the oppoGte, on either Side, for, they are all Right Angles, 
confcquently equal, by the gth Axiom. 

So likewife, if atly other, inclined. Line be produced^ 
fts ECj or FC, it will, necefTarily, produce equal Angles, 
to the oppofite, on the other fide of AB; as ACQ equal 
fCB, and GCBzzACFj and which, together, are alfo 
equal to two Right Angles. 

Q. For, 
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For, if EC bifefls the Right Angle ACD, CI will HKo' 
bifed the oppofite, HCB ; andy if CF trifefl the Right 
Angle DCB; the oppofite Angle, ACH, will alfo be 
trifefted, if FC be produced, towards G j and fo, in what- 
ever proportion DCB[ is divided, by FC, th6 continuation 
of FG will, neceffarily, divide the oppofite, ACH, in the 
fame Proportion j wherefore, the Ang. GCHizrDCF, and 
ACGzr FCB; alfo, GCH + HCB=DCF+ACD; and 
ACG + GCB=FCB + ACFi i.e. they are each equal to 
two Right Angles ; and confeq\icntIy, all the Angles about 
iht Point C are equal to four Right Angles. 

Hence, it is plain, that tlie firff and feconJ Propofitions^ 
with .their Coiollaries, are clearly dcducible from the loth 
'and nth Definitions; after what has been faid in the The- 
ory of Plane Angles is well' underftood. . 

3. It is alfo, I prefume, eafy to be conceived, and wh!c& 
I think no Perfon, at leaft, who has any Talent for Geo- 
metry) can be at a lofs to conceive; that, two or more pa- 
rallel Lines muft neceflarily have the fame Inclination t6 
any Right Line which cuts them all ; i. e. the Angle of 
Inclination, with each Line, is equal to orte another; the 
bare Idea of Parallellfm feems to indicate it; which being 
known, or underftood, all the reft follow of courfe, viz. 
that the Alternate Angles are equal to one another, and th^ 
two internal Angles, on each Side, are equal to two Right 



Angles. 




For, fuppofe the Right Lines AF, 
CD, and EF to be parallel amongft 
themfelves, and all cut by any Right 
Line, GE ; making, with them, the 
Angles X, Y, z ; and, fuppofe AB to 
be moved, direflly, to CD, ftill keep- 
ing parallel to CD, it muft neceffarily 
coincide with CD; and, confequently, 

the 
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tie Angle GAB will always remain the fame, and, ^t laft, 
(Coincide with ACD. 

And if AB be moved direSly forward, to EF, fti)l keep- 
jog aarallel to its firft pofition, it will alfo coincide with 
EF, and the Angle GaB, or ACD, with CEF. 

Hence, it is plain that the Angles x, y and z, made 
with GE, are all equal tQ one another ; and, being equal to 
poe another, the Right Lines AB, CD and EF arc confe- 
quently parallel between thenafelyes, 

4. Again ; fmce the Angles x, y and z are equal to one 
another; and the oppofite Angles, v, u, w, are alfo equal 
between themfelves, and to the other (as it was made evi- 
dent in the foregoing) confequently, the Alternate Angles, 
V and y, u and z, &c. arc equal ; for, they are all equal to 
one another, as above (the Lines AB, CD and EF being 
parallel) and, converfely, if the Alternate Angles are found 
to be equal, the Lines, forming them, are confequently pa- 
rallel. 

5. Alfo ; fince a Right Line cuting another Right Line 

makes the Angles, on both Sides, equal tg two Right 
Angles (by the firft) it is evident, that, if the Angles 3^, 
y and z are equal to one another, and the adjoining Angles 
x+A and y + C, &c. are each equal to two Right Angles^ 
confequently, A, C, and E are alfo equal between themfelves, 
and the internal a^ngles (between each two Lines) A added 
toy, and C added to z, are alfo, each, equal to two Right 
Angles ; by the 6th. Axiom. 

6. And, becaufe A + v and y-f o are each equal to twq 
Right Angles ; and, A + y, on one Side GEzztwo Right 
Angles 5 conf. v + o, on the other Side GE, are, alfo, equal 
to two Right Angles, 'i'herefore, if two parallel Right 
tines, AB & CD, &c. are cut by any other Right Line, GF^ 
the internal Angles, on each Side, arc equal to tWQ Ri^^ht 

f , Q.^ Angles^ 
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Angles} anil, confequently, if a Right Une cuts two Right 
J^incs, which are not parallel (as CD and HI) they will 
meet on that Side where the two internal Angles (DCET-t- 
CEl) on the fame Side, are lefs tlian two Right Angles; 
which, is Euclid's izth. Axiom. 

Now fincc all thefe properties of Right Lines, and of 
Angles formed by Right Lines, are manifeft, from what ha^ 
l)een advanced already, there is, I t^ink, but little occafigi^ 
for Dempnftraiion ; neverthelefs, in conformity to the Aii- 
tients, I have formed tbeni i^ito Propofitioj^, for the fatis* 
faction of the fcrupulpus, and for the take of reference, in 
pthcr Works, as well a^ in this i yet, I mud own, I am 
clearly of opinion, that this brief extra(9 is fui^cient, to- 
wards attaining all the neceipiry knowledge in9u]cated by 
the firft fix Pfopofitions* It will^ at leaft, be of i^fe to th^ 
young Studeiiit, in givii^ him a cleair Idea of the Proper-" 
ties therein demonftrated ; which, by being niQjre familiar- 
ized to them, will appear more evident and confpicuous; 
the neceflk^y knowledge, contained in them, will be deeper 
rooted and more fecurely efiablifhed, and tlie Pupil bettei^ 
prepared to proceed with the Demonftrations of ti^e propel^ 
tics of Right lined Figures* 



An explanation of the Notes and Abbreviations mad^ 
life of in thjs and in other mathematical Treatices. 

~ Note of Equality. 

Thus ; Az=B) fignifies that A and B are equal ; and 
is thus read, A is equal to Bjf frequently, A equal B. 

«]- Note of Addition, Plus, or more. 

Thus Ari-B, fignifies the Sum of A added to B, 
A and B reprefentiug any Q^iantity, whatever* 
Let A be 5, and B, 3; then A-fBzzS. 

t** Note of Subtr^ion ; Minus, or lefs. * 

Thus A-tB, fignifies the fum of B taken from A« 
A-*B= 2^ muft be read. A) lefs B, is equal to a« 

^ Note of Multiplication. 

Thus Ax B, fignifies, A multiplied into B. 
Ax B=: 15. A multiplied into B is eaual 15. 

ir Note of Pivifion. 

Thus, A-7-B fignifies, A divided by B« 
, Let A be 6 and B 2 ; then, A-r B z: 3. 

Note of Equality of Proportion- 
Thus, A:B::C:P, fignifies, that A bears the faine 
Proportion to B, as C to D. 6 : 9 : : 2 : 3* 

Note of continued Proportion, o^ geometrical Pro-r 
greffion. 

Thus, A:B:C:D-7r fignifies, that A has the fame 
Proportion to B, as B has to C, and, as C to D. 
In Numbers, thus, 1 : 3 : 9 : 27 45. 

Q Square. Thus, A^Q, fignifies, the Square of 
the Line ^B. A — *B. 

? • Redangle. Thus, ACQ; or ABC, fignifiesi 

Q the Rectangle under the Lines AB and BC ; or,, 

ABxBC. And^ ABCnzzBDn, muft be rcacj 

thus; the Kc&, ABC is equal to BD Square, oip 

to the Sauare of BQ* 



• .. . 
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AXIOMS, &€. 



Re£tangles and other Parallelograms, are frequently de? 
noted by two Letters, at oppofite Angles. As AC or E^B. 

2 ABC ; or 2 ABCZ!; muft be read, two Rectangles ABC, 
or twice the RefSt AB ; and, 2 or 3 AB q Square muft be 
iinderftood, twice or thrice the Square of A6* 

^ Triangle. Thus, aABC, fignifips the Triapgle ABC, 




B 




AXIOMS. 

An Axiom (as already defined) is a manifeft Tmth^ 
ckar in itfelf, and therefore, does not require to be de- 
monftrated: Neverthclefs, an Ulufiration willnot, I pre« 
fume, be thought fuperfluous or unneceflary. I 

|. Things which cprrefjpond, coincide, or mutually agree 
with each other, in every Part, are equal. 
And if the wholes be equal, the halves are alfo equal. 

Thus, A is equal B; if every part of the Figure 
A coincides with B. 

. The whole is greater than a Part of the fame Thing, 
For it is equal to all its Parts. 
P Thus, ADizAB + BC + CD. 



3. If two, or more, Things, or Quantities, are eacl^ 
-g \ equal to the faqie third X'^i"? ^^ Quantity, they arc 
equal between themfelves. 

Thus, if A = C, and if ^IzzC, then AzirB. 





4. Things, or Quantities, which are each equal to 
half (or any other equal portion) of the fame third 
Thing, are equal to one another. 

Thus, if A and 6 are each eaual tq half of C, A 
and B are equal, 

5. Things, 
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5. Things, or Quantities, which arc each double, or 
triple, &c. of tHe fame third Thing, or Quantity, 
are equal to one another. 

Thus, if D and £ are each equal twice or three 
times F, D and £ are equal. 

6. If to equal Things be added equals, the Sums are 
equal. 

if to the equal Re£tangles A and B, be added 
equals, C and D; then, C+A — D + B. 

7. If from equal Things be taken away equals, the 
remainders will be equal. 

If from the equal Rectangles, A and D, be taken 
tway equals, C and D, the remainders of A and 
B are equal. 

S. If to or from unequal Things be added or taken away 
equals, the Sums or Remainders will be unequal. 

This neceflarily follows from the two laft. 

A_ 

9. All Right Angles are equal to one another. 

The Right Angle ABC iz the Right Angle BDE. 

10. Two or more Right Lines, being perpendicular 

to the fame Right Line, and being all iti the fame a 
Plane, are parallel. BC is parallel to DE. 

The Angles ABC, BD£y being Right Anglesj ard 
equal ; by the laft. 
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TH.EOREM t. 

If one Rbht Line touch or cut ahothct Right Line, 
at iny Point apart from its Extremes, it will make 
two Angles ; which are either both Right Angles^ 
Ct^ both together, equal to two Right Angles. 

' Let DC be a Right Line, touching AB 
in the Point C, making two Angles^ ACD^ 
DCB ; I fay, they are either Right Angles^ 
or both together equal to two Right Angles. 

If CD be perpendicular to AB the thing is 
ihantfeil ; by Def. i6i 
Sut if CD does not make Right Angles with 
AB ; draw C£ perpendicular to AB. 

Dem. Now, ACE, ECB are Rt* Angles (Con.) th. equal. 
Butj ACDrrACE+ECD; alfo DGB=ECB-ECD. 
Therefore, ECD, the excefs of the Obtufe Angle, ACD, 
to the Right Angle ACE, is alfo the deficiency of the 
afcute Angle DCB to the Right Angle ECB* 
Conf. ACD + DCB is equal to ACE + ECB; - At. 2; 

CoR. X. Hence, if from the fame Point in a Right Line 
(as C in th^ Line CD) two Right Lines AC, CB are 
drawn, on contrary Sides and in the fame Plane, makififg 
Right Angks, or Angles equal to two Right Angles, 
with the given Line, they will confiitute one Right 
Line. ACB. 

2. Two Angles at the fame Point, and on the faftic Side 
of a Right Line, being equal, they are confequently 
Right ones. 

Wherefore, when two Angles arc contiguous or ad* 
joioin, if one of them ACE, be a Right Angle, the 
other ECB is alfo a Right one ; and if one of them ACD 
be Obtufe, the other, ECB, is confequently Acute. 

3. Two 
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3. Two or more Right Lines meeting in the fame Point of 
another Right Line, make all the Angles, together, equal 
to two Rt. Angles. ACE + ECD + DCB = ACE + ECB, 

4. When one Right Line makes Angles vf'nh another, if 
one of the Angles be known the other is alfo known. 

For, it is the difFercncc between the Angle known and 
two Right ppcs. Ai, ACD=:ACE + ECBr-DCB. 

T H le O R E M H. i^. Euclid. 

Vertical or opporice Angles, made by the Interfcftion 
of two Right Lines, are equal to one another. 

Let AB and CD interfcd in E ; then, the Angles 
AEC, BED, are equal ; alfo, AED is eq, to CEB. 

D£M* The'Right Line AE, touching the Right 
Line CD, makes the Angles AEC, AED, to-r 
gether, equal to two Right Angles. - Th. i. 
And, becaufe D£ touches the Right Line AB, 
the Angles AED, DEB, are alfo equal to two 
Right ones, ------t- fam^. 

Therefore, the Ang. AEC^- AEDrzAED + DEB.-Ax.g, 
and if there be taken away the common Angle AED, 
there will be left, the Ang. AEC equal to DEfi. - Ax. 7. 

In the fame manner, AED may be proved equal to CEB, 
Or, it may be demonftrate^ after another manner, thus. 

About E, the poiht of Interfeftion, as a Center, defc^ribe a 
Circle (with any Radius at difcretion) cuting the two Line? 
in A, C, B, and D. Then, the Ark AD4DB=CB+BD. 
For, they are, each two, equaj to the Semi-circumferencc 
of a Circle. .- ^ , . , . . See N. B. Def. 21, 
Wh. taking away the Ark DB, there remains AD^CB j 
jliid, the Angles AEP, CEB, having equal Arks, are equal. 
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poR> Hence, if two Right Lines interfeft each other, th< 
Angles they make are ^qual to four Right Angles. 

2. All the Angles which can be made aboyt a I'oint arf 
equal to fpui Right Angles. 



THEOREM HI. 




If a Right Line, cuting t>yo Right Lines, makes al^ 
the Angles, on both Sides, equal between thenifclvcs* 

the two Lines are parallel. 



Let the Right Line Ep cut two Right 

Lines, AB and CD, making the AngTc$ 

D_ A^F, EFC, BEF, and EFP equal tq 

jone another^ then AB is parall. to CD* 



Pem. Bccaufe the Angle AEF— BEF, EF Is perpendiculaif 
to AB. - - .«.--•-.- Def. 10, 
And, becaufe EFCirEFD, EF is, alfo, perpend, to CD. 
"^Vherefore, fince EF cuts both Lines, AB and CD, per- 
pendicularly, the Angles AEF, EFC, &c. (being equalj^ 
arc Right Angles ; and, AE, EB, CF, and FD arc per- 
pendicular to EF, -------- Def. II. 

But, AE, EB is the fame with AB, & CF, FD, with CD^ 
Therefore, AB and CD, being both perpendicular tQ. 
EF, are parallel. .---.•---. Ax. lo. 

Cor. Frofn hence it is manifeft, that, any Right Line, 
cuting two parallel Lines, makes the internal Angles, qx\^ 
each Side, equal to two Rieht Andes, 

^ . f ■ 
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For, if they are cut perpendicularly, as EF, it is clear. 

And, fmce any other Line (FG).cuting them both, makbi 
^he adjoining Angles (<2 and ^, czndd) with each Line 
(AB and CD) equal to two Right Angles. - - - Th. i. 
Conf. all the internal Angles (<7, ^, r, and d) which it makei 
with them both, are equal to four Right Angles, • Ax. 2. 

NoWi fmce AB is parallel CD (Theo.) and the two in- 
ternal Angles, on one Side EF, are equal to thofe oh the 
other Side (Hyp.) it is manifeft, that the internal Angles, on 
one Side; are, alfo, equal to thofe on the other Side, of any 
Right Line (FG) cutihgthem both ; wh. a + ciibJ^d. 

But, all the four internal Angles are equal to four Right 
Angles 5 confcquently, the internal Angles, ^7 + if, and B'\-d^ 
bn each Side, are,, each twoj equal to two Right Angles. 

Cor. 2. If tWo Right Lines, which are hot parallel, be cut 
by ahother Right Line, they will meet oh that Side VIrhcre 
tlie internal Angles are lefs than two Right ohed. 

For, if ^ + ibe lefs than two R. Angles a + c is grtater; 
Becaufe, a^b^c-^din four Right Angles. 
Wherefore, AB will incline to CD, and 
the^ will, if produced, meet on that fide 
EF, towards B and D, on which the 
Angles ^-f^^ are lefs than two Right ones, 
fiecaufe,. the Angles, b arid ^, on that Side 
£F, arej togethei-, lefs than <i-f ^, on the 
bther Side^ 

liF this Thcorfefh ciihtiot te admitted," as perfe^fl Deinonftratibn^ 
it may be fuppofed a Lemrria to the next ; being an illuftrntion, at 
leaft, of Euclid's 12th Axiom ; which, in my opinion caniot be 
received as fuch^ by any ^crfon as yet uuacquainted with Geo- 
metry. From that conlideration, it may pafs ^ith the molt fe u- 
pulous. My defign is to make Geometry underftood, and intcili- 
kihlc to comaon Capacities, in the eaiieft manner* 
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THEOREM IV. 27. Eucllda 




if a Right LinCj cuting two Right Lines, makes th€ 
Alternate Angles equal, to one another ; ofj Ihall 
make the external Angles equal to the internal and 
oppo&te i the two Lines are parallel. 

0/ 

Let FG be a Right Line, cuting the 
two Right Lines AB and CD, and mak- 
ing the Angles AEFj EFD, equal to one 
another ; then, the two Lines, AB and 
CD, are parallel. 

For, if the Angles AEF, EFC, be not 
' —' equal to two Right Angles, they zrt 
either greater or lefs; fuppofe them greater j then, the 
Lines, AB and CD, will meet on the other Side, to- 
wards B and D. - - ------ - C. 2. 3. 

Now, the Angles BEF, EFD, are lefs than AEF + EFC* 
And the Ang. AEF+ FEB zzEFC + EFD^ - - Ax. 9. 
for, they are, each two, equal to two Right Angles.-Th. u 
But, the Ang. AEFzzEFD (Hyp.) wh. BEF=EFC.-Ax.^. 
Confequently, BEF+EFDzzEFC+EFD } 
and, BEF+EFDnALF + EFC, ----- Ax. 6 
i. e. they are, on each fide, equal to two Right Angles. 
Therefore, AB is parallel to CD. - -» - Th. 3. and Cor* 

2. Let the Angle GEB be equal to EFD. 

Now, the Ang. EFD=GEB (Hyp.) and, AEF=:GEB. 2* 
Wherefore, ALF is equal to EFD. - - -. - Ax. J, 
But, the Angles AEF, EFD, are Alternate; and, it is al- 
ready proved, that, if Alternate Angles be equal the Lincf 
are parallel. The.efore AB is parallel to CD, 

Cor. 
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Cor. I* Conv. If a Right Line cuts two Right ^ines, which 
are parallel, the Alternate Angles are equal to one another. 

For, AEF-fBEF are equal to two Right Angles. Th. i. 
Alfo,/ BEF+EFD arc equal to two Rt. Angles. C. 1.3. 
Wherefore, AEF=EFD (BEF being common) Ax. 3. 
and confeqnently, BEFzzEFC ; by the fame. 

Cor. 2. If a Right Line cuts two parallel Lines, it makes 
equal Angles with them both. viz. G£B equal to GFD. 

N, B. From this Theorem, is deduced the* fifth Problem ; 
according to the firft Method, there prefcribed. 



. f 



T H E O R E M V. 30. Euclid. 

If twoy or more, Right Lines are parallel to any other 
Right Line, they are parallel betweea themfelves. 

« 

Let the two Right Lines, AB and CD, 
be both parallel to the fame Right Line,£F. 

I fay, that AB is parallel to CD. 

Let any Right Line, (AG) cut them all; 
being produced, if neceiTary 



\ 



D^M. Becaufe AB is parallel to EF, and they are both cut 
by the Rt. Line AG, the Angle BAEziFEC. - - Cl a- 4- 
And, for the fame reafon, the Angle DCGziFEC ; 
wherefore, the Angle BAE is equal to DCG. • Ax. 3. 
But, thofe Angles are internal and oppoflte. - Def. i6« 
therefore, AB is parallel to CD. - - - 2. Th. 4. 

SCHOL. This Theorem might iveU pafs for an Axiom \ for^ 3y 
adopting paraUelifm for Things y or ^antity^ *tis the fame as Axiom 
the third. 

THEO- 
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T H E O R E M VI. 

If two Right Lines cut each other, and, if there be . 
two other Right Lines (in the fame Plane with 
the former) parallel to them, refpedtively, and alfo 
cut each other, they contain equal Angles. 



Let the Right Lines DE and DF (or Df) 
be refpeSively pai-allel to AB and AC. 

I fay, the Angle FDE is equal to CAB; 

Produce either SiL^e (if it be neceffary) 
as DE (or ED) cuting AC, at E. 



^Diii.' Now, becaufe DE is parallel to AB, and they are 
both cut by AC, the Angle CABziCEZ). - -' C. 2. 4. 
And,. becaufe DF (or DF) is parallel to AC, and arc? 

both cut by DE, the Angle FDEzzCED. fame. 

But, the Angle CABzzCED ; and FDE =CED. proved- 
Therefore, the Angle FDE is equal to CAB. -^ - Ax. 3. 




This valuable Theorem is not in Euclid^ except the loih of the 
eleventh Book, may be compared with it', in which, the two 
Lines (cuting each other) are, refpeSiively, in different Planes \ 
hut they are, necejfarily, either in the fame Plane ^ or in parallel 
Planes^ and holds equally true. 




Bookl, ELEMENTS or GEOMETRY, ny 

THEOREM VII. 8. Euclid, 

If the three Sides of one Triangle are equal, refpec- 
rjvely, to the three Sides of another Triangle, ihey 

. jre alfo equiangular ; i. e. the Angles oppofite to 
equal Sides, are alfo equal, and the whole Triangle^ 
are congruous, or equal, each to the other. 

Let the Triangles a be, ABC, have all 
tbcir thr^e Sides equal ; viz. ab equal 
toAfi, be equal BC, and ac equal AC. 

I fay, the Angle a is alfo equal to A, 
b equal B, and c equal C ; and the Tri-*^' 
fogle, a be, equal to ABC. 

Pem. Suppofe the Triangle abc applied 
to ABC; any Side, ab, to its equal AB. - Poft. 5, 

Then, if the Triangles are alike fituated, ac will fall oa 
AC, and be on BC; the An^le a will coincide with A, 
b with B, and c with C. 

For, becaufe the Side ab is equal to AB, the Extremes^ 
s and b, will fall on A and B; and, becaufe ac is equal tq 
AC, and be to BC, the Point c muft neceflarily fall on C 

If not, let c, if poflible^ fall at d, in the Ark Cd, de- 
fcribed on A^ with the radius ac; wh. Ad=:AC, equal ac. 

But, Bd IS not equal to be ; for, if an Ark of a Circle 
be defcrib^J, on 3.9 with the Radius be, being equa to, 
BC, it will cut the Ark^ dd, at C, and the Line Ad, ;t e. 
Wherefore, the Point c cannot fall at d, nor dfevhere 
but on C, in the interfeSing Point of the two Ads. 
Th. the Triangles, agreeing in every part, are congruous. 

N, B. This Property does not hold good in any oth^ Figure. 

Hence, an Angle is made equal to a given Angle, as in Pr. 4 ; 
Wi^ hence, an Angle is biledted according to thfe 2nd method^ 
l^'^b. ^th; viz by making two Tiiangles, congruous with eacli 

?ther, 

T H E O. 



yx8 ELEMENTS of GEOMETRY, 



THEOREM VIII. 4. Euclid, 

Triangles having two Sides, in each, rcfpeaiveljr, 
equal, and if the Angles, contained by thofc Sides, 
are alfo equal ^ then, the remaining Side, of the ope, 
{hall be equal to the remaining Side of the other; 
the remaining Angles, of the one, equal to the re- 
maining Angles of the o|:her, viz. thofe that are 
pppofite equal Sides; and the whplc Triangles arq. 
equal, and congrpous^ 

Let the Triangle, a be, have two 
Sides, ab, be, equal, refpeSively, to 
^B, an4 BC, of the Triangle ABC ; an4t 
let the Angle a b c be equal to ABC. 

Then, the Sicle ac is equal to AC; the 
Angle a is equal A, and c equal C; apd 
the whole Triangle, abc, equal to ABC. 

m _ 

Dem. Fpr, fuppofe the Triangle, abc, applied to, or Uid 
upon, the Triangle ABC, in fuch wife, that the Side 
ab, of the one, agrees with AB of the other Triangle 5 
the Extreme a, with A, and b with B. - - Poft.,5. 
Then, the Side b c will fall upon BC ; - by Qef. r4 \ 
for, they contain equal Angles, by the Hypothefis. 

The Extreme c, of the one, will coincide with Q% of 
fb; other; becaufe, be is equal to BC* 

Therefore, the remaining Sides, ac and AC, muft 
neceTarily ^gree, and be equal to each other ; the Angle 
a will coincide with A, and c with C; and confequently^ 
the whJe Triangles, abc, ABC, are congruous j 
therefore^ the Triangle abc is equal to ABQ. 




Cqh, 




Bookl. ELEMENTS OF GEOMETRY. 129 

Cox. HencC) if two Sides of one Triangle be equal, rc- 
fpedivjply, to two Sides of another Triangle, and the con- 
tained Angle, of one, be greater or lefs than the contain* 
ed Angle of the other, the remaining Side will alfo be 
greater or lefs | and converfely* 

For, fuppofe two Triangles, a be, ABC, having their 
Sides, ab and be, refpe6tively equal, to AS and £C» 

It is evident, that, if the Angle a be 
was the leaft poffible ; i.e. if the inclina*^ 
tioaof the Sides, ab, be, was fuch, tUS 
it is not poflible to conceive a lefs Angle, 
the two Sides, a b, b c, would nearly coin- 
cide; and confequently, the length of the 
fcinaining Side, ac, would be fomewhat 
Aiore than the difference between a b and 
*>c; VIZ. ac=ab— be, nearly. 

Again. Suppofe the Angle made by the Sides AB, BC^ 
^qual ab, be, the largeft poflible, fo as, nearly to fall in* 
to one Right Line; i( is manifcft, that the remaining Side, 
AC, would be fomewhat lefs than the length of both, ^^B 
tod EC 5 i. e. AC = AB + BC, nearly. X 

Hence it is plain, that, whether the Angle, abc or ABC^ 
contained between ab and be, or AB and BC, be greater^ 
or lefs, the remaining Side, a c or AC, will alfo be greater 
or lefs; and conveifely, the greater or lefs the Side, ac or 
AC, the greater or lefs is the Angle, ab c or ABC. 7. 

For, fuppofe the Triangle abc applied to ABC, the 
Side ab to AB, the Angle a to A, and b to B ; and let the 
Arlc of a Circle be defcribed, from c to C, on the Center B. 
Then, fuppofe the Angle a Be opened or enlarged, to 
the feveral Apertures, a B d, a B e, a B C ; it is evident, that 
as the Angle a B c is increafed, at a B d, &c. fo is the re-» 
maining Side, Ad, Ae, &c. continually longer; from Ac, 
the Ihorteft poffible, to AC, the longcft. 
Hence the 24th and 25th of Euclid are clear, and manifeft. 

S What 
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What I have here advanced is* I prefume, fufficient convi^oiiy 
if not Demonftration, of the properties therein contained. 

The Ihorteft way to knowledge is the bell ; where perfect De- 
monflration is necefTary, I (hall be as brief as is confiflenc \yith 
perfpicuity, and where it is not, I ihall briefly illuftratc. 

Thofe who are not fatisfied with this Demonftration of the two 
laft, felf evident, Propofitions (of Euclid) may refer back, after the 
12th (and this is not of ufe between) and, by drawing the Right 
Lines d e^ e C^ &c. they will iind, that the Side A e^ or AC pp- 
,po(ite to an obtufe Angle, Ade, or AeC, is greater than the Side 
A d, or A e, which is oppofite to an acute Angle^ A ed, or ACe. 

The 7th might be a Corollary to the 8th. For iince, in two Trii 
angles, if there be found two Sides, in one, equal refpcftivclv to 
two Sides in the other, arid containing equal Angles, the third 
Sides are equal ; it certainly tbllows, that if all the three Sides are 
refpeftively equal, the Triangles are equal and congruous ; feeing 
it is not pofTible for an Angle to be greater or left, but ihfe Side 
oppofite is alfo greater or lefs. 



'THEOREM IX. 5. Euclid. 

In Ifofceles Triangles, the Angles at the Bafe arc equal 
, to one another, i. e. if a Triangle have two equal 
Sides, the Angles, oppofite to them, are alfo equal. 

B 

Let ABC be an Ifofceles Triangle ; the 

$ide AB equal to BC. 

Then, the Angle A is equal to C. 

Bifea the Angle ABC (Pr. 9.) made b; 
the equal Legs, AB, BC, and draw BD -5 
C it will alfo bifea the Bafe, AC. 

Dem. In the Triangles ABD, DBC, the Sides AB, B 
are equal (Hyp.) and, BD is common to them both. 

Now, the Sides AB, BD are zd CB, BD, refpeflive 
And the Angle ABD is equal to DBC. - * . C 
Th. AD=:DC, and the Triangle ABD=:DBq. - 
But, in congruous Triangles, oppofite equal Sides 
equal Angles. -----•.- Th. 7 and— 
Th. the Ang. A=::C, being oppoflte the common Side & J)» 








vn- 
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Or it may be demonftrated thus, after Euclid, 

Let the equal Sides, A6, AC, be prov 
duced below the Bafe, to D and £• 
M^kft AD eq. AE, and join DC and BE. 

. Then, in tb? Triangles ABE, ACD,^ 
there are two Sides, AB, A£, refpedively 
equal to AC, AD ; and the Angle A is 
common ; wherefore, DCirBE ; and the T)/ 
Angle ABE is equal to ACD. - . 8. 

But, BD=:CE (Ax. 7.) and BC being common; the 
Triangle, and confcqueptly, the AngJ<^> DBCizBCE. -7. 
Alfp, the Angle PCD=CBE j conf. ABC = ACB. - Ax. 3, 

Coa. I. The external Angles, made by producing equal 
Sides of a Triangle, or the Side which lies between them, 
are alfo equal, amongft themfelves. 
For, the Ang. DBCzzBCEi conf. ABFizACG. ^ 2, 

m 

S» An Equilateral Triangle, is alfo equiangular. 
For, oppoilte tp equal Sides are equal Angles. 

3* If a Triangle have twp equal Angles, the Sides oppoftte 
them are alfo equal. And, if all the three Angles of 9 
Triangle are equal, it is equilateral. 

^« A Right Line, bif<?£ling the Angle, and the Bafe, conn 

tained between equal Sides, is perpendicular to the Bafe^ 

and confequently, two Right Lines drawn from the fame 

Point in a Perpendicular to a Right Line, to Points, 

equally diftant from the Perpendicular, ia that Line^ arg 

equal. 
For, the Angles ADB, BDC, being equal, are confer 

qucntly I^ight Angles. (See (irft Figure.) C. 7.. Tl\. u 

*^* S. Hence 4US performed the 6th, 7th and 8tb Problems^ 
Yi»» by conftru^ng {fofceles Triangles^ 

' §» ^ T»EO. 
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T H E O R E M JX. 32. Euclid. 

If any Side of a Triangle be produced, the external 
Angle is equal to the two remote Angles of the Tri- 
angle. And, the three Angles of every Triangle 
are, together, equal to two Right Angles. 

In the Triangle ABC, 1^ any SidCf ai 
AC, be produced. ThcD, the Ang. BCD 
is equal to the two Angles, A and B« 

From C» draw C£ parallel to AB. 

%^aure C£ is parallel to AB - Con. 
and they are both cut by the Right Lini 
BC, theAnglcBCE5=ABC. - Th.4. 
And, becaufe AB and C£, being parallel, art out by tht 
Right Line AD, the external Angle, ECDacBAC, the 
internal and oppofite ;----•-•. a. Tb. 4« 
But, the Ang. BCE (eq. B) +ECD (eq. A)=:BCD. Ax-a. 
Therefore, the external Angle, BCD,;zA + B, the twa 
remote Angles of the Triangles. Q^ E.' D. • Ax. Ji 

3. The three Angles, A + B + BCA, are equal to two Right 

Angles. 
Having produced AC, and drawn CE, parallel to AB. - 

Dem, The Angle BCEizABC, andECDziBAC - 4, 
Wh. BCD (eq. BCE + ECD) is equal to ABC+BAC. 
But, the Angle ACB, + BCD= two Rt Aiigles. - - !• 
Therefore, the three Angles, A-J-B + BCA> are equal to 
two Right Angles. 

This 2nd part is alfo elegantly proved, by drawing a 
Right Line, FG, through any Angl<, B^ parallel to tl^ 
Ojjpofitc Side, AC* 



Dem. For, the Angle FBA=:A, and GBC = BCA - 4. 
[of)f.tbeAng.A + ABC + BCA(c<i.FEA + ABC + CBG) 
ire equal lo two Right Angles. - - - C. 3, Th. i. 

Ccx. I. Hence, if one Angle of a Triangle be equal tothc 
Khcr two Angles, it is a Right one. 

For, if either Side, containing the Right Angle, be pro- 
duced ; the external Angle, being equal to the two reniote 
ones, is equal to the Right Angle to which it is con- 

^uous. (Defin. 11.) 

There can be but one Right Angle, or one Obtufe Angle, 
is a. Triangle. 

fiecaufe, if there be one Right Angle, the other two 
ire, together, equal to a Right Angle. 

. If a Triangle have one Right Angle, the other two are 
acute, and equal to a right one; and, if the Triangle be 

'Ifofceles, the two Angles, at the Hypoihenufe, are each 
jequal half a Right Angle. For, they are equal. - Th. g, 

i If the fum of two Angles of a Triangle be known, the 
giher is alfo known. 

For, it is the Complement of two Right Angles. 

Alfo, if one Angle be known, the Sum of the other 
two is known. 

j. If the Sum of two Angles of a Triangle, either together 
or feparitely, be equal to two Angles of another Tri- 
angle, the two remaining Angles are equal. 

For, the Swm of all the Angles of every Triangle i$ 
tilt fafne } 1. e. they are equal to two Right Angles. 

•it The equal Angles of every Ifofceles Triangle arc acute. 
For, however fmall the Angle at the Vertex, the 
Angles at the Bafe are, each, equal to half the difference 
between that Angle and two Right Angles. 

7. The 
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7. The Angles of an Equilateral Triangle arc each 6oDegs. 

For, it is two thirds of 2 Right Angle, or one third 
of two Right Angles. 

8. All the Angles of every Qaadrilateral are, together, 
equal to four Right Angles. 

For, by drawing a Diagonal, it is divided into tw 
Triangles; and all the Angles, of each Triangle, areequj 
to two Right Angles ; confequently, the fum of all t 
Angles, of both, are equal to four Right Angles ; a 
they ate equal to all the Angles of the QuadtilatcraJ. 

Note. The two following Thc&rems are alfo dedudble fi 
the laft Propofition ; which, not being elementary, arc not tiui 
bered amongfl the other Theorems. 

Theo. I. All the internal Angles, of every right lined FU 
gurc, are equal to twice as many Right Angles, wantioH 
four, as the Figure has Sides, 

Every right lined Figure, may be rcfolved into as maa» 
Triangles, as the Figure has Sides, wanting two; by draWx 
jng Diagonals, from any Angle, to all the oppoUte Angles. 

In the irregular Hexagon ABCDEF, 
let there be drawn the Diagonals AC> 
AD, and AE; which divides it into four 
Triangles, ABC, ACD, Sec. 

Pem. Becaufe, by the Theorem, the thfee 
Angles of every Tiiangk are equal to two 
Right Angles, the Sum of all the Anglei 
of the four Triangles, ABC, ACD, Sec. 
are equal 10 eight Right Angles. 
And, they are equal to all the intern.il Angles of the Hexagoot 
Therefore, alt the Angles of the Hexagon are equal to eight 
Right Angles. 
\ But, a Hexagon has lix Sides, and twice £x is twelve ; 
by taking away four, there will remain eight Right Angles; 
wbicli are equal to all the- Angles of the Figure, 

0<5 
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Or; by afluming any Point, as F, within the Figure, 
ABCDE, and drawing Lines to every Angle, from that 
Point, FAi FB, &c. it will be divided irit6 as many Tri- 
angles, as the Figure has Sides, 

Nowv the Angles of all the five Triangles 
are equal to ten Kight Angles^ - - Theo. io« 

But, one Angle, of each Triangle, is at 
die point F, within the Figure ; and all the 
Angles about a Point are equal to four Right 
Angties (Cor; 2. i.) confequently, the remain- 
ing Angles, of the Triangles, are equal to all . 
the Angles of the Figure ; which, in a Pen- 
tagon» are equal to fix Plight Angles, 

Cor* Hence, the Sums of all the Angles, of every right 
lined Figure, having an equal number of Sides, are equal. 

Theo. 2. All the external Angles, made by producing 
every Side^ of any right lined Figure, are equal to four 
Kight Angles, 

For, fince the internal and contiguous external Angle, BAE-(- 
JAG, &c. are equal to two Right Angles (Th. i.) the Sum of 
^ the internal and external Angles, tpgether, are equal to twice 
is taany Right Angles, as the Figure has Sides. 

Bot, all the internal Angles are equal to as many, wantmg 
four; confequently; the external Angles are equal to four. 

Cor. The fums of all the external Angles (taken together) 
of every Right lined Figure, are equal. 

SCHOLw y^J froperty f>f right lined Figures is^ at firjl^ realfy 
firfrlzing ; for^ the external Angles of a Triangle^ are equal. to all 
iht external Angles of ar^ Poiigon^ whatever, and of any number 
tf Sides. 

The general utility of the knowledge of this property of Tri- 
logies, in the lafl Theorem, is very extenfive. It is, perhaps, the 
»oft perfe^ Demonftration that can be given ; and we may con- 
ceive an Idea of its extenfivenefs, from the Corollaries and T,heo- 
^^i already deduced from it, 

THEO- 
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THEOREM XI. 26. Eiu 



Triangles having two Angles, and one Side, refpc 
lively equal to two Angles, and a correfponra 
Side; whether it be the Side, between the eq 
Angles, or either of the other, which are oppq 
CO equal Angles 1 the remaining 5ides and Ab| 
Ihall be equal, and the Triangles are congruous. 

The firft part of this Propoiition, viz. when the equal Sii 
between the equal Angles, is fo very obvioui, that it might 
been made a Coioilary to ihc 8ih, from which it is eafily dedi 

Dim. For, if AB, equal DE, be applied to DE CPoBi 
if the Angle A be equal D, and B equal E (the ti 
Sides, AB, DE, lying between) then wiil AC faft 
DF, and EC on EF. Def.;; 

Conf. the Angle C, will fall on F, and the Triai 



ABC, coincide, or agree in every refpei^> with DE£, 



Let ABC and DEF be two Trianj^ 
whofe Angles A and C, of ihc 
are, feparately, equal to D and F 
the other; and let the Side AB, dl 
one, be equal to DE, of the other 

Then, the Triangles, ABC, 
are equal, and congruous. 



Dem. Firft, if the Side AC be not equal to DF, it is 
greater or Icrs \ fuppofe it Icfs, ^d take DG equal, 
and draw EG. 
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Then, hecaufc ABzzDE (Hyp.) and DGizAC, by 
Suppofition; the Sides,* AB, AC, arc refpcdivcly equal 
to DE, DG; and the Angle B AC z: EDO. - - Hyp» 
Wh. EGzrBC and thc.Trianglc DEGnABC - - - 8. 
tonfcqu^tly, the remaining Angles, of the one, are equal 
to the remaining Angles of the other, Which are oppoiite 
^ual Sides; wherefore, the Angle DGE is equal ACB. 
And, DFE = ACB (Hyp.) wh. DGEzzDFE. - Ax. 3. 

But, DGE is greater than DFE; - - - Th. 19. 
for it lis ah external Angle of the Triangle FEG ; 
it is, therefore, both equal and greater, which is abfurd. 
therefore, AC is not lefs than DF. 

After the fame manner, it may be proved not greater j 
tonfequently, AC is equal to DF. 
Th. the Triangle ABC is equal to DEF; and congruous. 

Again | if it be affirmed, that BC -may be eithet* greater 
•rlcfs than Et*; fuppofe BC greater than EF. 
Take BH equal EF, and join AH, 

Then, the Angle BAC, being equal to Et)F, is greatet 

than the Angle BAH j which deftroys the HyfJothelis. 

Wherefore, BC cannot be greater or lefs than EF. 

\ 
This Theorem concludes the general properties of Trianglc^J , 
^etilioued in the preamble to this Book ; which I have kept ai ' 
*^«ir tbgiet'her as pofliblc ; by which properties, peculiar to 'IVi- 
.aiiglcs, only, we can, with certainty, affirm them to be congru-. 
0U8, confequently equal. 

Firft, when all the thrfee Sides, oFone Triangle, arc equal, re« 
fiptiiively, to the three Sides of another Triangle* (Th. 7.) 

2nd. When there arc found only two Sides refpcftivcly equal to 
tvo Sides, and containing equal Angles between thofe Sides. (8.) 

3dly, When two Atigles, of t?ic one, arc rcfpedlivelyeqiral to 
■^o Angles of the other ; and cne Side of each Triangle, either 
^ying between the equal Angles, or oppofiie to equal Angles, alio 

*?ual : by this Theorem. 

. r THEO- 
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THEOREM XII. i8. Euclid. 




In every Triangle, the greatcfl: Side fubtends the great- 
eft Angle ; and [he leafl: Side fubcends the leafl: Angles 

Let ABC be a Triangle, whofe Side 
AC, is greater than CB j I fay, t 
Angle B, is gfcater than the Angle , 

Bifea the Side AB, in E i draw £ 
perpend icuiar to AB, and join DB. 

Dem. In the Triangle ADB , the Side Ab^DB; - C.a.l 
wherefore, the Angle BAD is equal ABD. - - Th. i 
But, the Ang, ABD (eq. BAD) is lefs than ABC. Def. li 
Therefore, ihe Angle ABC (oppofite to AC) is great 
than BAC, which is oppofite to a lc& Side, BC. 

Or thus, after Euclid. 

By Hypochefis, AC is greater than Gl 
Make CD equal to CB,' and join DB. 

Then, the Ang. CBDz^CDB. - Th. 
But the Ang, CDB is greater than CAB, 
And, CBD [eq. CDB) is fef* than A] 
Th. the Angle ABC is greater than Ct 

2Jld, The leaft Side fubicnds the leaft Angle. 

AB is lefs than BC; then, the Angle C is lefs than A* 
Make BE equal BA, and draw AE. 

Dem. Now, the Angle AEB = BAE. - - - Th. h 
But, AEB is greater than ACB. -..--. i 
Th. BAC, which is greater than BAE, is greater iha?r 

- ACB, which it Icls than AiB (equal EAB) Q_E. C- 
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Cor. I. In Triangles, oppofite the greateft Angle it the 
greateft Side^ and the leaft Side is oppofite the leaft Angle. 

Cor. 2. A Perpendicular is the (horteft Line^ which can 
be drawn from any Point to a Right Line. And that 
Line, which falls nearcft to the Perpendicular, is (horter 
than the more remote ones. 

let CD be perpend, to AB. Draw, at pleaAire, CE & CB. 

Now> Gnce CD£ is a Right Angle, 
CED is acute. - - f> - C. 3. lo. 
Therefore, CE, which fubtends the Right 
Angle, is greater than CD. * - Thco. 

indly. Becaufe the Angle CED is acute, CEB is obtufe. . . / 
Confequently, CB is greater than CE. ... Theo. 
Therefore, CE, which i3 ne^eft to the Perpendicular, Cp, 
if lefs tl}an CB, which is more remote from it* 




THEOREM XIIL 20. Euclid. 

In every Triangle, any two Sides, taken together, arc 
greater than the remaining Side. 

Let AB be the greateft Side of the 
Triangle ABC 

I fay, the Sides AC, CB, are, together, 
greater than AB^ 

Produce AC to P; make CD equal C3., 
and join BD. 

pE^. Then, becaufe CP = CB, theAng.CBDzzCDB ,9, 
But, the Angle ABD is greater than CBD, equal CDB. 
Then, fince in the Triangle ADB, the Angle ABD is 
greater than ADB ; the Side AD is greater than AB - 121. 
But AD=:AC + CB (Con.) therefore, AC + Ce» U 

. greater than AB* Q.^* I^« 
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THEOREM XIV. ai.Euclid, 

If, from any Point within a Triangle, two Right 
Lines are drawn to the extremes of any Side; thofe 
Lines, tal^en together, are lefs than the other twq 
Sid^s of the Triangle, but (hey contain ^ greater 

Angle. 

In the Triangle ABC, affumc ahy Pointy 
E, and draw EA, EB. 

I fay, that AE added tp EB, is lefs 
than AG added to CB. 
And, the Angle AEB is greater than ACB, 

Prpduce AE toP. 

^ p£M. In the Triangle ACp, the Sides, AC, Cl>, ar« 
greater than AD. ----------13. 

Add DB to both; and AC + CD + DB, (eq, AC+CB) 
is greater than AD + DB. -.---.. Ax, 8, 
Again. In the Triangle EDB, the S^des, EP, DB, 
are greater than EB. , \^. 

Add AE to both 5 and DB + AD is greater than EB + AE. 
But, AC + CB is greater than AD-f DB, - - proved* 
Therefo^re, AC f CB is ftill greater than AE f EB. 

andly. The Angle ADB is greater than ACB, and AEB 
is greater than ADB ; ------- i.Th.io, 

^onfequently, AEB is fiill greater than ACB. 

For, the Angle ADB is external, in refpefl: of the Tri^ 
apgle A CD n and AEB, in refpe£l pf BEP, 

(^QR. Hence 5 if two Triangles have one Side, in each, 
equal to one another, or have one Side common ; and, if 
the remaining Sides, of the one, be lefs, refpcftivcly, th^ 
the remaining Sides pf the olherj^ they will contain a 

greater Ancrlc. 

T H ¥ Q» 
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THEOREM XV. 34.Euclid. 

tn*very Parallelogram, the oppofite Sides and Angles 
are equal ; and, it is cut into ivro ct^oal Triangles by 
a Diagonal 



' Let ABCD be a Parallelogram. 

The Side AB is equal to DC, and AD 
Js equal to BC. 

Alfo, the Angle D is equal to B, and 
A equal to C. 

Dr»w cither Diagonal ; as AC, 



Dim. By DeF. 33d. AB is piralld to DC} and the; ara 
both cut by AC J wh. the Angle BAC=ACD. - Th. 4. 
And, becaufc AD is parallel to BC, and are boih cut by 
AC; the Angle DAC = ACB; and AC is common j 
wheiefote, the Triangles, ABC, ADC, are congruous- ii. 
Therefore, the Side AB = DC, and AD=BC. - Def. 43. 
Alfo, the Angle 8=0 (Th. 11.) &, DAB=:iECD-Ax.6. 
{For, BAC=ACD, and DAC=ACB (Th. 4.) asabovej 
Wd confcquently, BAC + CAD=ACD + ACB.} 

Cor. Hence, it is manifeA, if Right Lines be drawn be- 
tween the extreme Points of two Right Lines, which 
arc equal and parallel (fo as not Co crofs each other) th<;y 
^e alfo equal and parallel. 

As AD and BC, joining the Points A & D, B & C. 



Hence, the 33d of Euclid is evident. 



T H E O- 
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THEOREM XVI. 

The two Diagonals oF a Parallelogram bifcft each, 
other. And, every Diameter divides a Parallel 
gram into two equal and congruous Figures. 



In the Parallelogram ABCD, draW 
the Diagonals, AC and BD. 

I fay the Diagonal AC is bifefled Ijy 
DB; and, DB is alfo bifeaed by AC, in 
the Point £, of their mutual Interfedion* 



Dem. Becaufe, AB is parallel to CD, and are both cut hf 
AC and BDj the Ang.BAC=ACD, & ABD=BDC.4 
But, AB=DC(i5.); wh, the Triangle AEB=DEC 
and alfo congruous. ----- Th, ii. 

wh. DE=EB & AE— EC, being oppofite equal Angles, 
Therefore, the Diagonals, AC, & BD, arc bifetfted, in E, 

2ndly. The Diameter, FG, divides the Paraltelograiq 
ABCD, into equal and congruous Figures. 
AGFD is equal to FGBC. 

Dem. Now, the Triangle ABC is equal to ACD. - 
TheAngle AEG=zFEC(2.)andGAE = ECF. - 
and AErrEC (above} wh. the Tri.AGE = EFC. - ir, 
Let them be taken away ; there remains AEFD— CEGBi 
sndconf. aAGE4AEFD = aEFC + CEGB. - Ax. 6, 
Th. the Trapezium AGFD is equal to FGBC <i E. D 

Cor. Every Right Line, which divides a Parallelogram, ant 
paffes through the Center, is bifeflcd at the Center. 
As, FG is bifeaed in E, 

T H E O 
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THEOREM XVII. 41. Euclid. 

If a Triangle have the fame Bafc as a Parallelogranri 
and lie between itie lame Parallels, i. e. having the 
fame AltiiudCi the Triangle is equal to half that 
Parallelogram. 

In the Parallelogram ABCD, affume 
iny Point, E, in the Side AB, and draw 
EC and ED.- 

The Triangle DEC is equal half th* 
Pirallelograni, ABCD. f^ 

Draw EF, parallel to AD and BC, ' 

Dem. The Parallelograms, AEFD and FEfeCj ate bifeflc^, 
by the Diag-DE & EC ; ADE =DEF, & FEC=EBC-is. 
Wh. the Triangle DEF + FEC=ADE + ECB. - Ax. 6. 
But, the Triangle DEC = DEF + FFC. - - Ax. 2. 
Thercfgre, ADEC=ADE + ECB. (iE.D. 

Or; produce AB, make BE equal to AE, and draw CE. 

Then, A B£C (equal AED. 8.) compleats the Par. 
DE£C (15. Cor.) which is equally divided by the Diag. EC. 
The Triangle DEC=E£C (equal AED + ECB) -- 15. 

Cafe the Second. 
When E falls without the Par. ABCD, in AB produced. 
The Triangle DEC is equal half the Par. ABCD. 
Draw £F, as before, parallel to BC j meeting the Bafe, 
^C, ptoduced, in F 

.1>6M. DE bifcas the Par. A£fD'; wh. A£D=D£-/'-i5. 
9 and, thcDiag.C£, cuts the Par. CBEF, in BC£=£C;^. 
I Wherefore, the Triangle DEF-CEF ( equal D£C) 

I ii equal half the Parallelogram AF-BF (equal ABCD.) 



. 



ic. thtTti.D£Cis equal half ihcPai. ABCD QJL.D. 
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THEOREM XVItl. 

Containing the 35th, 36th, 37th, and 38th ofEaclii!. 

Parallelograms, or Triangles, having the fame or equal 
Bafesi Mid equal Altuude% anc equal. 



K 



The Parallelogram ABCD is equal 
to the Parallelogram AFGD; ftanding 
on the fatoe BaTe A Dj and between 
the fame Parallels AH, BGj 1. e. they 
have the fame or equal Ahitude. 

Alfo, the Par. ASCD h equal I 
EFGH, having equal Bafes, AD=Ea 



Dem. Now, AB=CD, and AFsDG. 
And, the Angle BAF=:CDG. - - . 
Wherefore, the Triangle ABF:^DCG. - . 
But, the Triangle ICF is common to both ; 
wherefore, the Trapezium ABCl^rlFGD. - Ax, f 
Add, to both, the Triangle AID; which is common ; 
the Parallelogram ABCD is equal to AFGD - - Ax. 6. 

Again. The Par. ABCD, is proved equal to AFGD, 
For the famereafon, EFGH = AFGD, FG being commi 
Therefore, the Par. ABCD = EFGH. - - - Ax. 
But, AD^FGandEH=FG(i5); wli. AD:^EH.-Ax.; 
Th. the Parallelograms, AC and FH, have equal Bafea. 
Secondly. Dravir the Diagonals BD, DF and EG. 

Now, fince every Triangle is equal tohatf aParalielogram 
having the fame Bafe and Altitude, - - - - Th. ij. 
(lieTpi.ABD=half(hePar.ABCDi&,AFD=haIfAFGi 
Therefore, [he Triangle ABD is equal to AFD. - - Ax, 

And, for the fame reafon, the Triangle ABD=EGH, 
(For, the Parallelogram ABCD is equal to EFGH.) 
And, their Bafcs, AD, EH, are alfo equal. Q. E. D. 

Ci 



i 
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Cor. Equal Parallelograms or Triangles, having the fame 
or equal Bafcs, have the fariie Altitude ; or, are contain- 
ed between the fame Parallels. 

This Corollary is the converfe of the Theorem, and contains 
39th and 40th Propositions of Euclid. 



N. Bi From this Theorem, the 24th, 26th, and 27th Problems 
we deduced ; which may be found particularly ufeful to Surveyors 
of Land, &c; feeintr, by its means, any Plot or Survey, though 
tverfo irregular, in Figure, may be reduced, with the greateft 
fccility, and accuracy, to a Trapezium or Triangle ; and, its 
Area obtained at one Operation. (See Prob. 24.) 

Alfo, by its means, almoft any right-lined Figure, as v. ell as 
a Trapezium, may be divided into two equal Parts, by a Right 
Line from any detetmined Point, in any Side. 

An Example, of which, will be found in the Appendix. 

SCHOL. Hence it is rviJcnf^ that tivo Spaces may dlj^er greatly r.n 
Circumference y yet contain the fame Space ; and alfoy that tivo Fi- 
gures or Spacesy of c^ual Circuity may eontain very different Areas • 



THEOREM XIX. 43. Euclid. 
■Jn every Parallelogram, the Complements are equal. 



D£ 



In the Parallelogram A BCD; affume 
any point, as I, in the Diameter AC ; 
through which, draw EF and GH, pa- 
rallel to AB and AD. 

I fay, the Complements, D I and IB, 
^re equal to each other. \^ . 

*i. AC divides the Par. DB into two Tri^. ABC=ACD. 




And the Parallelograms AGIE and IFCH, are divided into 

^^iial Triangles AGI = AIE, and IFC=:CH. -Th. 15. 

■^ow, if from the equal Triangles ABC, ACD, there be 

^^len away the equal Triangles AGI, 1FC=:AIE, ICH, 

^We will remain, the Par.DEIH equal to IGBF. - Ak?. 

U T H E O- 
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THEOREM XX. 47. Euclid 



Iv 




In every Right-angled Triangle, the Square of the 
Hypothenufe, is equal to the Squares, of the two 
Sides, containing the Right Angle. 

Let ABC be a Ri^ht-anglcd Triangle. 

On the Hypothenufe AC, defcribe 

the Square ACDE ; and, on the Sides 

"^ AB, CD, defcribe the Squares AFGB^ 

andBHIC. 

I fay, the Square AD, of the Hy 
AC is equal to the two Squares, 
and BI, of the Sides, AB and BC. 

From the Right Angly, B, draw B'K 
perpendicular to AC; which, produce to L, parallel to CD. 
The Square AG i$ equal to the Redlangle A(i ; and, tlr^ 
Square BI is equal to the Redangle KD. Draw FC & BE. 

Dem. In the Triangles FCA, ABE, AF, AC arc refpcc- 

tively equal to AB, AEj^and they contain equal Angles. 

For, FABz=EAC (Ax. 9.) and, if BAC be added to both, 

^he Angle FAC=iBAE. .--..-. Ax. 6. 

Wh. FC=BE, and the Tdangle FCA =: ABE. - Th. 8. 

But, the Tri. FCA is equal to half the Square FB -cy. 

(for, they have the fame Bafe, FA; and, they are between 

the fame Parallels, GC and FA.) 

And, the Tri. ABE (eq. FCA)=:half the ReS. AKLE 

(on the fame Bafe, AE, & between the Parallels BL&AE 

Therefore, fince the Tri. FCA=ABE (and they a 

each equal to half the Square AG, or the ReSangle A: 

the Square AFGB i$ equal to theRedangle AKLE - Ax 

Aga; 
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Again; the Square BI is equal to the Rc<Slahgle CKLD; 

Draw Al and BD. 

Then, in the Triangles AlC, CBD, the Sides IC, 
CA, are equal to EC, CD, refpeflively. 
And, the Angle ICA=BCD ( ACB being c6mrhon)-Ax.6* 
wherefore, the Triangle AICzrCBD. - - - Th. 8. 

But^L the Triangle IAC,i= half the Square CH; - 17. 
{having the fame Bafe, CI, and between the Par*. AH, CI) 
And the Tri. C B D (eq. IAC)= half the Red. KD-17. 
[beingohthefamefiafe,DC, & between the Pais.LB, DC) 
^h. the Square Bl is equal to the Reftangle KD-Ax.5. 

But, the Square AG was proved equal to the Reft. AL. 
andAL + KD=AD (the Squareof the Hyp. AB.)-Ax.2. 
Therefore^ the Square AFGB + BHIC=:ACDE. Q^E D. 

Or, it may be, as elegantly and more briefly, demonftra- 
ieil after the following manner. 



Having defcribed the Squares FB 
andBI, of the two Sides AB, BC, 
let the Siquarie of AC, the Hypothe- 
hufej be inverted ; as AEDC. 

Through B, drawKL parallel toCD; 
JoinBD& BE; and produce IH to D. 



Thfcrt, the Sqliare A G is equal to the Reflangle AL j 
and the Square CH is equal to the Reftanglc CL. 

iJEM. For, the Triangle AEBizhalf the Square AFGB - 17. 
having the fame Bafe, AB, and Altitude, BG. -M 

^*^e Tri. AEB is alfo equal half the Reft.AELK - tmc 
Jjaving the fame Bafe, AE, and Altitude, AK. 
^*« the Square AG is equal to tha Reft. AL. - - A*. 5. 




U 2 



Again I 
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Again ; the Tri. BDCizhalf the Square BHIC ; - i;r 
(on the fameBafe, BC, & between^he Parallels DI, BC^ 
And the Tri. BDC is alfo equal half the Reft. KLDC^ 
(having the fameBafe, CD, and Altitude, LD.) 
Wh. the Square BHIC =; the Rea. KLDQ. - Ax. ^ 
But, the Red. AL + LCzz the Square AEOC. - Ax* a 
Th. the Square AEDC (of the Hyp. AC) is equal to th 
Squares, AFGB and BHIC, of the two Sides, AB & 

CoR. Hence; if, in a Triangle, the Square of one Side 
equal to the Squares of the other two Sides, the AngF 
contained by thofe two, is a Right Angle. 



I have been more particular in the Demonllration of this 
mous Theorem, than any of the preceding opes ; not becaufe 
is the lail of this Book, but, becaufe it is fo extraordinary in itfel 
and of fuch fingular ufe throughout the Mathematics. It is al 
of great ufe in the following Books of the Elements ; infomuc 
that, without it, we ihould not be able to advance much furth 
Pythagoras is faid to be the inventor of it ; for joy of which, 
is faid, that he offered a hundred Oxen to the Deity, who infp:: 
red him with fo noble, and fo ufeful, a Theorem. 

That there may not remain the leaft doubt, in the mind of au 
concerning the truth it contains, I have added another Figur' 
the Demonflration of which is both ocular and mathematical. 

EX. 3. Let the Square AEDC, of the Hypothenufe A 
be inverted, as before ; and, having drawn the Square 
the two Sides, AB, and BC ; produce FA and FG, 
and IH, meeting in K and Lj forming the Square FI 

The two Reaangles A B C K, and B G L H, are e 
being under equal Lines, AB=:BG, apd BCzzBH. 
And the four Triangles ACK, AFE, ELD, and 
are equal between themfelves, and alfo to the Refl 
B L, BK J each being equal to half a Re£langle; 
as ACK, equal half ABCK 
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But, the large Square FLIK, is equal K 
to the two Squares FB, and BI, added to 
the two Redangles, BL and BK. - Ax. 2. 

It is alfo equal to the Square AEDC, -^ 
idded to the four Triangles ACK, AFE, 
ELD, and Die. 

And, the four Triangles are equal to thei 
twoReftangles, BL and BK. | y 

Confequently, the Square AEDC is equal ta tHc two 
Squares, FB and BI, of the Sides, AB and BC. 

Note. If the Squares, AFGB and BHIC, are cut ac-« 
cording to this Figure, by inverting the Square AEDC ; the 
Parts, fo divided, will exadly cover the Square AEDC, 

For, the Peipendicular Pb being drawn, and be made 
equal to b D (ec;ual CI) draw cd parallel to bD. 

Then, the Trapezium, AEaB, is common to both ; 
theTri. AFE is congruous with ABC, & EaG with Cdc; 
alfo, the Trap. CI H e will agree with D b c d 5 and, C e B 
will coincide with Dab, which completes the Figure. 
Therefore, the Square AFGB + BHIC = AEDC. - Ax. 2. 

Having, in thefc • twenty Theorems, gone through the firft 
Book of the Elements of Geometry, (fevcntcen of which, con- 
tain the whole thirty-four, according to Euclid) it will not, I 
prefame, be impertinent, before we proceed further, to iay 
ibmething of its utility. It is reafonable f»r a pcrfon, who ha« 
gone fo far, to afk, of what ufe are all thofe properties of Tri- 
angles and Parallelograms, Sec, ? which queftion, though perti- 
nent enough, it may not be fo eafy to give an anfwer to, which 
fcall be fatisfa^lory ; uniefs wc are acquainted with almoft every 
branch of the Mathematics. 

If the fludy of Geometry was of no other ufe, than for the en- 
uring us to Demonftration ; by which we may have conviction ia 
the queft of Truth, it would be great. Geometry is Truth itfelf ; 
the manner of reafoning geometrically, is folid and convincing. 
It is neceflfary for a Perfon who would be a grejit Orator, at the 
^8r, &c. to lludy Geometry ; it teaches how to range our Ideas, 
^0 ftate the Premifes fairly, and to draw Conclufions from them 
^^\i ckaraefs and certainty. But, when we confidcr that it is 

an 
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an Introdu6Uon to the Mathematics, a Key to let in the firfl 
Ideas, Ito further and more extenlive knowledge, \ve fhall pur* 
fue it with avidity. . -* 

The knowledge of the properties of Triangles and Parallelo- 
grams is very extenfive, and of great ufe in almoft every mathe- 
matical fcience ; as Surveying, Navigation, Perfpedive, Ailro- 
nomy, and numerous others, depend on them. The Demon- 
Itrations of the moft iimple general properties of Triangles, iii 
Theo. 7, 8, 9, 11, 12, 13, and 14th, are neceflat-y fot thbDemon- 
ftration of others, as well as for reference, for thcj proof of what 
is afTerted in other Works. The loth, a general property, and 
the ioth, a particular one, afe iiiore fublirhe properties of Tri- 
angles ; and are, perhaps, the moll perfect Demonllrations thai 
can be given ; which are frequently quoted and referred to here- 
after. 

The affinity between Triangles and Parallelograms, in Theo- 
rems i^ and i^thi is the foundation of Menfuratiort of Stiperficies: 
The properties of Parallelograms and Triangles in the 18th, are 
very extenfive ; the equality of the Complements of Parallelo- 
grams, in the iQtb, is alfo of great utility; bothi which, carry 
with them the ftrongeft convi6tion imaginable. 

In refpedl of the properties of Right Lines, and Angles formed 
by their Interfedions, in the firft lix Theorems, the knowledge 
of which, though in a manner felf-evident, is abfolutely noceffary 
for attaining the properties ' of Figures. I fliall juft give one in- 
fiance, as a fpecimen, of what great things may be effedled, from 
the knowledge inculcated by the fourth Theoiem ; viz. that the 
alternate Angles, formed by a Right Line cutitig two parallel 
Lines, are equal. 

It would hardly gain credit, with fome, to affert, that it is poA 
fible from the meafure of a fmall portion of the Earth's Circum- 
ference to determine the whole, by means of that fimple proper- 
ty; yet nothing is more certain, and that, without much more 
previous knowledge, than, that the fame portion pr ark of every. 
Circle, gives or fubtends equal Angles at the Center ; and con-. 
fequently, equal Angles being formed at the Centers of Circles of 
any Radius, will cut off equal portions of the Lircumference; 
(See the Theor}' of Plane Angles.) 

It is very pradicable to meal u re the diftance between two places^ 
on a level Plane; and, by means of an Inftrumentj contrived for 
that pUrpofe, any fpace or diftance between two places, very re- 
mote, may be afcertained, let the ground, between, be ever fy 
irregular, iiiterfperfed with Hills and Vallies ; in which c^fe, it 
muft be obferved, that the meafure, fo obtained, is not the real- 
Diftance between thofe pla(5es, which can only be meafured by 3 
Right Line (fee Def. 3, and 4.) and which is impoffible to be had 
by an Inftrument. And, let the Ground between two remote places 
be ever fo apparently level, it is not aPhne, but a poition of a 

Sphere 5 
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Sphere; anJ confequently, the meafare, by an Inftrument,,ovcr 
theSrufacc, is the meafu'e of an Ark or* a Circle, ot* \vhich the 
Chord Line is the true pittance. (Sec Def. 22.) 

This convexity of the Earth wouIJ he obviou?, to- ocular con- 
yldion, ir its Surface was regular. In a pcrfe«^ Calm, when the 
Surface of the Sea is at reft, it is difccruable, that a Ship at a 
diftancc, in going from Land, will gradually appear to defcend ; 
fhc Bottom or Hull of the VefTel wii) foon be loft to ticrht ; and, 
by means of Tclofcopes, the Sails and Rigging of the Ship may 
befecn, when the Hull is apparently funk in the Waer; which 
alone, is fuificient convicVion, to any thinking Pcrfon, of the 
Earth's rotundity. 

Now, although it is poiTible to meafure a fmall portion of the 
Earth's Circumterencc, with tolerable accuracy, it would be im- 
psffibleto meafure the whole j bccaufe it is, in no part of it, en- 
tirely circumfcribed with Land; and there is no dependence on 
the meafures taken at Sea ; therefore it is impradlicable, for feve- 
wl reafoqs, to obtain its true Circumtcrence by actual meafure- 
meat. 

It is eafy to conceive, that two Pvight Lines or Poles erefl- 
cd perpendicular to the Earth's Surface, at any tolerable diftancc 
from each other, are not parallel between thcmfelvcs ; bscaufcf, 
rtc Earth, being a Globe, or globular, every Right Line or 
flans, which is perpendicular to its Surf^cp, would, if produced, 
pafs through its Center. Confecjucntly any two Right Lines, 
which are perpendicular, would, it produced, form an Anr^lc at 
^10 Center; which Angle, is greater or lefs in proportion to the 
cirtance of the Perpendiculars from each other (fee A^t, i. Theory 
pl Plane Angles.) Hence .it is plain, from what has been faid, 
that nothing more is required, than to determine the Angle 
vhich two Perpendiculars would form at the Earth's Center, ac- 
cording to the Diitance between thein. 

Suppofe ,a fmall portion of the Circumference (which may be 
reprclcnted by the Circle F G H) b6 mcafured, from B to D, 
^hcre the Earth is as nearly on a level as poilible. (By a fmall 
portion, I would not be underftood to mean lefs than two or three 
I^cgrces, qr abopt ioo miles.) 

LeiAB i-epreient a Pole, or Stile, eredcd perpendicular to the 
Horizon, at Ij ; it wi}l confequently, te^id to the Center, at C. 
^owthcArk BD being mcafured, due North or South, and 
^'lother Pole, D. E, ercilSd perpendicular to the Horizon, ^t D, it 
^''Ulfotend to the Center, C, making an Angle, ACE, vvith AB. 

The whole myftery is to cjeterminc that Anglq. 

^rora the immenfe diftancc and magnitude of the Sun, in re- 
J?^ of the Earth, its Rays, and confequently the Shadows of 
^^je^s, en the Earth, are projeded in Right Lines, parallel 
"»ongft thcmfelvcs. 

It 
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It muft alfo be obferved, that this operation can only be ^ 
formed at or between the Tropics ; becaufe, the Sun is never v 
tical beyond tl^g^. Suppofe the Perpendicular A B to be erc6t 





When it is in the Meridian of that pi 
the Shadow of AB will be projected ^ 
Jwards C, the Center of the Earth, foi^ j 
'Shadow of it can be projedled on the SSt^ 
face, the Sun being perpendicular over i 
At the fame Time, any other perpendiou Mi 
Line, as ED, at a great diftance from A- -33 
will caft a Shadow, as DF, in proponi^^J 
to the length of the Perpendicular D£» 

Now, becaufe ED is perpendicular to FD the Angle EDF 
a Right one. {Dcf. ii.) Wherefore, the meafure of ED bei:^^^ 
known, and the length of the Shadow DF taken, DF being co:::::^ 
fidered as a Tangent, and DE the Radius, the Angle DEF isd -^ 
termined, by Trigonometry ; 9r, by a Scale of equal parts, maE^ 
inga right-angled Triangle of the two given Lines, ED and '^^^ 
^Prob. 13.) which will give the Angle DEF. 

But, EF is parallel to'AR; and E DC is a Right LL 
cuting them both ; wherefore, the Angle ACE is equal to 
(Th. ^,). Therefore, the Angle, at C is determined. 

Now the Angle BCD being known, which, fuppofe equal 
and a half or three Degrees ; then, as fo many Degrees is to 36^ < 
fo is the Ark B D in Miles, &c. to the whole Circumference ; ^/ 
the Rule of Three, or Proportion. 

Or, having defcribed a Circle of any Radius, and made afl 
Angle BCD, equal to DEF, which a Ray of Light makes wirA 
the Perpendicular DE (Prob. 4.) it will intercept a portion of ihc 
Circumference, BD, which being taken in your Compailes (be* 
ginning at B or D) fee how oft it is contained in the Circumfe- 
rence FGH ; which, multiplied into the number of Miles, meafu. 
red on the Ark BD, will give the meaiure of the Earth's Circum- 
ference, in Miles, 

Hence it is alfo evident, that, if a large portion of the Earth*» 
Surface was a Plane, inftead of being fpherical (of which let FG 
be a Se6tion) we fliould, at any diilance from 1, where a Right 
Line, C I, from the Center, is perpendicular to FG, appear as 
if on a declining Plane ; and the farther from the point I, the 
greater will be the inclination ; infomuch, that in going from I, 
towards F or G, we (hould feem as if climbing an afcent ; makings 
at K, the acute Angle LKG, with the Plane FG. For, a Perfon, 
ilanding upright at K, would tend towards the Center C, in the 
direction LC ; and confequently, would be more inclined to FG^ 
the farther the point K is from the Perpendicular CI. 

EL E. 
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BOOK II. 

TH E fecond Book of Elements treats of the properties 
or powers of Right Lines, divided at pleafure, an4 
otherwife. It generally feems, at firft, fomewbat ftrange 
Sudobfcure to beginners, who are unacquainted with Men- 
furation ; but, if they carefully obferve the inftruflions, I 
iave given, cpncerping Reflangles, all difficulty will foon 
vanifh. The method or manner of Demonftratipn, is, in 
the firft eight Theorems, both ogular and mathematical 5 it 
h alfo, in the ten firft, numerical, and docs not admit of the 
Jtaft doubt to any, who are tolerably verfed in the funda^ 
ooental rules of Arithmetic. 

It is of efpecial ufe in attaining a knowledge of the pror 
perties of the Circle, as contained in the third Book, for 
vrhich reafon, I advife the young Student, not to pafs it ovep 
flightly and with indiiFerence, but to digeft it carefully, and 
tcfure he underftands it perfeftly j the ten firft particularly, 
before he advances further ; elfe, he will freqi^ently be obli- 
ged to turn back to them. Therefore, I advife him to get 
Acin by Heart, fo, as to be clearly certain of the power of 
> Line; fo and fo divided, whenever it occurs in the courfe 
of this Trcatife; it will greatly facilitate (lis purfuit of th^ 
^^luaindcr, and fave him fome trouble. 

This fecond Book treats alfo, more fully, of the Theory 
^f Triangles, in general ; fhewing, as in the right-angled, 
*He proportion which the Square of any Side oif a Triangle, 
tf apy fpecies, has to the Squares of th« other two ; by wjiich 



154 ELEMENTS of QEOMETRY. 

gleans, the Perpendicular, and, confequently, the Area of 
gny Triangle may be obtained by calculation, in Numbers, 
by the meafures of the Sides only, the Perpendiculars being 
other wife unattainable. Likewife fome other propertie-s pf 
Triangles and Parallelograms, which are not in Euclid. 

I have made no alterations in this Book, nor abridge- 
ments ; but have added fome very elegant Theorems. The 
Demonftrations, ip general, aa well in the other Books as 
this, I have made as brief as is conQftent with, perfpicuity, 
and the nature of Demonftration. 

RECTANGLES and SQUARES are already defined. 
(SeeDef.34, &35, in the general Introduction to Geometry.) 

A Re£langle,/or right-angled Parallelogram, is faid to be 
under, or contained under two Lines, which are the mea-* 
fares of its Sides* 

A ^ ^ J^ If a Right Line be any how divided, 

as AB, in C, the Reftangle ACB op^ 
B C A is the fame; and fignifies a Reft — 
angle under the two Segments, AC &CB^ 
i.e. ACxCB; as X. 

But the Reds. ABC and BAC, arc 
different from that, and from each other, 
if the Line be divided unequally. 

ABC C3 fignifies a Reilanglc under 
the whole line, AB, and the Segment, 
B C, or ABxBC j as Y. 

And, BAC means on? under the whole 
line,'AB, and the other Segment, AG, 
pr BAxAC; as Z. 
The middle letter is always twice meant. 

AXIOM. Rc£lang!es or Squares, contained under equal 
Righ: L n2s, are equal. 
As V and X, under the Line a b, eq. AB, and b c, eq BC. 
And the Squares Y and Z, under c d, equal C D. 
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THEOREM I. 



The Reftangle contained under any two Right Lii'it-s, 
IS equal to all the Reftan^lcs, under cither Line, 
and the feveral Segirents of the other, divklcJ in- 
to any number of parts, at plcafure. 

Let AB and Z be the two given Lines ; and let AB be 
divided, zt pleafure, in £ and F. 

I fay, that ZxAE + ZxtF + ZxFB 
^AB multiplied into Z. 

On the Line AB, conftruft the Reft- 
ingle ABCD, Whofe Sides AD and BC 
art eath e^ual lo Z. - - - - Pr. 18. 
Through E and F', draw E G ind F H, 
parallel to AD and BC ; dividing the Redt. 
ABCD intd thtee Reft. AG, EH & FC. 

• . • 

Dem. Now, becaufe AD and BC are both equal to Zj-Cori 
EG and FH are alio equal Z. — - Th. 15. i. & Ax. 3. 
For, ABCD is a Reftangle, by Conftrufiicn i 
wherefore, aG, Ett and FC arc Reflarigles. 
But, the RcA. ACrzall the Reft*. AG, EH 3: FC Ax.2. 
and the Sides AD, £(3, FH and BC, are each equal Z. 
Therefore, ZxAE+ZxtF + ZxFBzuZxAlJ. 

In Numbers thus. 

Let AB reprefent, by fome Seale, 12 Feet, or any other 
meafure^ and, let Z be equal 8 of thofe Parts. 
Let the Segment, AE be 3, Ei^ 4, and t'B 5. 




Then^ the Reft. AG, 
+ the Reft. EH, 
+ the Reft. FC, 



. e. ZxAE, or 8X3,=r24. 
. e. ZxEF, or 8x4, = 32. 
. e. ZxFB, or 8x5,3:40. 
z= the Reft. AC, i. e. Zx A B, of 8x12=967 

X 2 ' CoR« 



156 ELEMENTS of GEOM^Tky. 

Cor. If the two Lines are divided into Parts, at pleafure i 
the Redlangle under the two whole Lines, is equal to all 
the Redangles under the feveral fegments of both Lines. 




, T H E O k E M It 

If a Right Line be divided, any how, into two parts; 
the Rectangles under the whole Line and each 
-Segment, are equal to the Square of the. whole Line^ 



Let A B be divided, at pteafurc, in 5;* 
I fay, that ABxAE+ABxEBz=ABxAB^ 
i. e. the Square of AB. 

On the given Line, AB, defcribe the Square 
ABCD ; and, through E, draw EF, paral-^ 
lei to AE. 



i)EM Now, ABCD is a Square; by Conftruflion j 

wherefore, AD, and BC are, each, equal to AB- Def.35, 
And AEFD, EBCF, are Reflangles. (Con.) 
wherefore EF is equal to AD, orBC; — - — 15, i^ 
But, the Square ABCDz: the Reflangles AF, FB -Ax.^, 
Therefore, ABxAE + ABxEB=ABxAD, or AB Q. 

In Numbers, let the whole Line, AB, be g; 
and let it be divided in AE 5,5, and EB 3,5. 

Now, the Reft. AF^ i. e. ABxAE, or 9xs,5,=49,5« 
+ the Re<a. FB, i. e, ABxEB, or 9x3,5,- 31,5. 
z:: the Square AC, i.e. ABxAB, or 9x9, zz 81,0. 

N. B. This Theorem is only a particular cafe of the former^ 
viz. when the two given Lines are equal ; and might have been 
a Corollary to the firll ; but I was not willing to break the ordef 
«f Euclid unneccflarily, 

T H E O- 
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THEOREM IIL 

If allight Line be divided at pleafurci a Reftangic 
under the whole Line and either of the Segments, 
is equal to a Reftangle under the two Segments, 
added to the Square of the Segment, firft taken. 

Let AB be divided in E. 

iGiy^ that ABxBE=AExEB+EBd. 

Conftrua the Reflanglc A B C D, under 
tte whole Line AB and the Segment £B ; 
imddraw EF parallel to AD. 

1)bm. The Rcaangle AEFD added to the Square EBCF 
is equal to the Reftangle ABCD. - - - - Ax. 2. 
But, the Reft. AF is under the Segments AE,EB, (cq.EF) 
and, FB is the Square of £6, the Segment firft taken. 
Th.ABxEB (or ABE|Z])=AExEB (AEBa) + EBa 
Alfo, ABxAE=AEBcZ3 + AE D, of the leffcr Segment. 

w the whole Line, AB be 10,5 ; let AE be4, &EB,6,5. 

Then, the Reft. AF, i. e. AExEB, or 4x6,5=26 
•I- the Square FB, i.e. EBxEB, or 6,5x6,5=42,25 
r: theRea.ABCD, i.e.ABxEB,orio,5x6,5=:68,25 

^. B. I have given this Line, in Numbers, fraaional ; 

and alfo divided the former, fraaionaUwife, in order to 

"^cw, that it will hold true in Numbers (as in Lines) any 

now divided ; which, I advife the young praaitioftcr to try, 

oy various fraaional diyifions, if he be converfant in Deci- 

i^^ls; it will be of fome fcrvice, and make him more pcr- 

fefl in the whole Theory of this fecond Book. 

T H E O- 
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THEOREM IV. 

If a Right Line be divided at pleafure ; the SqUarei 
of the two Segments, ^dded to two Rcftangles ujl. 
dcr the Segments, are equal to the Square of thi 

whole Line. 



E,I_B 



G 



IT 



■t 



Lei A Ei be the given Line ; divided, s 
pleafure, in E. 

Then will the two Squares of AE & E 
H . added to two Rfeftahgles under AE & El 
be equal to the Square of AB. 

On AB, conftrua the Square A BCD, 
ancl draw EF parallel to AD. 



Make AG equal AE, and draw GH parallel to AB. 

jbtni. Then, bccaiife ABCD is a Square (Con.) the Side 
AD, DC, SBC, arfe each equal, to AB ; arid thfe Angle 
A, B, C, ahd D are all Right ones. - - - Dcf. 35 
Wh. fince AG was mkde equal to AE, GE) is eqiial to EB 
But, GJfl is parallel to AB, and EF is parallel to AD j 
wh. HC, and FI, IH, and FC, are each equal to EB. • 
EI and GI are^ for the fame reafon, each equal to AE. 
And, the Angles AEI, IHC j AGI, and IFC, are cac 
equal to ABC, and ADC. - - - - 2. Th. 4. ] 
Wherefore, AEIG and IHCF are Squares of AE and EE 
and GF, EH are Reftangles under the Segments a£ & E] 
And, they are all equal to ABCD, the Square of AB-Ax. 
Therefore AEq +EBa +2 AExEBzzABq. 



Let the Line AB be 8^ divided at E, in 5 and 3. 
Thcn^ the Square GE, i.e. AEq, or 5X5»'±:1* 
if: the Square F H, i.e. EB D^ or 3:^3,= • 
+ two Reft. GF & EA. 2 AEBtZ!, 2. 5 x 3^=3^ 
= the Square ABCD, i. c. A B D, or 8x8,=:6- 
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Cor. Ifa Line be equally divided, the Re^angle under the 
Segments is a Square, and is equal to the Square of ei- 
ther Segment. 

Hence, the Square of a whole Line is equal to four 
times the Square of half the Line. 4X4X4=8 x8,=:64. 



THEOREM V, 

U a Right Line be bifcfted, and alfo cut unequally 
at pleafure ; the Rectangle, under the two unequal 
farts added to the Square of the intermediate part, 
5. e. the difference between the equal and unequal, 
5s equal to the Square of half the Line. 

Let AB be cut equally in C, and ynequ^lly in D. 
Then, the Redangle under A D and 
B, added to the Square of CD, is equal 
\C5 the Sauarc of A C or C B, 

On CB, half AB, defcribe the D CBEF. 
Draw DG parallel to CF;' make DH 
«qual DB, and draw KH parallel tQ ^ 
AB, and AK parallel to CF. 

pEM. Now CFEB is a Square (Con.) and ACizCB- Hyp. 
. wh.BEziAC (Ax. 3.) & AK, Cr, areeach^QH.Def.y. 
But DH=iDB (Con.) wh.AK&CIareeach=DB-Ax.3. 
Th. the Rea. AKIC is equal tp the Reft. DGEB. - Ax. 
Add, to both, the Rea. FD; &, AI + FDrzFD+GB - 6. 
but AI+ID,eq. AH,zzADBa,&FGHI is then ofCDj 
for, DG is parallel to CF, and are each equal toCB -Con. 
alfo, KH is parallel to AB, and CI is equal to DB ; 
confequently, IF and GH are each equal to CD.- Ax. 7. 

Th. the Rea. AH + the Square FHizthe Square CFEB.- !• 
U. ADxDB + CDn=:AC, orCB q. 

Ut 
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Let the whole Line AB be i6 j AC=;CB each zigj 
let CD be 3, and DB 55 then AC+CD, =:AD,=ii, 

Then, the Reft. AH, i. e. ADB □, or 11x5=55 
+ the Square FH, i. e. CD D, or 3x3=: Q 
;=. the Square CFEB, i. e. CB p, or 8x8i±64 



THEOREM VL 



|f a Right Line be divided into two equal Parts^ and 
then produced at pleafure, or another Line be 
added ; the Rcftangle contained under the whole 
compounded Line and the Part added, together 
with the Square of half the given Line, is equa 
to the Square of the half Line and the Part added-^ 
' \ in one Line. 

Let the given Line AB be bire£led in C^ 
and let BD be added to it, at pleafiiro. 

' 1 fay, the Reaangle ADB added to CB 
B J) Square is equal to th^ Square of CD. 

On CD, defcribe the Square CDEF^ 
and on AD the Reftangle AKLD ; by drawing AK pa- 
rallel to C£, and KL to AD, making DL equal to $D« 

^ 

Draw BG parallel to DE, and join FD. 

Dem. ThcRea. AI=1B (Ax.) and IB=GL (19. i.) 
therefore, AI is equal to GL. - - - - - , Ax. », 
Conf. the Reft. AI+IB + BL=IB+BL+GL - Ax. 6. 
And, if to both, be added the Square IFGH, of CB^ 
TheRea.AKLD + IfGH=CFED. - -• ^ Ax. 2. 
i.e. ADBC dr AD^DB+CBd=CDq» 
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Or it may be demonftrated as the foregoing. 

Produce BA, and make AE equal to BD. 

T*hen is ED bifedled, in C, and unequally cut, in B* 
Wherefore, the Red. £BD, under the unequal parts^ 
(e<iualADB) i. c. £BxBD,+CBD=:CDa. 

Let AB be 12, bifectcd in C, AC, 6, and CB, 6, 
and let BD, the part added, be 4. 
Then, the Rect. AKLD, i.e. ADxBD, or i6x 4= 64 
+ the Square IFGH, 1.0. CBo, or 6x 6= ^b 
S the Square CF£D, i.e. CDa> or ioxio=::ioo 




THEOREM VIL 

^ a Line be divided, equally or unequally, at plea- 
sure ; the Square of the whole Line, added to the 
Square of cither Segment, is equal to two Rec- 
tangles, under the whole Line and that Segment, 
together with the Square of the other Segment. 

^etAB be divided, any how, in the point E. 

Then, the Square of A B, added to the 
[ %arcof AE, is equal to two ReSangles un- ,. . 

der AB and that Segment, added to the Square ^ " !^ 
rf£B,« the other Segment. = ' ■ 

Defcribe the Square ABCD ; through E, draw ' 
£F parallel to AD; m^ke AG equal AE, aqd 
inyf GH9 parallel to AB i and join AC. 

D£M.TheRea.DI=IB(i9.i.)addGEtoboth;&DE=zGB 
But,thcRc<aanglcDE+GB=Dl4-lB + 2GE; - Th.3. 
and, if FH, i.e. the Square of EB, be added j 
they are equal to the Square ADCB + GE. - - Ax. 2. 
But, the ReaanglesDE,GB,are under the wholcLine,AB, 
and the Segment AE ; for, ADz=AB and AG = AE-Con. 
Therefore 2 BAxAE + EB D =AB D +AE, 

Alfa, DH + Ffi+GE=:DB+FH5 
or 2ABE0+ AE a =Atf a +EB D. 




■ ••* 
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Let the whole Line, AB, be 8; let AE be 3, and EB $.' 



8x8-647 
3x3= 95" 



Then the Square ABCD, of AB, i, 
+ the Square AEIG, of AE, i. e. 3x3= 9 

But, thetwoRca=,DE,GB, i.e. 2ABxAE, 8x3=48 

+ the Square IFCH, of £B, 5x5=^5 

is alfo =7i 
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THEOREM VIII. ■ 

If a Right Line be divided, any how, in two Part 
four Redlangles under the whole Line and eirhc 
Segment, added to the Square of the other Sa 
ment, is equal to the Square of a Line, corr 
g,oun^ed of tiie whole Line and the Segment Hd 
taken. 



L !!lt. 

/ (^ 3 3 



i 



Let AB be divided, at pleafure, i 
and, if Ca be the Segment taken, 
make B D equal toBC. 

Then, four Reflangles under AB and CB 
added to the Square of the Segment ACj 
will be equal to the Square of AD. 

On the whole Line, AD, conftrufl the Square AEHD. 
Draw CF and BG, parallel to AEj malte Al equal AC, 
and AL equal to AB, and draw IK, LM, parallel to AD. 

Dem. Now CF & BG are parallel to AE; & !K,LM,to AD 
wherefore, FG,GH, HM, &MlC,&c. are each equal CB- 
confequently, FP, GM, OQ, and PK are equal Squaj 
And, EO, LN, ,NB, and dD are equal Reftangles. | 
But the Rcct. EO+FP=ABC[:::!, or ABxBC. 
Conf. the four Rectangles EO, LN, Sic. added to the A 
Squares F P, GM, &c. are equal to four times ABxBC 
and, if the Square IC (of AC) be added, they are = 
equal to the Square AEHD, of the Line, AD, 
pounded of AB and the Segment CB, equal BD.-A 
i.e. 4ABCLJor4tinie5 ABxBC+ACp^ADc 






•Ax.1 
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Let AB be q, divided at C, in 6 and 3. 
and if BD be equal CB, then AD will be equal 12. 

Then, the Rect. ABC, or ABxBC, i.e. 9x3=27. 
Conf. 4 Rectangles, ABxBC is equal to 108 
+ the Square of AC, 6x6 iz 36 ^ 

::; the Square of AD,— -i2x 12=144. 




THEOREM IX. 

If a Right Line be divided, into two equal and two 
unequal Parts •, the two Squares of the unequal 
Parts are, together, double the Square of half the 
Line, together with the Square of the intermediate 
Part. ' 

Let AB be bifected in C, and cut un- 
equally in D. 

Then, the Square of AD, added to the 
Square of DB ; is equal to twice the Square 
of Ac, added to twice the Square of CDy 
the difference between AC and AD. 

Draw CE perpendicular to AB, and equal to AC or CB« 
Join A£ and £B, and draw DG parallel to CE. 
Through G, where DG cuts EB, draw FG parallel to AB; 
«nd, laftly, draw AG, 

* 

DfiM. Now fince ACE is a right Angle, & CE is equal AC, 
the Angles CAE and AEC are half right. - C. 3, 10. i. 
And AEa^zACD+CEnj i.e. equal 2 AC p. -20. i. 
for, ACE is a Right Angle, and AC:r.CE. - • Con. 
And, becaufe CG is a Redlangle, FGnCD ; 
and FE is alfo equal CD ; for EFG is a Bright angle ; 
FEG (eq. FEA) is half right 5 th. the Angle FEGzzEGF 
confequcntly, FE is equal to FG (equal CD) C. 3. 9. i» 
aa4EGaz:EFa+FGa,=:2CDa. - - -20.1. 

Y z Now, 
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Now, AEn zz2ACn 5 and EGnzr2CDD- abo^;^ 
But AEG is a right Angle, and AGdzzAEd +EGa 
i. e. equal 2 AC D + 2 CD D .' 

Alfo, AGnir AD D+DG D; for ADG is a right Angle. 
And DG±DB ; for, GDB is a right Angle j" 
and DBGizDGB, equal CEB, hal/a Right one.- 4,1. 
Th.AGa,eq. AEd +EGn, i.e. eq.2 ACD+2CDD; 
is alfo equal to ADd+DB, equal DG, D. 
Therefore, ADD +DBDZI 2 ACQ + 2CDn.Q.E. D. 



Let the whole Line AB be 14, divided equally, in C,^ 
and cut unequally, in D, in 9 & 5; AC 7, CD 2, &DB5^ 
Then, ADD, i. c. gxQ—Sx 

+ D B D 5x5: 

And ACQ, i.e. 7x7:^49 l^ shx2=zio^. 



i=z8x 7_ 

=11= 



T H E,0 REM X. 

If a Right Line be bifc6led, and then produccsd at plea^ 
fure ; the Square of the whole compounded Line^ 
together with the Square of the additional Part, 
will be double the Square of the half Line and the 
Part added, together with twice the Square ^f the 
half Line. 

hct AB be bifected in C, and let BD be added. 

f I fay, that the Square of AD added to tfe 
Square of BE), is equal to twice the Square 
of CD, added to twice AC Square, 




Make ACE aRight angle,& CE eq, AC. 
Com pleat the Rectangle CEFD, and 
^^ produce the Side FD. 
^raw EB, cuting FD in G j and laftly, draw AE & AG, 



p 
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Dem. Then, bccaufe ACE is a R. Angle, (con.) & ACizCE 
tbe Angles CAE and AEC are half Right. - C. 3. 10. I. 
And, for the fame reafon, CEB and EBC ^re half right. 
And, becaufe CEFD is a Redangle, EFnCD j 
and fince EKG is a Right Angle, and FEG (eq. DBG» 
eq. EBC) is half right, FGE is half right. - - Ax. 3. 
wherefore, FGnFE, eq. CD ; and DGnDB - C. 3.9.1. 

Now, fince ACE is a right Angle, and CEizAC 
AlwuAC D +CE D; i. e. equal 2 AC Square. - 20. u 
AnG,EGD»~EFn +FGd 5 i.e. equal 2 CD n. 
But, AEG is a R. Angle j for AEC, CEG are half right. 
wLAGc^zAEa+liGD; i.e. equal 2ACD + 2CDa 
But, ADG is a R. Angle ; conf. AG q_:=AD D +DG ; 
and, fincc BD=DG, BD D =DG D ; - - - Ax. 
Therefore, ADD+BDa=:2 AC D + iCD D. 



This Propofition may alfo be demonftrated as the former. 

Letthegiven Line AB bebife£led in C and let BD be added; 
alfomake A£ equal BD in BA produced. 

Then, becaufe £D, is bifefled in C and cut unequally in B^ 
JBn+BDD=:2CDD + 2CBn. 
But EQzzAD 5 for A£ was made equal to BD. 
\ Wh;£Ba4.BDD (cq.AD+BDD)=:2CDD + 2CBD. 

Let AB be 12 J divided, in C, equally i and let BD be 4. 

Then, the Square of AD, i, e. i6x 16=256 | ^j'jz 

+ the Square of BD, 4x 4= 16 i 

3ut, the Square of CD, lOx loirico 

^ the Square of AC, 6 x 6 =: 36 

136x2=272 

T H E O- 
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THEOREM XL 




To divide a Right Line, in fuch wife, that the Rc^' 
angle under the whole Line and one Segment, fli^ 
be equal to the Square of the other j confequcnti "^ 
the greater Segment, 

AB is the Line given, to be divided. 

It is required fo to cut AB, in C, th^ 
thcRedangle, ABC, under the whole Li:. 
AB and the Segment BC, {hall be equal 
the Square of AC* 

At the extreme A, draw AD perpei^K, 
cular to AB. 
Make AD equal AB, and bifed): it in £; join EB, 
Produce DA. Make EF equal £B, and AC equal to ^ 
Then is AB fo divided, in C, that ABxBC=ACn. 

Compleat the Squares ADHB and AFGC, and produ* 
GC to L 

Dem. Then, becaufe AD is bifefted in E, and AF is add 

thcRea. DFA, i.e. DExAF+AEn=iEFn.- T\ 

But,EF=EB; wh.EFD=:EBn ; i.e.eq. ABn+A^ 

Conf. DF}c AF + AED=ABD+AEn. 

TakeAE D from both, and there remains DFxAFzr/ 

But, the Reft. DIGF. is under the whole Line D' 

the Segment AF 5 and ADHB is the Square of A' 

wherefore, the Rc£l.FI=:the Square AH 5 andif tl 

ADIC, which is common to both, be taken awa 

is left the Rea. CIHB equal to the Square ACG 

i. c. the Rea. ABC, or ABxBC=ACd, 
1 
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This Propofltion cannot be exemplified in Numbers ; i. e. the 
point C. cannot be found, nor the proof afcertained arkhmetically 9 
for there is no Number, whatever, can be fo. divided, that the 
prodad of the whole Line multiplied by one part, fhall be equal 
to the Square of the other. 

Therdfore, a Line fo divided is incommenfurable. 



THEOREM XII. 

In an obtufe angled Triangle, the fquare of the Side 
which fubtends the obtufe angle, exceeds the fquares * 
of the other two Sides, by two Reftangles, under 
cither Side containing the Sbtufe Angle, and the 
part intercepted between the obtufe Angle, and a 
Perpendicular, let fall from the adjacent Angle, to 
the fame Side, produced. 

ABC is an obtufe angled Triangle. 
Produce the Sides AB and CB ; and to them, 
^rawthe Perpendiculars AE and CD. 

1 fay, the Square of AC exceeds the 
Squares of AB and BC, by two ReSanglcs a 
ABD, or CBE, 

Dem. Firft, ACd is equal to ADd+DCq. - - - 20. t. 

andADD=ABD+BDD+2 ABDa 4,2, 

wherefore, AC D = AB D + BD Q +CD D + 2 ABDcD. 
But BCD is equal toCDn+BDa. 
Therefore, AC D = AB D + BC D + 2ABD1Z2. 

In the fame manner, ACQ maybe proved equal to 
ABtl+BCn4-2CBE Reftangles. 
toftfcquently, the Reftangles ABD and CBE arc equal. 

T H E O- 
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THEOREM Xllf. 

In every Triangle, the Square of the Side fubtending 
an acute Angle, is exceeded by the Squares of thta 
other two Sides, which contains the acute Angler 
by two Reftangles under either of thofe Sides, an» 
a part of it, intercepted between the acute AngU 
and aPerperidicular, let fall from the oppofite Angl« 

In the Triangle ABC, draw a Perpen* 
dicular, CD, to the Side AB. 

Then, the Square of AC, is exceeded bjr 
the two Squares of AB and BC, by two 
Redangles, ADD, under the whole Side^ 
AB, and the Segment BD. 
And, AB D +AC D =BC D +2 BAx AD. 

Dem. Firft, ABa=rADn+DBn+2ADB[=!. . Th.4. 
And, BCD=CDD+Daa. ----- -20.1. 

Wh.ABD+BCD=ADn+DCn+2DBn+2ADBa 
But, ADBo+DBn=ABDp. - - - - . Th. 3, 
confequcntly, 2 ADBn+2DBD=:2 ABDo. 
wherefore, fubftituting thefe for the other; 
then, AB D +BC D =AD D +DC D + 2 ABDo. 

But, ACD=:ADn+DCD. 20. !• 

Therefore ABn+BCD=:ACn+ 2 ABDcn. 

Secondly, thus, more briefly, when an Angle is obtufe. 
Produce either Side, AC, and from B draw BE perpen- 
dicular to it. 

Now, AB D rzBC D + AC D +2ACEa 
Add, on both fides, the Square of AC. 
Then ABd + ACd ziBC + 2 ACd + 

2ACEa. Ax. 6» 

But, 2ACEa+2ACD=:2EACn ; 

or2AExAC. Th. 3. 

Therefore, AB D 4- AC n ^BC n + 2 AE X AC. 
From which it is obvious, that the Refi. BADihEAC. 
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. By the firft method it may be demonftrnfcd ; that the fquare of 
Be, is exceeded by the fciuarcs of AB and AC ; by two Redan- 
^icsBAD; 4nd by the fecond, the fqiiares of AB and AC, ex- 
ceeds the fquares of fiC, by two ReiiLinglcs EAC ; thciefore the 
^edaiigle BAD is equal to EAC. 

^CHOL. From theje tixo 7%eorcmJ it is fjldent^ that if the fqnave 

f/* one S^i(fe of a Triangle exccetisti^e fquares of the !*iLer / :v/>, tf-e 

•^iigle fmbtended ly that Side^ Ofitl contained //*/ the ot'-er tivoy is ol- 

^'^Je\ a/tdt if the fquare of one iS'de^ he e.\cccdid lyy the fquares of 

'^fjH dthor f'MO ; it Jtthtends an acute Angle ; covjeqi. .■>».* /V, ^^:hcn the 

^^^uflre of one titde is equal to tbi jquarcs of the oiiicr f'MO^ the An* 
fe itfubtetids ii a Ri^ht one» 



r« 



H. Hence, the Perpendicular, ahd confequchtly the A- 
rea of ikdy Triangle, m^y be Found or obtained^ by thi 
xneafure of the fides onlv. 

3nthetri.ABC,ACa+BCn=ABa+2ACxCD. 

■ofe,ACa+BCa-ABd=:2ACxCD; byTh. 

» if ABt3 be fubtrafted from the fum of AC Q + BC O , 

tV%c remainder will be two Rcdangles, undet AC k DC. 

Vv^ hciiefore, if half that Producl be divided by the Side 

A.C, the Quotient will be the Segment DC. 

ButBCd=±BDQ+DCn.Or,ABa=ADQ+BDa. A^ 

'^lercfore, BCD— DCdzzBDd. - - - - 20. ;. 

^Conf, having fubtraOed the fquare of DC from BC a, 

or of AD from ABo, the remaindijr wi|l be the fquare 

^f the Perpendicular DD, the fquare Root of which, 

gives the Perpendicular required. 

By the fame means, either of the other Pcrpendica- 
iars, AE 6t CFj may be found. 

andly. When the Perpendicular falls without the Tri«* 
Angle, from the acute Angles of an obtufe angled Triangle, 
St ifl thus found. 

Jhthcobtufe-angledTnahgtc A'^Cj let fall the Perpendicular 
Br> to the Side AC, produced. 

Then, ABo = ACa+CBa+2AGxCD. - - - . Th. 12. 

Wherefore ABa-ACa-HCBD= 2ACxCD; 
lialf of which Sum being divided by the Side AC gives CD. 
Butj CBaztBDD+CD (20. 1.; wh. CBDy-CDD=BDa. 
the fquare Root of which givies the Perpendicular BD, 
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THEOREM XIV. 

In every Parallelogram, the fum of the Squares of thtf 
two Diagonals is equal to the Squares of all thd 
5j,C Sides, togeiherj 

Let ABCD be a ParaiWogram. 

Draw the Diagonals, AC and BD ; prft. 
duce the Bafe AD, and diaw the Peipeif 
dicuUrsBEandCF. 

Dem. Tn the obtufe angled Triangle ACD; 

ACn=ADn+DCn+ 2 ADFizi. - - Th. la, 

And,iniheTri.ABDiBDn=ABn+ADn— 2DAE1:: 
But, EBCF is a Parallelogram, wh. EF=BC. - 15. ij 
and, AD— BC; wherefore AD=EF - - - Ax. ^ 
conr.AE=DF, ED being common ; wh. ADF=DAEc: 

Therefore, as much as ACd exceeds AD D +DCo» viz. 
by the Refl. ADF, twice ; byfo much is BD □ exceeded 
by ABd+ADd, eq. BCD ; viz. by2DAEa=2ADrl 
Th. AC D +BD D — AB □ +BC □ + AD D +DC D . 



t H E O R E M XV. 

In Ifofceles Triangles, the Square of one of the equal 
Sides is equal to the Square of any Line, drawn 
from the Vertex to the Bale, added to a Rc£tan- 
gle under the Segments of the Bale made by tha( 



In the Ifofceles Triangle ABC, if BD 
be perpendicular, it bifeiSts the Bafc, ani 
is evident; for AB D =B Dq +AD □ j 
i. c. ADCo, or ADxDC. - - ao. " 

Let BE be drawn, at pleafure. 
I fay, the Square of AB is equal to BE 
Square, added to the Rci^angle AEC 
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Dem. AB d is equal to BD Q -|- AD a . • - - 20. i. 
ind AD D is equal to AECo -f D£ a • - - - 5.2. 
(for AC, is cut equally in D, and unequally in E}» 
wherefore, AB D =rBD D +DE D + AECa. 

But, BEd=BDd+DEd 20.1. 

Thcrefofc, AB D =BE d + AExEB, or AECo. 






THEOREM XVI. 

If a Perpendicular be drawn from any Angle of a 
Triangle to the oppoHte Side; the Squares of th^ 
Sides, containing that Angle, added to the Squares 
of the alternate Segments of the Bafe, are equal ; 
and the difference between the Squares of the Sides, 
ijs equal to the difference of the Squares of the Seg? 
ments. 

In nbfceles Triangles the thing is manifeft. 

In the Scalene Triangle ABC, draw the 
Perpendicular BD. 

Then, the Square of AB added to DC Square 
ispqual to BC Square added to AD Square. 

And the difFerence, between the Squares 
pf AB and BC, is equal to the difference, be- 
tween the Squares of AD and DC. 

D£M. For, ABn=ADD-hBDa. 
And, BCD=BDa added to DC Square. • •» 20.1. 
for the Angles, ADB and BDC, are Right ones. - Con. 

Wh. ABD+BDD+DCD=BCD+BDa+ADa. 
that is, ABD+BCD,isequaltoBCD+ABD. - Ax. 3. 
Let there be taken, from both, BD D^ which is common j 
there is left AB D +DC D equal to BC D + AD D . 

2nd.ADa=ABn-BDD;&DCD=zBCa-^BDD- 
Therefore, ADD— DCq^^ABd-BCo. 
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THEOREM XVH. 

If any Side of vl Triangle is bifedcd, atid a l^ight 
Line be drawn from the oppofite Angle to the bi- 
fc6ling Point •, the Squares of the Oither two Sides 
of the Triangle, will be equal to twice the Square 
of the bifefting Line, added to half the Square of 
tiic Side bifccled. 

If the Triangle be Ifofcelcs^ the thipg is clear ; for the 
Squares of the equal Side$, are equal to twice the Square of 
iKe Perpendicular ,v added to twice the Square of half the 

Bafe. 

» 

Let the Triangle ABC be Scalene; let 
the Side AC be bifcded in Q ; and k% 
BD be drawn. 

Then the Squares piP AB and {(C, to-; 
gether, are equal to twice BD Square^ 
added to twice AD or DC Square. 
C t^ Draw the Perpendicular BE. 

pEM. ABnrrAEntBEn ; andBCn=:BEn+ECq, 
Wherefore, AB D +BC D =AE D +EC D +2 BE Q. 

But AED+ECn=:2 Apn+2PEn. - - 9. & iQ. 
Wh. ABn+BCn=2ADn+2DED+2BEn. 
But, BD D rzBE+DE n 5 conf.zBD n r:2BE D ^^ iDE p 
Th. ABd+BCd~2BPd+2ADp, equal ACDczJ, 
or half ACd. Q^E. D. 

By this Theorem, rnay alfo be demonftrated the 13th j 
viz. The Squares of the two Diagonals of every Paratlelg* 
grann, are equal to the Squares of all the four Sides. 

In the Par. ABCD (having drawn the Diagonals) througl) 
Ac: Center, E, draw FQ and HI," parallel to AB and AD. 

% In 
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JlitheTri.AlD.AEa -irEDzraEF o +AFd + FDa 
fonf.AEq+EDqi=:AHD + AFD+FDD+DlD. 
And,BEn +ECo=HBp +JjGn +GCn +CID. 
But,AED+EPa=iACD;&,BE+EDD=:iBDa. 

AlMFD-J-FDD=iADDi&AH + HBD=iABD. 
and, the Qs of B<3|, GC, CI, & II>=iBC+iCDD. 

Th-ACa +BDa=Aba + abp+bcd +CDa, 




THEOREM XVIII, 

In any Trapezium, if the middle Points of two op- 
pofite Sides be joined by a Right Line ; the fum 
of the Squares of the two other Sides, together 
with the Squares of the Diagpnals, is equal to the 

' fum of the Squares of the bife^ed Sides^ adde4 
to four times the Square of the Lrnc joinmg^ thi; 
middle Points, 

Let the Sides AB and CD of the Trapez. 
ABCD be bifeded in £ ^ F ; and draw £F. 

I fay, the {Squares of the twQ Sides, AB and 
CD, added to four tunes the Square of £F, is 
equal to the Squares of BC and AD, togetbef 
with the Squares of AQ and J^Q. 

Dnw A^ and BF. 

I)bm. Now, AFn+BFa=2AEn+iEFn. - Th. 17. 
aad, AD D added to AC D=2 AF D added to 2 FD Q ; 
al(o, BC D added to BD Q =2 BF n added to 2 FDq . 
ponf. AD a added to AC Q added to 9C D added to BDq 
is equal to 2 AF (J added to 2 BF D added to 4 FD D • 
But, AF D added to BF D =^ AE D added to 2 EF D . 
fORf.2 AF D added to2 BF=:4 AE Q added to4£F Square* 
3ut, 4 AE Square is equal to AB Square ; 
and, 4 Fp Square is equal to CD Square. - Cor. to 4* 
Therefore, ADd +ACD+BCa+BDD=:ABD + 
PP a + 4 FF Square. Q. E. D. 
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THE knowledge of the properties of a Circle is tnMUD 
jcfl of the third Book of Elements. As a Circle it 
the mod perfetS of Plane Figures, the properties peculiar U 
it, are moft extraordinary : fome of which are really furpri- 
zing, and arc very extenfive in their application. 

The general Definitions of a Circle, and its attributes, 
are fo well known, and, as they arc given in the General 
Introdu^ion, in Def. 19, and the four following, it v 
be impertinent to repeat them here ; fave only what are par- 
ticularly neceffary. The moft felf-evident Propofilions X 
have reduced into Axioms, for the more expeditioudy at- 
taining the knowledge of other, more cflential, Properties. 

My chief aim, throughout the whole, being to render the 
Study of Geometry eafy, and agreeable to young Students ; 
for which end, I confider, brevity, if clear, moft condui 
thereto ; and am perfuaded, that if the knowledge of the 
moft fimple properiies of Figures can be attained, by any 
other means, Demonllration is ufclefs. 

If a perfe£t knowledge of all that is contained in th^ 
Axioms of this third Book, be not acquired, by a bars re- 
cital, and infpe^ion of the Figure, I fball pronounce that 
pcrfon*s capacity infuilicient, to purfue the Study of the 
more fublime properties of the Circle'; and, if chey are 
clearly evident without, of what ufe is Demonfiration i 

Where 
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Where the truth or evidence of an Aflerlion cannot be per- 
ceived, other wife, Demonftration is abfolutcly neceilary i 
but, where the evidence of fight is fufficient^ the other is^ 
in a great meafure, ufelefs. 

There are fome critical Geometricians who will not adniit 
' of any thing without Demonftration ; although they cannot 
but acknowledge many Propofitions to be (elf-evident truths. 
It would, perhaps, be no eafy matter to give geometrical 
Demonftration, that all Right Lines drawn from the Cen« 
terof a Circle to the Circumference are equal ; at the fame 
time, no Perfon of common fenfe can deny it, who knows 
any thing of the Figure, and genefis of a Circle. If, there- 
fore (bmething muft be given or granted, why not others^ 
which are as clear and felf-evident ? for my part, I freely 
own, I can fee no reafon againft it ; and have, therefore^ 
purfued the readieft method for attaining the end aimed at ; 
vi2. to acquire a knowledge of Geometry in the moft eafy 
and familiar manner poflible, by divefting it of all that is 
fuperfluous and unneceflary ; I mean utinecelTary Demon* 
ftration, of what is clear without it* 

I think it, however, necefTary to apologize for the liber- 
^ I have taken in abridging it. Inftead of 31 Theorems, 
in this third Book, according to Euclid, I have no more 
than 15, from Euclid ; the reft are difpofed of in the man- 
ner following. 

The 2nd, the 5th and 6th9 the loth and I3th^ are made 
Axioms. 

'I'be 9th is a Corollary to the 5th. 

'The i8th and 19th are Corollaries to the 8th; and the 
^ii and 24th may be deduced from the 3rd. 

The nth and 12th are both included in the 7th. 

The 26 and 27th are the 2nd Corollary to the 9th ; the 
28th and 29th, Corollary 2nd of the 3rd ; and the 37th is 
tbejrdbf the i6th. 

The fix Problems are in Pra£Ucal Geometry. 

D E F I- 
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For the definition and genefis of a Circle, Tte Dcf. i^; 
iind 20, in the General IntrodutSUon. 

D£F« |. Equal Circles a^e fuch as have. equal Diame* 
iers or equal Radii. 

2« Circles are faid to cut one anothec, when their 
Circumferences crofs or interfe£i each other iii 
two Points. A and B. 

3. Circles are faid to touch, wheh their Circuni- 
lerences meeting, cither intetnally or externally^ 
In any piirtj they do not cut each other. 
As X and Z touching in the Point £. 

4.' A TA^^GENT. A Right^Line is called a Tan- 
gent, whenj being in the fame Plane with a 
Circle, it touches the Circumference, only, 
without Cuting it. As AB in B. 

And, the Point B, in which it touches the 
Circle is called the Point of Contact. 

j;. A Secant is a Right Liiie, drawn from any 
Point without a Circle cuting the Circumfe« 
rience in two Points. As AD, in C and D. 

6. ASegmjent, of a Circle^ is dny portion of i 
Circle, cut off by a Right Line; which is called 
a Chord Line, or Subtense. 
As AB making two Sisgmcrits. 

If the Segment ht greater or lefs than a Setnl« 
fcircle (ACD or AED) it is called a QitEAfER 
or Lesser Segment. 

7. The Angle of a Segment, is the liiixed Angtii 
which is contained under the Chord Linfc and a 
portion of the Circumference. As ABC or ABE. 

The 
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The Angle of a greater Segment is obtufe, of 
a leiTer Segment it is acute, 

S. An Angle in a Segment is that which is con- 
tained by two Right Lines, drawn from each -^^ 
extreme of its Bafe, or Subtenfe, to any Point 
ixi the ark of the Segment. As ACB or ADB. 

9* Similar Segments are fuch as contain equal 
Angles, or whofe Angles are equal. 

lo* ASECTORofa Circle, is comprehended between B^ 
tivo Radii or Semi-diameters, and an Ark, or 
portion of the Circumference, intercepted be* 
tween them. As AC, CB and the Ark AB. 

If the Radii AC, CD contain a Right Angle, 
^t is called a Quadrant > sis ADC. 

^^* An Angle in a Circle is faid to infift or ftand upon an 
Ark of the Circumference, which is oppofite to the An- 
gle; or that portion of the Circumference below the 
Chord Line 

The Circumference, or curved Line which bouhds a 
Circle, is concaye towards the Center; and, externally it 
{§ conyes;. 





AXIOMS. 

The Six Axioms^ or felfrevid^t Propofitions, which fol- 
^Vr, contain properties of a Circle which arc neceflary to 
^■^ known, previous to the Demonflration of the Theorems 
^'^^ich follow after. 1 call them Axioms, becaufe they are 
^^f-evident ; but fince that will not, by fome, be allowed, 
^•'-%)itrarily, I have endeavoured to illuftnate them, and to 
^^3kc the truth appear clear and manifcft. 



A a 



Axiom 
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AayOM ift, All Lines drawn from the Center of a Circle to 
the Circumference are equal. As £A, EC, &c« 
For, they are all Radii or Semidiameters* 

md. Two or more Diameters, of a Circle, mu* 
tually bife<£l each other. 

For they all pafs through the Center j confer 
quently, they a»'e,bife£ted, in the Center. 
As AB and CD, in the Point £• 

3rd. Circles, in the fame Plane, which cut, or 
touch each other, inwardly (outwardly it is ma« 
feft) have not the fame Center. 

For, if they have the fame Center, and equal 
Radii, they muft agree in every part. And, if 
they have the fame Center, and unequal Radii, 
they are parallel Circles, and can neither cut 

! nor touch each other, in any part ; for they are, 
every where, equi-di{lant. As AB, and CD* 

'4th. Circumferences of Circles cut each other in, 
two points only. 

For, if it were poffible to cut, or touch enly, 
in three Points, A) B, & C, each of the points of 
Sedtion, will be equally diftant from the Centeir 
of each Circle ^ and confequently they will have 
the fame Center, which is contrary to the 3rd. 

5th. A l^ight Line joining two Points (A and B) 
in the Circumference of a Circle, falls entirely 
within the Circle. This is manifeft. 

For if not, the Curve of the Circle, ACB, muft coincide 
in fome entire part, with the Line A3 ; which is contrary 
to the 19th Definition, in the Generalln trod udlion, and the 
Genefis of a Circle, in N. B. Def. 20. j from which it is 
manifeft, that the Curve of a Circle cannot fall in with a 
Right Line, in any part, it being uniform in every part. 

6th. Cir- 



Bookia feLEM£NTS of GEoMETRY. 179 

6th. Circles touch each other, or a Right Line, 
in one Point only. 

!• t'or, if the Circles^ AD aild BD, touched 

inwardly, in ofiore than a Point, as at D, the 

Curve of the lefler Circle, AD, muft coincide in 

fomc part, entirely, with the curve of the larger 

Circle, BD, which, from the genefis of a Circle^ 

Cannot be; feeing, they have unequal Radii, 

CD and ED ; which produce different Curves, 

^cording to the Radius, which cannot, in any 

Part, fall into each other (for if they did they 

niuft coincide entirely ix^ fome part) therefore^ 

they touch each other but in one Point. 

*• If the Circles, A and B, touched outwardly, in 
more than a Point, they muft cut each other ; 
or their Circumferences will be a Right Line, 
in fome part, as CD } which cannot be, for, 
it falls within both Circles ; by the 5th. 

5. The Circle, B, touches the Right Line, EF, 
but in one Point, at G. 

For, if it touched in more than a Point, it muft co* 
incide, in fome entire part, with the Right Line EF, 
which cannot be (Def. 19. and 20.) 

If any other Line, ab, be drawn between the Line EF 
and the Center, it will cut the Circle in two points of its 
Circumference, and the part, a b, of that Line falls with« 
in the Circle ; by the laft. 

* As this Property of Circles can only fee known fpe- 

^ulatively, I prefume, that, what I have faid is as con- 

• >idive, and fatisfadory, as any Dedionftration whatever.^ 
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THEOREMI. 3. Euclid 

If a Right Line, drawn thrdiigh thfc Cettter of a 
Circle, bifefts a Chord Line, not drawn throtogh 
the Center, it will cut it perperidicliiarly. 

In the Circle ADB ; let th6 Right Line 
D£ pafs through C, the Center, dividing the 
Chord Liile AB into two equal parts, at £• 

1 Tiy, the Lite D £ will be pert>endicular 
to AB. 

From the Center, C, draw CA, CB. 

Dem. The Triangles ACE^ ECB are equilateral aftd equi* 
angular td each othfer. 

For, CE is common to both ; AEizEB, - r Myp* 
and AC is equal to CB. ----- Ax, i* 
Wh. bccaufe AC=CB the Angle CAE=CBE..Th.9.i/ 
Alfo, the Angle AECzzCEB. - - ... 8. t. 
confcquently, they are Right ones. - - - C. 2. i> i* 
Therefore, DCE Is perpendicular to AB-Def: lO. & 1 1. 1* 

CoR. I. A Chord (AB) being bifefled by another Right 
Line, at Right Angles with it (in E) the perpendicular 
Line, (DE) Will pafs through the Center of the Circle. 

CoR. 2. A Perpendicular drawn from the Center of a Circle 
to a Chord Line, hik&s the Chord ; and alfo the Ark 
of that Chord. As AFB, in F* 

Hence, a Right Line^ or an Ark of a Cifcle, is bifeded* 
Prob. 8th. 



TH E O- 
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T H £ O R E M II. 4. Euclid. 

tf, in a Circle, two Chord Lines cut each bther, and 
are not both drawn through the Center, they can- 
not bifeft each othen 



I 

i 






Let AB and CD be two Chord Lines 
cuting each other, in £• 

Ifoncdf them, CD (Fig. 1.) pafleth 
ibrough the Center, it is evident, that 
it cannot be bifeded by the other, Afi, 
which doet not pafs through the Center* 

If neither of them pafTes through the 
Center, one of them may be bife£ied, but both cannot. 



Dim. For, if AB (Fig. 2.) is bifeilcd, in E, a Right Line^ 
f£, joining the Center, F, and the point of Sedion, E, 

will be perpendicular to AB. - - . - - Th. i* 

confequently, AEF & FEB are Right Angles. « Def. 10. i. 

And» if CD be alfo bifeaed, in E ; 

FE is, alfo, perpendicular to Cl). - - * - Th r. 

Wherefore, CEF and FED are Right Angles. - - Sup. 
But, AEF, FEB are Right Angles. • - . proved, 
confequently, CEF, FED arc not Right Angles.- Ax. 2. !• 
for it is evident, that one is greater and the other lefs. 
Therefore, QD is not bifeded in £• Q^ £. D. 
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THEOREM IlL i^^YLmzU, 

Equal Chord Lihes, in a Circle^ are equally diftant 
from the Center; and Chord Lines which are 
cqui-diftant, are equal. 

Let AB and CD be equal Chord Lines ia ' 
the Circle ADB. 
J I fay, they are equally diftant from tbe 
Center, E. 

From E, the Center, draw EF and EG 
^ perpendicular to AB and CD J and Join AE| 
EB, EC, and ED. 

JDem. Now, AB is equal to CD, by the Hypotbefis. 
and AE, EB, EC, and ED are all equal. - - Ax. u 
wh. the Triangles AEB, CED are congruous. - Def. 44^ < 
(for, they are equilateral, to each other, by Conftrufiion) 
confequently, they are equiangular^ - - - 7. 1. 
And, being alfo Ifofceles, the Angles at A and B, Q and 
1), are all equal amongft themfelves. - - - 9« I. 
Now, fince AB & CD are bifefted in F& G, AFzrDG. 
Wherefore, in the Triangles AFE, EGD, the Sides, 
AE, AF, are equal to ED, DG, refpedtively ; 
and they contain equal Angles, FAErrEDG. - proved. 
Therefore, EF is equal to E G. - - - - • 8. !♦ 

2nd. AB and CD are two Chord Lines, equally diftant 
from the Center of the Circle ADB. I fay, AB=:CD. 

Draw the equal Lines, EF, EG« perpendicular to AB 
and CD ; which will bife£t them, in F and G.- Cor. a.l. 
Draw AE and ED. 

Dem. BecaufeAE=ED, AEn=EDni &,EEn=EGa. 
But, AEn=AFn+EFn;&EDD=EGD+GDa. 
conf.AFD+Ef D=EGD+GDD;wh.AFD^GDa 
Therefore, AF=:GD(Ax.B.20&conf.AB=;CD.Ax.s.i. 
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The fecond Part of this is the convcrfe of the former ; 
fhich, I fhould have made a Corollary to it ; but on ac-* 
Rmnt of the different manner of Demonftration -, by the 
hft, of which, Euclid demonftrates both. 

Cor. I. Fqual Chord Lines, in the fame or equal Circles, 
fubtend equal Angles at the Center. 

For, fince ABirCD, and AE, EB, EC, and ED are 

all equal, the Triangles A£B, CED are congruous ; 

f conf. the Angle AEBii: CED. - - - - 7. !• 

And, iince equal Circles have equal Radii, the Angles 

which equal Chords fubtend, in equal Circles, are alfo 

equal. 

Cor. 2. Equal Chords, in the fame or equal Circles, fub-r 
tend equal Arks, and cut oiF equal Segments. And, 
cqaal Aries have equal Chords. 

AB=CD J and, fince EF=:EG, if EF and EG be pro- 
duced, to H and I, FH=GI, - - - - Ax. 7. i. 
And, fince EF and EG are perpendicular to AB and CD, 
the Arks AHB, CID, are bifefted, in A and i..C.2.i. 
wherefore, the Triangle A H B rzC I D ; 
the Arks, AH, HB, CI, and ID, are all equal, and the 
whole Ark AHB is equal to CID. - - Ax. 5. i. 
For, if AB was applied to CD, being equal, they 
would perfeflly agree ; the Point A with D, and B with 
C5 alfo, the Point H would agree with the Point I, and 
every other Point, in the Ark AHB, with a correfponding 
foint, in the Ark CID; confcquently, the whole Ark, 
AHB, would coindide with the Ark CID ; therefore the 
Segment AHB zrCD i and, conf. DAHCziADIB. 

T'he fame may be faid of equal C.rcles, having equal 

T H E O- 
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THEOREM IV- 15.EUC 

A Diameter is the greateft Right Line, which can 
drawn in a Circle ; and, of all other Chorc^ Lir 
that is the greateft which is neareft to the Cent^ 



Let A6 be a Diameter, ;ind £ the C 
tcr of the Circle CPG. 

CD and FGare Chord Lines, at differ 
diftances from the Center, 

I fay, that AB is the greateft; and F 
the fartheft off, is the leaft of the three 

Draw the Perpendiculars EH and 
to CD and FG, from the Center. 



Dem. Becaufe FG is farther from the Center than Q 
£1 is greater than £H. (3.) Make £K equ^l te £H. 
Draw KL, perpendicular to £K, and produce LIC to 
and, laftly, draw EL, EM, £F, and EG. 

Now, becaufe £H is equal to £K, and are perpen 
cular to CD and LM ; LM is equal to CD. - Th. 
But AE+EB (eq. LE+EM) is greater than LM. - 13. 
Therefore, AB is greater than LMj i.e. than CD,eq.LI^ 

2nd. In the Triangles LEM, FEG, the two Sides LE, E^ 
are equal to the two Sides FE, EG, and the Angle L£I 
is greater than FEG. 

Therefore, FG is lefs than LMj i.e. than CD, whi 
is equal u> LM. . i^ . - i. Cor. to 8. 



T R £ ( 
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THEOREM V. 7, Euclid. 

« 

If any Point, except the Center, be taken within a 
Circle, and, • from that poine, divers Right Lines 
be drawn to the Circumference ; the greateft of 
thofe Lines is that which pafles through the Cen* 
ter ; and, the leaft is the remainder of that Line, 
produced to the Circumference. 

Df aH others, drawn from that Point, that which falls 
neareft to the Line, paflijig through the Center, 
is greater than the more remote ones *, and, but 
two equal Right Lines can be drawn, from that 
Point, to the Circumference. 

Let A be the Point aiTumed, in the Circle 
fFG} from which draw AB, AD, AE,&c. ^ 

Firft; AB, which pafles through thejj 
Centerj C, is greater than AD, or AF, or 
^ny other Line, which can be drawn froix) 
tjic point A. Draw I^ Q. 

Dem. In the Triangle ADC, the two Sides, AC, CD, 
are greater than the remaining Side, AD. - • 13. f. 
But, CD is equal to CB, . - - • Ax. i. 
wherefore, AC + Cp=:ACfCB, i.e. AB. ir Ax. 6. 1. 
Therefore, AB is grcatpr than AD# 

^'^d., AE is the Ihorteft Line, which can be drawn from 
the Point A. Draw any Line, AF, and join FC. 

Then, in the Tri. + AFC, AF f AC is greater than CF. 

^ut, 9F is equal to CE, - r - - Ax. 4. 

Wh. (taking away AC) AF is gr.catcr t))an AE - Ax. 8. i, 

3 b 3rd. That 
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3rd. That Line is the longeft, which falls ncareft to AB. 

In the Triangles ADC, AFC, AC, CD arc equal to AC, 
CF, rcfpeflivejy; for AC is common, & CD=CF-Ax. i. 
Euc, the Angle ACD is greater than ACF, - Ax. 2. t. 
Therefore, the Side AD is greater than AF. - Cor. to 8. i . 

4th. No more than two equal Lines can be drawn, from 
the Point A, to the Circumference. 

For, fince AF is proved 3efs than AD, and AB greater, 
every Line which can be drawn, from A, between D and 
F, will be lefs than AD, and between B and D greater ; 
wherefore, no other equal Line can be drawn on that 
Side EB. 

Make the Angle BCG=BCD; (Pr. 4..) and draw AG. 
Then, becaufe the Angle BCG=BCD, GCA=ACD. 
For, BCG4-GCA=BCD + DCA. - Th. i.i. & Ax. g. 
And, becaufe CG^CD, ant! AC is common ; 
wc have AC, CG, refpeaively equal to AC, CD; 
and the Angle ACG= ACD ; therefore AG=AD - 8. i. 

And, as no other Line, equal to AG, can be drawn oa 
that Side BE; confequently, nq more than two equal 
Lines can be drawn from the fame Point, A, to the Cir- 
cumference. 

Cor. Hence it is evident, that, If from any Point In i 
Circle, mote than two equal Lines can be drawn to 
Circumference, that Point is the Center. 
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-THEOREM VI. 8. Euclid. 

If from any Point without a Circle, Right Lines are 
drawn to the concave part of the Circumference ; 
that which pailes through the Center,- is the great- 
eft; and that Line which falls neareft to it, is 
greater than that which is more remote. 

•Of thofe, which fall upon the convex part of the 
Circumference; that is the leaft, which, if produ- 
ced would pafs through the Center •, and that Line, 
which falls neareft to it, is lefs than any other, fur- 
ther off. And, no more than two equal Lines, 
can be drawn from any Point, without the Circle, 
cither to the convex or concave part of the Cir- 
cumference. 

AOTume the Point, A, at pleafure, and 
draw AB, AD and AE. 

Firft; AB which pafles through the 
Center, C, is greater than AD ot AE, noc 
i^affing through the Center. Draw CD. 

Dem. Then, in the Triangle A CD, the two Sides AC, 
CD are greater than AD. - - - - - Th. 13. i. 
But, CDziCB 5 wherefore, AC + CB, i. e. AB,=z AC+CD s 
confequently, AB is greater than AD, 

^'^d. AD is greater than AE. Draw CE. 

Then, in the Triangles AEC, ADC, the Sides AC, 
C!2E, are rcfpeflively equal to AC, CD. - - * Ax. i. 
^iid the Angle ACD is greater than ACE. - - Ax. 2. i. 
therefore, AP is greater than AE, - - Cor. to 8. i. 

B b 2 3rd, 
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3rd. AG is lefs than AH or AI. Draw CH and CI/ 

Then, in the Tri. ACH; AH-fHC is greater than AC 
But, GC is tfqual to HC ; •* *• - - Ax. i* 
wherefdre, AC-^GC, i. e. AG, is lefs than AH- Ax.8.1. 

4th. AH is lefs than AI, which falls further f^ora AC. 

For, in the Tri. AlC, the two Sides, AI,1C, ire greater 
than AH, HC, to any Point, H, within the Triangle -14.1. 
But ICirHC ; wherefore, AH is lefs than AI. - Ax. 8. 1. 

5th. No more than two equal Lines Can b6 drawn from any 
pcfint (as A) without the Cirde,. either to the convex & 
concave part of the Circumference. 

For, fince all Lines drawn from A, between G and H, 
are lefs than AH, and between H and I, greater ^ no other 
Line, drawn on that Side AB, can be equal to AH. 
But an equal Line, AK,may be drsewn on the other Side. 

So likewife ; all Lines, drawn from A to the concave 
* f^eriphcry, between AB and AD, are greater than AD j 
and betweeri AD and AE, lefs ; confequently, no dther 
Line can be drawn, on that Side AB, equal to AD. 

But,'- if BF be made equal BD, and A? be drawn, 
AF k equal to AD. Draw CF 5 which is equal to Cfi. 

for, the Angle F'Cfi=fi CD, by Conftruaion,, 
wherefore, FCA=ACD - - Th. i, i. & Ax. 7. i. 
Wh. in the Triangles ADC, ACF, the Sides AC, CD 
are refpeSively equal to AC, CF; for GF, CD are Radii j 
and, the Angle ACD=:ACF, therefore AF=AD - 8. 1. 

No other Line, equal to AF (eq. AD) can be drawn 
on that Side of AB ; wherefore, but two equal Lines 
can be drawn from any Point, A, without the Circle, ei- 
ther to the cohvex or doncave part of the CircunYferente« 

CoR. The greateft Right Line that can be drawn, from a 
Point without a Circle, to the convexity of the Circium- 
ference, is equal to the leaft drawrr to the concave part. 
For they unite in a Tangent to the Circle^ at L. 
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THEOREM VII. ii.n.Euclid 

If two Circles touch each other, a Right Line, join- 
ing their Centers, will pafs through the Point of 
contaft of the two Circles* 

Firft 5 let AB and AH be two Circles^ 
touching each other, inwardly, in A. 

C is the Center of the Icflcr Circle, AB. 

pi 

Draw the Right Line AC ; it will, if pro- 
duced, pafs through D, the Center of the 
^ther Circle. 

If not ; let any other Point, as £, be the Otrnter of AH^ 
Ind draw EC, cuting the two Circles in F & G, and join A£« 

DfiM. Then, becaufeC is the Center of the Circle AB^ 
CA is equal to CF. - » - • - Ax. i. 

If CE be added to both, then CE+CF=CE+CA. 6. i. 
But, CE+CA is greater than AE^ - * - Th. 13. i. 
and, £A is equal EG (by the Suppofition). Ax. i* 

wherefore, EG is lefs than £F (the greater than the jefs) 
which is abfurd, and cannot be. 
Therefore, E is not the Center of the Circle AH; 
tonfeqiiently D is the Center; and, the Right Line DC 
paftes through the Point of cotiU&j A. 

andly. AB and BH are two Circles, touching each other^ 
outwardly, at B ; C is the Center of AB. 

Draw the Right Line CB ; which, if produced, will 
pafs through the Center, D, of the other Circle. 

If it bede^ied, let E be fuppofed to be the Center of 

BH) and draw CE and BE. 

a Then 



f • 
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Then, becaufe C is the Center of the Cinj 
cle AB, C¥ is equal to CB ; 
anJ, if E be the Center ofBH, EG=EE. 
Wherefore, CF + Gt;^CB + BE. - Ax. 6. 
And, if FG be added to ihe former ; CE. 1. «. 
I CF + FG + GE, is greater than CB + BE. 
Bat, CB + BE is greater thanCE-Th. 13.1 
wherefore, BC + BE is both greater and lefa 
than CE, which is abfurd, and cannot be. 
, E is not the Center of the Circle BH j 
Illy D is the Center: and, the Right Line 
joining the two Centers, C and D, paSes ihrougb B, 
Point of Comaa. j. 

Cor. Circles touch each other, either inwardly c 
,,wardly, in a Puint only. 




THEOREM VIII. ,i€. Euclid. 

If a Right Line ^e drawn, through the extreme point 
of a Diameter of a Circle, at right angles with 
the Diameter, it will fall wholly without the Cir- 
cle ; and no other Right Line can be drawn, from 
the Poipt of contait, between the Tangent and 
" the Circle. 

Let AB be a Diameter, and'DG a Right 
Line drawn at right angles with A B» 
through the extreme B. 

Draw CD cutJng D in DG. 

I fay, the Point D is without the Circle. 

Dem. In the Tri. CDB, the Angle DBC is a right one i 

conf. BDC is acute; wh. DC is greater than EC - 12.1, 
But, the Point B, is in the C.rcumferJiice. 
wherefore, the point D is beyond iheCircumferenee-Ax. |, 
confcquently BD falls wholly without the Circle, 
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Or thus after Euclid, 

If BD does not fall without, it will cut the Circle; 
fuppofe in B and £• Draw EC. 

Then, in the Triangle EEC, EC=CB ; • Ax. u 
wherefore, the Angle CEB=C BE. 
lut, CB£ is a right Single (Hyp.) conf. CEB is a right one. 
And die two angles, C £ B, E B C, of the Triangle CEB, 
are equal to two Right Angles. 

But all the three Angles of every Triangle =:two R. angles. 
Therefore, BE, I. e. BD, does not cut the Circle, but 
muft neoefTarily fall without it. 

2od. LetBEbe drawn (ifpoiEble) between DB and the 
Circumference of the Circle. 

* 

Now, fince CBD is a Right Angle, CBE is acute. 
Let OF be drawn perpendicular to BE. 
Then, CF, fubtending an acute Angle, is lefs than CB. 
But, the Point B is in the Circumference, 
conf. CF does not reach the Circumference. - Ax. i« 
wherefore, the Point F is within the Circle. 
Therefore, the Right Line BE cannot be drawn betweoi 
the Tangent, BD, and the Circumference. 

Cor. I. A Tangent touches a Circle in one Point only; 
For if it touched in two Points it would cut the Circle* 

CoR. 2. A Right Line perpendicular to the Tangent, at 
the Point of ContaA, pafles through the Center. 

Cor. 3. A Right Line drawn from the center of the Circle 
to the Point of contad, of a Right Line touching the 
Circle, is perpendicular to that Tangent. 

Cor. 4. The Angle of a Semicircle is a right one. 
For, it is greater than any right-lined acute angle. 

N.B. 
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N. B. The external Angle, made by a Tangent and ih 
adjoining Ark of the Qircle, is lefs than any right-lined A^ 
gle whatever. 

For it has been proved, that a Right Line cannot I 
drawn, from the Point of contaft, between the Tangcn 
and the Circumference ; wherefore, the Angle GBH cannot 
be made lefs by a Right Line, feeing it will cut the Circle, 
and confeqnently make a larger Angle, zt (otne other Point 
in the Circumference. 

Yet may the Angle GBH be leflened infinitely, by cunrcd 
Lines ; which is, apparently, a Paradox. 

For fince the Angle of a Semicircle is Right, and the 
Tangent BG is perpendicular to the Diameter, AB, there 
xannot be left any remainder of the Angle as a Complimcflt 
to it ; becaufe, the Compliment of an Angle is its defiden* 
cy of a Right Angle ; or (beirig ob^ufe J to twQ Right Angles, 

Now, fince it ha^ been proved that a Right Line cannot 
(ouch a Circle but in one Poinj; only ; it muft bold equally 
true, in refpec^t of ^ large Circlp as of a fmall one. 

Wherefore, if any other Radius, greater than BC, be 
taken, as Bl, arid an Ark, Ba, be drawn^ it is evident 
jthat the Angle GB:^ is lefs than GBH. 

If a larger Radius, 3A, be taken, and, on the Center A, 

an Ark, Bb, be drawn, the Angle GBb is lefs than GBa; 

•iiotwithftanding, the Angles, ABH, ABa, and A Bb, arc 

'the fame (by the 4th Cor.) and it is evident, that if aftill 

larger Radius be taken, the Angle G3b may flill be leflened 

infinitely. 

SCHOL. Hence it is manifefiy that any Right Line, G H, // irf- 
nitely Ji<uijiile, hy enlarging the Radius B A infinitely ; feeing theitt 
the Circumference of a Circle cannot coincide v^tb Pwo FmntSi 
"B and G, of the Right Line B G» 



T H E O 
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THEOREM IX. 20. Euclid. 

• An Angle, at the Center of a Circle, is double of aa 
Angle touching the Circumference, when both 
ftand on the fame Ark. 

In the Circle ABC, let AEC be an Angle 
atits Center, and ABC is an Angle touch- 
iog the Circumference ; both (landing on the 
&t)e Ark AG. 

I fay, the Angle AEC is double the An- 
i.cABC. 

Draw the Right Line BE, and produce it to D. 

Dem. In the Triangle ABE, becaufe the fide AE = EB, 
the Angle A is equal to A B E ,- - - - - - 9.1. 

But, the externalAngle AED= the Angle A + ABE - 10. i 
Therefore, the Angle ABD= half the Angle AE D 
Alfo DBC:;:jDEC j for the Triangle EBC is Ifofceles. 
Conf.AED+DEC (i.e. AEC)=iwice ABD + DBCj 
i. e. equal to twice ABC. 
Therefore, the Angle AEC is double the Angle 

Cafe 2nd. When the Angle CEF, at the 
Center, falls without the Angle CBF, at 
the Circnmference, Draw BED, as before. 

Now, the external Angle, DEC,=ECB 

[ +EBC; (10. I.) andECB-EBC.9.1 

! wherefore, DEC is equal to twice DBC. 

■ And, the Angle DEFmEKB+EBFj 

therefore, equal twice DBF. 
CoDfequendy,DEF-DEC, i.e.CEF,=:2DBF-2DEC, 

i.e. 2CBF. Therefore, the Angle CEF is double CBF. 

C c Co*. 
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Cor. I, The Angle at the Circumference, ftaniling i 



Ark, 



lual to an Angle at the Cenicr, on half chat 




For, if the Ark AC be=CF, the Angle AKC=CES 
But, the Angle AEC is double ABC, &, CEF doubleCB 
confequently the Angle AEC £eq. CEF) = ABC + CBF 
i. e. the Angle ABF, on the Ark ACF, is equal to AE( 
(or CEF) on AC, or CF, half that Ark. 
Cor. 2. In the fame or equal Circles, Angles AaDdinj 
equal Arks, whether tbcy be at the Center or at the 
Ctimference, are equal to one another. 

This is evident from the laft i for the Ark AC V 
equal toCF, the Angle AEC=CEF; and, ihc ^ 
ABC (eq. half AEC)=CBF, half CEF. 

And, becatife the Radii of equal Circles are equal. 
Angles on equal Arks, in equal Circles, are alfoeqg 
And converfely, equal Angles ftand on equal Arks. 

THEOREM X. 2i.Eui 

All Angles, which ftand on the fame Ark, i 

the fame Segment of a Circle, and touching 

Circumference, are equal to one another. 

In the Segment ADC, the Angles A 
ADC, and AEC, are all equal. 

To the Center, F, draw AF and: 
making the Angle AFC. 

DsM- Then, the Angle AFC, at the< 
ter, is double AEC, attheCircumfer* 
.For, theyflandon the fame Ark, AGC, or Chord, 
But the Angle AFC is double ABC, or any other A} 
ADC,, touching the Circumference. - - - - 
Wherefore, the Angles ABC, ADC, &c. being each ( 
balf AFC, are, therefoie, equal amongll themfelva 

* Theory of Plane Angles, Art. 4. Page 23. 
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If the Segment be a Semicircle, or lefs than t Semi-« 
tircle, it may be demonflrated after this manner. 

AGC and AHC are Angles in a lefler Segment^ AGHC* 
The Angle AIC (being external, in refpeft of the Trian- 
gles GAI & ICH) zz the Angle G + GAI; and rflfo, 
toH+HCI ; wherefore, the AngleG + GAIzzH + HCf. 
But, the Angle GAI, i e. GAH=HCI. i.e.HCGj above. 
Therefore, the Angle AGC=AHC. Q, E, D. 

CoRk Right Lines, EC and AH, joining the extreme Points 
of two equal Arks, AB and CH, in the Circumference 
of a Circle, fo as not to crofs each, are parallel. 

For, having drawn AC) the Arks AB, CH being equals 
the Angle BCA is equal to the Angle CAH. - C. 2. 9 
Therefore, BC is parallel to AH, - ^ • - Th. 4. I4 

THEOREM Xt 22. Euclid. 

' In every Quadrilateral, infcribed in a Circle, the op* 
pofite Angles are equal to two ^ight Angles. 

ABCt) is a Trapezium incribed in a Circle. 

I fay, the Angles A and C, alfo B and D^ 
i*re, together, equal to two Right ones. 

Draw the Diagonals AC and BD^ 

i>fiM. Then, in the Triang. ABD, the Angle DAB+ ABD 
^dded to BDA are equal to two Right ones. - - i o. i. 
^ut, the Angle BCA == BDA; and ACD = ABD. . lo. 
\Vh.BCA + ACD, i.e.BCD, + BAD=;twoRightAngk9 

^^K. I. The external Angle, CBF, made by producing any 

Side, AB, of a Q^iadrilateral infcribed in a Circle, is 

Hwl to the oppofiie Angle, ADC: - by Theo & i, i. 

2% Every Parallelogram infcribed in a Circle is a Rcdtangle, 
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THEOREM XII. 

An Angle, at the Circumference, in a Semicircle, is J 
a Right Angle. 

In the Circle A BCD, let AC be a J 
Diameter, and E ihe Center. 

To any Point, B, in the Circumference^ 
draw AB and CS. 

I fay the Angle ABC is a Right Angle-^ 

Draw EB; the Triangles, AEB,BEC: , 

are Ifofcelcs. AE.EB, and EC being equa'^. 

Dem, Then, becaufe AE=EB, the Angle EAB=AB3 
and, becaufeEB^EC, the Angle EBC=BCE - 9. ^3. 
wherefore, the Angle ABC=B AC + ACB - - As. ^>. 
But, if one Angle of a Triangle be equal to the otlv «r 
two, it is a Right Angle. - - - - C. i .10. s. 
Therefore, ABC is a Right Angle Q, E. D. 

Or, if A B be produced, the external Angle CE3F 
is equal to BAG + BCA - - - Th. lO^ i- 

It may be otherwife proved, after this manner. 

Draw ED perpendicular to AC, and join BD. 

Now, the Angle AED is double the Angle ABD. 
And the Angle DEC is double the Angle DBC. - Tl*-.< 
But, the Angles AED, DEC, are Right ones. - C« 
wherefore ABD, DBC are each half Right - C. i. 10- 
Conf. ABC, i. e. ABD+DBC, ia a Right Angle, 

Or, the Angle ABC at the Circumference, (land :» "^E" 
on the Ark or Semi-circumference ADC, is equal to ^" 
Angle at the Center, AED or DEC, (which are Ri^^-^ 
Angles) on half that Ark. ------ Th. 

Cc 



B<K)kIII. ELEMENTS of GEOMETRY. 197 



From this Theorem isdeduced that moil cleg-.int :inJ exi^editloui 
ethod for making a Ri^^ht Angle, or v 
at the extremity of u Right Liue ; Prob, 



Weihod for making a Right Angle, or drawing a pc:penJicular 

►. 10. McihjJ. 111. 



Cdr. An Angle in a Segment, lefs then a Semicircle, is 
oblufe ; and an Angle in a greater Segment is acute. 

In the ScgmentADCB feeing that thcAngleABC is right, 
ACB, in that Segment, is acute. - - - - C3. 10. i. 
And, the Angle AGB + ACBz:twoRight Angles - Th. 1 1. 
But ACB is acute ; wherefore AGB is obtufe. - Def.13. 

Theo. The Angle in a Icflcr Segment exceeds, and the 
Angle in a greater, is deficient of a Right Angle, by the 
Angle made between the Chord of the Segment and a 
Diameter, drawn from either extreme of the Chord. 

Let AC be a Diameter, and ABC is a Right Angle. 
Draw two Chords, DC and EC, and join DBand £B« 

Then, in the lefler Segment DBC, the ^^ 
Angle DBC is greater than the Right 
' Angle ABC, in a Semicircle. - Ax. i. 
And the difference is the Angle DBA, 

But, the Angle DBA=DCA..Th. 10. 
Therefore, the Angle DBC, in a lefs 
Segment, exceeds a Right Angle, by the Angle ACD, 

2nd. In the greater Segment EDBC, the 
Angle EBC is lefs than a Right Angle ABC. 
And, the deficiency is the Angle ABE, equal ACE. 
Therefore, the Angle, EEC, in a greater Segment, &c. 
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THEOREM XIII. 



2. Eud 




.r^^^^-l 



The Angle made between a Tangent and a Rig 
Line, cuting the Circle, drawn from the Point 
Contaft, is, equal to the Angle made in the 
polite Segment. 

Let ABC be a Right Line, louchin] 
Circle EDE, in B. 

Draw at pleafure, from B, the Chord 

The Angle AED is equal to DE] 
any Angle made in" the Segment DB] 

And the Angle DBG is equal to I^ 
3n the other Segment, DBG. 

Draw BF perpendicular to AC, and join FE, 

Dem. Now BF is a Diameter of the Circle. - - Q 
wherefore, FEB is a Right Angle. - _ - - Tb 
Cut, ABK Is a R. Angle (Con.) conf. FEB=ABF, 
But, the Angle F£D=;FBD (lo) Tb DEB=DBA,J 

and. Let BG be the Chord of the Segment GFl 
Draw GE, making an Angle, GEB. 

Then, the Angle GDB {eq. GEB)=GBA; asal 
And, the AngleG+GDB+DBG=t«o R. Angles. 
But, the Angle ABD-|-DBC= two Right Angles. 
andtheAnglcGDB(eq.GBA)+DBG=:DBA.-A]5 
Therefore the remaining Angle, DGB=DBC. - Ax.'l 



Or, in the Qiiadri lateral DEBG, the oppofite Angli 
DGB, DEB, are equal to two Right Angles. - Th^ 
And the Angle ABD+DBC=two Right Angles. - | 
But,theAngleDEB=i:>BA,(asabove;Th.DGB=n 



: / 
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THEOREM XIV. 35. Euclid. 

In Circles, if two Chord Lines cut each other ; 
the Reftangle, contained under the Segments of 
one Line, will be equal to the Rectangle under 
the Segments of the other. 

ift. When both pafs through the Center, it is evident. 

For, the Reftangle under the Segments of each, is the 
Square of the Radius ; confequently they are equal. 



2nd. In the Circle ACBD ; if AB, 
paffing through the Center, bifefts CD, 
which does not pafs through the Ceiiter, 
in £ ; then, the Redangle A£B, is 
equal to the Square of CE, or ED. 

Let F be the Center. Draw CF. 



Dem. Then, becaufe AB is bifeded, in F, and cut un« 
equally, in E ; AE X EB + EFd =FBd - -5.2. 
i.e. =CFn%3:CEn+EFn. -■ - - - 20.1. 
for, CEF, is a R. Angle (C.2.1.) andCF=FB. - Ax. i. 
Wherefore, AE X EB + EF D = CE D + EF Q . 
Take away from both, EF Q , which is common ; 
There leoiains AEx EB=:CE D . i. e, p]AEB=:CZ]CED. 




3rd. When 
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3rd. When, neither, of them paflcs through the Center^ 
and, when neither h bifeded, by the other. 




From the Center, F, draw FG and 
FH perpendicular to AB and CD 3 and 
J join AF, FDj and EF. 



Now ABHs Bifefled in'G, and cut unequally in E j 
wherefore, AE X EB + EG D = AGd - - - 5.2*^ 
Add, on both fides, FGD; 

then,AExEB+EG n +FG n ,r:AG D +FG D - Ax.6.i= 
ButEF n =EG D +FG n j&AF D =AG D +FG D-20.ia 
Therefore, AE X EB + EF D :z: AF D . 

1 
After the &mc manner, it may be proved, that the 

Red^ngle CED + EF D is equal to AF Q, 

For, CD is alfo bifefled, in H, and unequally cut, in £• 
Whcrefore,C£xED+HEnizHDn. AddHFntoboth. 
Then, CExED+HEn + HFn (equal EFn) 20.1 
is equal to HDd+HFd 5 i.e. equal FDq. 
ButFDizAF; wherefore, FDn=AFD - Ax. r. 
confequently, CExED+EFdztAFd ; (equal FDn) 
But, it was proved, that, AExEB+EFdzzAFD. 
Wherefore, taking away EFn, from both, 
there remains AExEBziCExED. - - - - Ax. 7, i. 
Or, the Redangle AEB, equal CED. Q^E. D.- 




TliEQ. 



% 
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. T H E O R E M XV. 

^ two Chord Lines, interfeft at right angles ; the 
^our Squares, of tlie ?>cginenr3 6i' thofe ChOR?s, 
^iU be equal to the Square oF the Diamdter. 

^^^9 the Squares of the two oppofitc Sides of a 
^^adrilateral, formed by Right Lines, joining the 
extreme Pbints of the Chords, are alfb equal to the 
Scjiiare of the Diameter. 

Xct the Chords AB and CD cut 
^^c:h other perpendicularly, in E. 

Then, the Squares of AE, EB, EC, 
^rid ED, art e^ual to the Square of AI^ 
^V^e Diameter of the Circle, 

From the Center, F, draw FG and FH 
\>aralld to-the Chords CD and AB ^ and 
^Oin AFi arid FD. 

Dem. Now, fmcc AB & CD cut each otl^er perpend. - Ftyp. 
and, FG, FH, are refpe£]iively parallel to CD&AB - Con, 
FG and FH are penpendicular to AB & CD. - C.2.4.r.' 
Then, AB is bifeded, inG.(i.3.)and cut unequally, in E. 
wherefore, AE a + EB D = a AG D + iGE a i - 9. 2. 
alfoCEn^-EDnzriEHn+aHDa - - - . fame 
Wh.AE+EB+CE+EDa=::2AG-^2GE + ^EH + 2HDa 
But GFHE is a Parallelogram^ byConftrudlion, 
wherefore, FHziGE, and FGizEH - - - -15.1. 
Con A the Squares of the four Segments, A£,£B,CE,&£D 
areeq. to the Squares of AG, GF,FH & HD, twice taken, 
But,AF'n=AGb-hGFb>FDDz=FHD+HDnr2o.i 
conf, 2AFn+2FDazz 2AG+ 2GF+ 2FH+ 2HDa 
Wberefore,AE+£B+CE+£bb-z2AFa+2FDa; 
i.c. i± 4 AF □ J for, AF is equal to FD, 

Dd But 




I 
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But four times AFD±:AIn; I.e. of the Diameter. - 4.! 

• * ^ ' 

Th. the Squares of the four^egments, A£,£B>C£,'&£i 
are equal to the Square of the Diameter, 

2nd. Having joined the extremes AD, PB, AC^ and C] 
Then, the Squares of AD and CB, together, areccjual to 
the Squares'of AC and DB together. 

For, AD D z=AE D +ED D ; and,CB a =:C£ D +E&- Q 

But, ACdzzAEd+ECd; andDBD=DEa+EBlZ3 

therefore, AD D +CB D ziAC n +DB a 

confequently, each is equal to the Square of th^piame^ej*. 

This extraordinary property of the Circle is otherwife democx- " 
flrated by Mr. Stone ; which, notwithft^nding it Is indifp^tabL 
true, does not carry with it that pofitive convi<5tion ; inib mui 
that, a young Geometrician would be fomewhat at a lp(s 
perceive it,-— It is as follows; 



Right one, the Angles E AD, ADfi^ -^' 
:. I.) Wherefore the Arks, AC,DB^ "^^ 



Becaufe, the Angle AED, is a 
arc equal to a Right Angle (32. 

on which they fland, are, together, equal to half the circumference^' "^ 
of a Circle (26.3.) 

Therefore, becaufe the Angle in a Semicircle is a Right Angfc:. '^^' 
the Squares of AC and DB are equal to the Square of th^- -^ 
Diameter (47. i.) And, becaufe the Angles at E are Right Angk 
the Squares of AE and EC are equal to the Square of AC, an 
the Squares of DE, EB, equal to the Square of DB. Thcrefor^^^* 
the Squares of AE, EC, DE, & EB, are equal to the Squares of A< 
&; DB ; which, were proved equal to the Square ofthe Diainete 
Therefore thofe foirr Squares, are equal to the Square of tl 
Diameter. 

The References are, in this Demonftration, according to Eucli 

SHOL: 7/ is i\!orthy of ohfervation^ thaty asy in a Semicircle ^ ^^ -^' 
Sides contAin'.ng the Right Angle are f^wo Chords perpendicular -^^ 
each other y and are equal to the Square of the Diameter ; fo > 
Squares of the Segments of all Chords which cut each other 
right angles 9 are equal to the Square ofthe Diameter. 

THE 
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THEOREM XVI. 3 7. Euclid. 

Jf, from any Point without a Circle, two Right 
Lines be drawn, the one a Tangent, the other a- 
Secant (i. e. one touching the Circumference, the 
other curing it twice) the Redtangle, under the 
whole Secant and the external Segment (between 
the Point, aflumed, and the Circle) will be equal 
to the Square of the Tangent. 

A isi the aflumed Point. 
Let AB, touch the Circle, CBD, in the 
Point B I AD is a Secant, cuting the 
Circumference in two Points, C and D. 

Then, the Redangle DAC is equal to 
tie Square of AB. I 

Firft, when AD paflcs through E, the Center of the Circle. __ 

Draw EB, from the Center to the Point of contaft. 

t>RJ^. Now, becaufe CD is bifefled, in E, and CA is 
added to it; ADxAC+CEpziAEa - - 6.2 
and, AE D = AB D +BE D ^o. i 

3^or^ ABE is a Right Angle - - - - C.3.8 
therefore, AD x AC + CE D iz AB n + BE n . 
^^t:, BE=CE; confequently BEn=CEn. - Ax.B.a 
^h^refore, ADxAC + CEnzzABn +CEq. 
*^^Ve CE n from both, there remains CH DAC iz AB D . 




*^ D d 2 2nd. When 
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2ml. • Wheji thq Sccan^ fells on cipher fid? of th? Center^ 

From the Center, E, draw EF perpeiu: 
dicular to the Secant, ADj^or AQ, andjqii| 
the Points CE and EB. 

Then, becaufe EF is perpepdicular to> 
CD, CD is blfeaed in F. - - C. i.i 
And, becaufe CD is bifedted, in F, and AC is added Sf 
. ADxAC + CFn=AFn (6. 2.) AddEF n to both; 
Then,APxAC+CFa +EFd=AFd+EFd -Ax.6.C 
But, CFd +EFD=:gEaj 
and AFd + EFn =; AE D. - r - - Tb. 20. ■ 
wherefore, AD X AC + CEn ;= AE D; ' 

i. e. equal to AB p + BE D. ----- ja 
But, B£=CEi wh.' AD X AC + BE n = AB D + BE CH 
And, if BE n be ta^Lcn frpm both, 
there is left AD X AC— AB n . Q; E. D. 

Cor. Hence, it is evident, that the Re£langles under eve^ 
Right Line, cuting a Circle, frpm the fap(>e Point witbo i 
the Circle, and the external Segment, ^re equal • 

The Re£langlc DACzzDAC; for, they arc each eqi:m 
the Square of the Tangent, AB. 

^n^. If from the fame Point A, without a Circle, two Ri^^ 
Lines AB, AJ?, arc drawn, tq the Circle, one on ea-C 
fide, touching the Circumference;, thofe two Tangpi*' 
are equal. 

For, AB D zi A5 D , being each equal to the Reft. E( A* 
But, equal Squares have equal Sides ^ 
confequently, A3 is equal to AJS. - • - Ax. B. 
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jrf. If from any Point, without a Circle, two Right Linc^ 
vt drawn to the Circle ; one of which Lines cuts the 
Circle, and. the bther meets the Circum^rence^ in fome« 
Point only ; and, if the {le£iangle under the whole Secant 
and the external Segment, be equal to the Square of the 
ether Line, that other Line is a Tangent to the Circle^ 
mi touches the Circumference in that Pointy 



THEOREM XVII. 

« - - • 

If from any Point, in the Diameter of a Circle, there 

Redrawn two Right Lines to the C.ircumfereace v 

one perpendicular to , the Diameter, the other to 

?he middle point of the Ark of the Semicircle i 

tile Squares of thofe twq Line?, together, will be 

Pqual to half the Square of the Diameter. 

Let AB be a Diameter, C the Center, and D the middle 
Point of the Semicircle, ADB. 

From the Point E, <raw EF, per- 
^ndicular to AB, and join £D. 

I fay, the Squares of E F and ED , toge- 
ther, are eaual to AC Square twice taken ^ 
*»^,tphalfthe Square of ^hePiamcter,A|j. 

Join CD and Cf. 

^^M. CFD=EFn + ECn - - - - - 20. i 

\^herefore, EF n + EC D z: AC n ; for AC = CF. 
^utEDD=zCDn+ECD; and DC n CF zi AC. 
^lonf.EDD— ECn=zEFn + ECn; i.e. nACp. 
MvhereforeEFa+EDn =CFn+CDn. 
Therefore, EF a + ED a = at AC D j i. e. =: AB x AC. 

T H E O- 
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THEOREM XVIII. 

If from the Vertex of an equilateral Triangle, con- 
ftrufted on the Diameter pf a Circle, a Right Lin^ 
be drawn cuting the Diarnet^r; and^ from 
Point, another Line be drawn,, perpendicular to th 
Diameter, cuting the Circumference ; the Squa 
pf thofe two Lines, together, wi\l be equal to tl^. 
Square of the Diameter. 

From C, the V6rtex at the equilateral Triangle AC25 
ccntbe Diameter AB, draw CD, at pleaAire^ ciftkigtb 
PJameter in Q ; from which, dnw DE perpendic 

I fay, that the Siqilares of CD, DE, to- 
gether, are equal to the Square of AB. 

If CD be drawn perpendicular toAB, 
as CF, it is manifeft. 

For, CF D + FG (equ^ AF) D = A 
(equal AB) n. - - - - - 20. 

Let CF be drawn, perpendicular to A 
and join EF. 

D£M. Becaufe CF is perpendic^ilar to AB, and AB i$ 
equal to CB, AB is bifeded in F; - - C.3*9 •' 
wherefore, F is the Center of the Circle. - pcf. 20 & ^^l 
Now,AC=:AB(Con)andACD=CFa+AFa-2(»-.i 
35ut,AF=EF,andEF DizED n +DF □ ,eq.AF a-fanr:»Ci 
wherefore, AC D = CF D + DF a + DE p . 

But, CD D = CFd + DF D 20^i' 

confequently, AC Q zr CD D + DE D . 

But AB=:AC (Con.) Therefore, ABqs:; CD D + DE" C 




THE O- 
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t H E O R E M XIX. 

If a Chord Line be parallel to a Diameter of a Circle,' 
mii from each extreme of the Chord, R^ht Lines 
are drawn to any Point in the Diameter ; the 
Squares of thofe Lines, together, are equal to the 
Squares of the Segments of the Diameter, made 
hy that Point. 

Let the Chord CD be parallel to the 
diameter, AB ; 

«nd, to any Point, G, in the Diameter^ 
^raw CG and DG. 

I fay, the Squares of CG, GD, together, are equal to 
^e Squares of AG and GB. Let £ be the Center. : 

Bifea CD, in F j and join FG, FE and ED. 

'^^M. Then, becaufe CD is bifefled, in F, 

CGd +GDn =:2FGd +2FDa . - - ij.x 

And, becaufe CD is bife£led, EF is perpend, to CD. - i. 

^iit, CD is parallel to AB; conf.EF is perpend .toAB- 4.1 

Vrhcrefore, FG Q — EF D + EG D j 

^nd, EDd=EFd + FDn. ... - - 20.1 

conf. CG D +GD n z: 2 GE + 2 EF+ 2 FD Squares 5 

i. e. equal to 2GE D + 2ED D . But AE zz ED; 

therefore, CG D + GD D IZ2GE a +2AE,equalED, D 

3ut, AGd+GBd i=2AEn +2GED - -- 9.2 

therefore, CG Q + GD □ = AG D + GB a . - Ax. 3.1 



• t 
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THEOREM. XX. 

tf two Right Lines are drawn, from any two Point 

in the Circumferertce of a Circle, to the fam 

Point in a Tangent to that Circle ; thofe Lirfe 

• will mftlic the greateft AngI?, when they meet ii 

. the Point of contaiSi 

Let A and B be the Points affumcd, in the CircumferC 
of the Circle ABC. 

Draw AC and BC to the Point C, in which a Tang 
DC, touches the Circle j and alfo, Co any other Pointj 
draw AD and SD. 

ifay,the Angle ACB is greaterthanAl 
Join AE 
Dem. The Angle AEB=ACE. - - Tft 
flanding on the fame Ark, AB. 
ilut, the Angle AEB is greater than & 
for it is equal to ADB 4- DAE - X 
Therefore, ACB is greatfer than ADfl 

Cor. Hence it is evident, that an Angle, AFB, which ftll 
within the Circle, is greater, and an Angle ADB withou 
the Circle, is lefs, than any Angle, AEB, touchiBgUl 
Cirtuaiferencc, and ftanding on the fame, or an k 
Ark, AB. 

From hence may be deduced the following Problu 

'An^ Right Line being giveni and two Points gi'oeni\ 

ajfumed, without the Line; to determine the Fsti 
in that Line, to which, if l-wo Right Lines he drawv 
from ihe given Points^ th^ fhall contain a grtdla 
Jungle than airy ether Right Lines drawn, frm 
thofe Points^ to any other Point in that IJnCi 
A an 
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ling* 
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A and B are the afTumcd Points j and^ 
let CD be a given Right Line. 

It is required to find the Point D, fo, 
that, if two Right Lines AD and BD be 
drawn, to that Point, the Angle ADB, 
fhill be greater than any other Angle, made 
by Right Lines drawn, from the fame 
Points x\ and B, to any other Point in CD. 

When the given Points, A and B, arc 
not equi-diftant from CD. 
raw AB, and produce it till it cuts DC, in C. 

Find the Point D, fo, that the Square of CD fliall be 
tqoal to a Reftangle under the whole Line AC and the 
Segment BC. (by Prob. 25, or 30.) 

Then is D the Point fought ; in which, two Right 
Lines, AD and BD, meeting, Ihall contain a greater Angle, 
than to any other point in CD. 

DeM. For, becaufe the Redlangle AC B is equal to the 
Square of CD. (Con.) if a Circle, ABD, be defcribed, 
through the Points A, B, & D. (by Pr. 40.) CD will be a 
Tangent to thatCircle, and D thcPoint of conta6t-C.3. 16. 
Therefore, ADB is larger than any other Angle, AEB, 
made by Right Lines, drawn from the fame Points, A 
«ndB, to any other Pointy E^ in the given Right Line CD. 

If the given Points, A and B> are equidiftant from 
the given Line ; a Right Line joining thofe Points, being 
Wedcd, and a Perpendicular, to that Line, drawn, from 
the Point of bife<fiion, cuting the given Line, will give 
the Point required. 

JPor, a Right Line joining the Points will be parallel to the 
p^cntiney (Def. 7.) wherefore, a Line perpendicular to it is alfo 
wpendicular to the given Line (3. 1.) and will, confequently, 
utitin the Point of contaft of a Circle dcfcribed through ikat 
9kt and the tvv^ given Points (C. t. i. and 2. S. 3.) 
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THE fourth Book of Euclid's Elements is not 
elemeniary, but pfai^ica] or mechanical ; h tU 
of ihe iiifcripiion and citcunifc; iption of i ight-lincd Ftgi 
in and about Circles. It is of ufe in Trigonomei 
Aftronomy, &c. and alCn, in I'onJficaiinn or mitii 
ArcliitEiaure, which feems to depend entirely on it, 

Aa I do not tbinlc it proper t-o deviate from the ordu 
£uclid, in his Books, I hzve therefore made it the four 
mherwife, I (houtd have E'ven it a place ;imor>gfl the o1 
Problems, in prai^ieal Geometry, it being entirely j 
blemaiical. I have given Dcmonftration of each Propofiti 
as brief as it will pofTibly admit of; becaufe, I would 
have the Work deficient in any part; which would 
fijfEcienc reafon, with fome Peifons, to condem the whi 
Neverthelcfs I am of Opinion, that great part of I't docs 
require Dcmonftration; being fufficiently eiidcnt from 
ConRruiflion ; eCpecially, as no other part of the Sletnt 
is dependant on it. 

There are, in fome Books extant, fundry ether Propofiti 
relative to the jnfcripiion- and circumfcription of right-lil 
Figures, in and about other right-lined Frgurc3; particula 
in Stone's Euclid ; and in a curious Tract of pracSi 
Geometry by Le Clerc. But, as there is nothing of i 
(ttility in them, nor any thing extraordinary to recommi 
5 xi 
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them to the Carious, I (hall not, by ufelefs additions, to 
this, detain the Reader from matter of greater Importance 
in the fifth and fixth Books. Indeed this may be pafled over 
entirely, for the prefent, and proceed immediately to the 
fifth I there being nothing, in the fourth, neceflary to be 
knowa pfcvious thereto. 



DEFINITIONS. 

I have already, in the General Introduflion, defined the 
Terms, to cefcribe, to infcribe, and to circumfcribc j a re- 
petition of which would be unnecefTary. 

X- ARight-linedFigureis faid to be ipfcribed, in a Circle, 
or to have a Circle circumfcribing it, when every Angle 
of the Figure, touches the Circumference of the cir- 
cumfcribing Circle. 

a. A Right-lined Figure is, then, faid to circum- 
fcribe a Circle, or to have a Circle infcribed', when 
every Side of the Figure touches the Circumference ot 
the Circle. 

3, A Right-lined Figure is faid to be infcribed, or to 
circumfcribe ^ Right-lined Figure ; when every Angle 
.of the infcribed one, touches every iiide of the cir- 
cumfcribing Figure. 

^ So likewife, A Circle is faid to be infcribed, in a 
Right-lined Figure, when it touches every Side of the 
Figure; or to circumfcribe a Right-lined Figure, when 
the Circumference touches every Angle. 

N.B. By infcribing any Figure within a Circle, or any 
Right-lined Figure within another, is underftood, the de- 
fcnbing a Figure, like or fimilar to the given one, the largell 
poffibie, to be coalaiucJ in the other. 

Ee2 5. A 
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5. A Right Line is faid to be applied to a Circle^ 
when each extreme is in the Circumference. 

N. B. To infcribe a Right Line in a Circle, is th^ 
firft Problem of Euclid's Fourth Book, which I think entire!^ ^ 
unneceftary, as a Problem, nothing more being required, i' _^ 
the Operation, than to take the given Line, in the Compafle ^^ 
and placing one point in the Circumference, at pleafure, ^^ 
cut the Circumference, with the other. 

A Right Line, greater than a Piameter, cannot be infcril> — ^ 
in a Circle. 



All the Propofitions of this Book, follow in the or^xe 
of Euclidj omitting the Firft. 




PR OPOSITION IL 

,To infcribe a Triangle in a given Circle, equiangula 

to a given Triangle. 



Let ABC be the given Triangle, ta 
infcribed in the Circle DEF. 

Draw at pleafure the right line GH^ 
touching the Circle in any point of it& 
Circumference; as D. 

Make the Angle GDF equal to A» 
i. e. to any Angle of the Triangle ; an4 
HDE equal to another, B, and join EF, 

Dem. The Angle GDF (equal A) is equal to DEF 5 
and HDE (equal B) = DFE ----- 13. 3 
Wherefore, the Angle DEF, bfeing eq. A, and DFE eq. B, 
the remaining Angle, EDFjmuftneceflarily be equal to C. 
Th. the Triangle DEF is equiangular to ABC. - 10. i 

N. B. By taking the Angles in this order, the Triaixgle in^ 
fcribed will he pofited as the given one ; but any two being 
taken, the Triangle, infcribed, will be tlic very fame. 

Othcrwife; 
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Otherwire : 
Drair at pleaAire ad, cuting the Cii 
tunvfercnce in a and d. 
Mike the Angle, ad c,«qual toB, & join a 
MaVc, cab, equal to the AnglcA,Sc join be. 
The Triangle abc is equiangular to thea^ 
Triangle ABC. 

For, the Angle abc— adc fio. 3.) equal B, by Con. 
And, the Angle cab was made equal to A; 
Conf. a c b is equal to the remaining Angle C. - ro. 1 
^f>Vcforc, the Ttiangle, a b c, is equiangular to ABC. 




PROPOSITION III. 

■•'' circumfcribe, that is, to dcfcribe or draw, 
triangle, about a given Circle (touching it 01 
every Side) equiangular to a given one. 

Irft ABC be the given Triangle, and 
OPG the Circle given. 

Produce any Side of the Triangle, as 
ACjbothwaysj and draw a Radius, DE. 
Make the Angle DEF, equal to the 
fxternal Angle A ; and EFG equal C. 
Through the Points D,F, and G; draw 
Tangents to the Circle, cuting each 
other in H, I and K. j. 

Then is H I K the Triangle required. 

N.B. Two AngL's, DEF,DEG,orF£G, being mado 
equal to any two external Angles of the Triangle, will 
give the fame Triangle, H 1 K, but differently pofited. 
Deu; 
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Dem. Becaufe the Right Lines, HI, IK, and HK, touch^^ ^ 
ibc Circle, in the Points D, F, and G; and, from tho^-^ 
Points, the Lines DE, FE, and GE are drawn to t^^^ 
Center, the Angles, EDI, IFE, &c. are right ones. - S^ • j 
And, becaufe the Angles, D, E, F, and I, of eveiy 
Quadrilateral, are equal to four Right Angles, - ^^* 3 
. the Angle I 4- DEF ~ two Right ones. 
But, the Angle DEF is equal to A, by Conftrudion* 
confequently, D I F is equal toBAC. - - i. i. & Ax;/^ 
After the fame Manner, the Angle K may be provc^^ 
equal to ACB; and the Angle H, equal ABC. 
Therefore, the Triangle HIK is equiangular to ABC. 

The Reafon of this appears obvious, from the twoThcoreirm • 
deduced from the loth Propofition, Book I. For, fince (by llm.^ 
firft) all the Angles of every Right-lined Figure arc, togethe ^» 
equal to twice as many Right Angles as it has Sides, wantiis^ 
four ; and by the 2nd, all the external Angles are equal "KO 
four Right Angles. Alfo, by the loth, the three Angles mDf 
every Triangle are equal to two Right Angles; and all tlie 
Angles, about a Point, are equal to four ; (2.1.) confequently, 
fince the three Angles DEF, DEG, and F EG, arc refpedliirdy 
equal to the external Angles, A, B, and C, of the Triangle 
ABC ; the Angles H, I, and K are, alfo, refpeftively ecjual 
V to the internal Angles, a, b, and c, of the Triangle^ 



PRO. 
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PROPOSITION IV. 

To infcribc a Circle in a given Triangle, (ABC) 
touching every Side of the Triangle. 

Bifecl any two Angles of the Triangle, 

ABC, and CAB, by the Right Lines 

fit), and AD, cuting each other in Dj 

from which Point, draw a Perpendicular 

(IDE) to any Side ( AB) of the Triangle. 

With the radius DE, on the Center D, 
^^fcribe the Circle EFG, which will 
^t)uch every Side of the Triangle, ABC. A' 

Draw DF&DG, perpendicular to the Sides, AC& BC. 

*^feM. Now, AF IS equal to AE - - - - C. 2. i6, 3% 
and, the Angle EAD is equal to DAF. - - - Con, 
Wherefore, in the Triangles AED, AFD, the two 
Sides AE, AD, are refpe£tively equal to the two Sides 
AF, AD J and they contain equal Angles. 
Therefore DE is equal to DF. - - - - - 8. I 

After the fame manner, DG may he proved equal to 
DE, and alfo to DF, 

WhercfQr€, the three Lines DE, DF, and DG, being 
perpendicular to the three Sides of the Triangle, and 
being proved equal among themfelves, the Circle, EFG, 
Vrill pafs through the three point E, F, and G; and, 
^onfequently, will touch every Side of ihe Triangle ABC, 
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PROPOSITION V. 

To circutnfcribe a given Triangle with a Circl 
or, to d^fcribe a Circle about a given Triang^l 

ABC is the Triangle given. 

Bifeft any two Sides of the Triang/c 
AB and BC, in E and F. 

Draw ED and FD, perpendicular t 
AB and BC, cuting each other in D 
the Center of the circumfcribing Circle. 

If the Triangle has a Right Angle, 
Hypothenufe bifecSed gives the Center. 

If an Angle be obtufe, the Center o 
a circumfcribing Circle falls without th 
Triangle ; the Operation is the fame i 
both, (fee Fig. 2.) 

Join the Points AD, BD and CD. 



Dem. Bccaufe the Side AB Is befefted in E, and DE 
perpend, to AB, the Sides AE,ED, of the Triangle AE 
areeq«al,refpedlively, to BE, ED. of the Triangle 
and the Angle AED is equal to BED. - - Def. i 
wherefore, AD is equal to BD - - , • - g, 
for they fubtend equal Angles, in the Triangle ABD. 

In the fame manner may be proved, CDnAD,orB 
Confequently, D is the Center of the circumfcribi 
Qrcle, ABC. 
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PROPOSITION VI. 

To infcribe a Square in a given Circle ; and to defcribc 
^ Square about a Circle. ABCD and EFGH. 

Draw two Diameters, AC and BD, at Right Angles. 
Join the Extremes, A, B, C, D, and a 
Square is infpribed. 

2nd, Draw Tangents through the extreme 
Points of the Diameters, meeting in 
E,F,G, and H; or draw Lines, touching 
the Circle,; parallel to each Side of the 
infcribed Square, and £FGH is a Square 
circumf^ribing the Circle. 

piM. The Diameters ^C & BD bifefl each other, - 16.1 
therefore, AI, IC, IB, and ID, are equal j 
and they contain equal Angels, A1B=:BIC &c. - - Con. 
Wh.AB,BC,CD&AD, are all equal amongftthemfelves. 
And, the Angles ABC, BCD, &c being in a Semicircle, 
arc Right Angles. Therefore ABCD is a Square. 

^«dly. Becaufe EF touches the Circle, in the Point B, it is 

perpendicular to the Diameter BD. - - - 8. 3 

And, becaufe HG is perpend, to BD,HG is parallel to EFj 

For the fame reafon, £H is parallel to £G ; 

Therefore, EFGH is a Parallelogram. - - - Dcf. 33. 

But, AC is perpendicular to BD. (Con.) wherefore, EH 

Ss perpendicular to HG, and fo is EF tp FG and to EH 5 

confequently, EFGH is a Redlangle. - - - D^^f 34 

ButEF,FG,EH, and HG, are each equal to AC, equal BD. 

Th. EFGH is equilateral; conf. it is a Square - Def 35 

*^. B. The Square, EFGH, circumfcribing a Circle, is double the 
Square, ABCD, infcribed in the fame Circle. 
For the Triangle ABC = half the Redangle AEFB - - 17. i 
And ADC is equal to half the Rectangle AG ; 
confequently, the Square EFGH is double ABCD. 

F f PRO. 
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PROPOSITION VII 

To infcribe a Circle in a Square j and to circumfcri 
i: c. to defcribe a Circle about a Square. 

c 

Let ABCD be a given Square 

Draw the Diameters AC & BD cuting 
each other in E. ; 

From the Center E, drzw EF perp. to ABl 
With the Radius EF, on the Cent^f E, 
defcribe a Circle, which will touch every 
Side of the Square ABCD. 

Draw EG perpend to BC ; produce GE to I, and FE toR. 

p£M. Now, becaufe ABCD is a Parallelogram, the Diago- 
nals AC & BD bifeft each other, in E ; - - - i^. i 
And becaufe AB, BC, are refpeflively equal to AB, AD, 
and contain equal Angles ; ACz:BD - - - - 8. 1 
confequently their halves are equal. - - - Ax. i. 

Then, fincTe AE, EB, and EC are equal, the Triang 
AEB, BEC are Ifofceles ; wh. AB and BC are bifefled b 
the Perpendiculars EF & EG, conf. FB = BG. - C.4.9. 

But, ABC is a Right Angle, and AB=:BC. - Dcf; 3 
and fince AC is bifefted in E, EB is perpendicular to A 
Wh.AEBbeingaRightAngleABE,EAB, are half Righ 
confequently, BE bifevSls the Right Angle ABC. 

Now Cnce in the Triangles EFB, BGE, the Side 
FB, BE, are refpefli vely equal to GB, BE ; and the Ang 
FBEzrEBG, the remaining Side EF~EG. 

After the fame manner EH and EI may be proved equ. 
to EF and FG; conf. the Circle FGH touches every Si 
of the Square. 








2ndJ 
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2ndly. Having draum theDiameters of the Square AC& BD; 
with the Radius £A or EB, dcfcribe the Circle^ ABCD. 

This needs no further Dcmonftration. 
For, fince the Diagonals of a Square are equal, and 
mutually bifedt each other^ (16. i.) the halves £A, EB, 
3EC, and ED are alfo equal ; wherefore, atircle, ABC, will 
pafs through every Angle of the Square. 

N; B. A Circle (FGHI) infcribed iA a Square, is equal to hdf a 
Circle (ABCD) circumfcribing that Square. 

, For, the Square of AC= AB a +BC a ; confequcntly^ AC a 
is doable BC, equal FH, a . 

But the Areas oif Circles are, to each other, as the Squares 
of their Diameters, - - - - - - - - - C. 1.14. 6« 

therefore, the Circle ABCD is double FGHD. 



P R P O S i 1 1 O N VIIl. 

To make an Ifofceles Triangle, having its Angles, 
at the Bafe, each double the Angle at the Vertex. 

Let AB be any given Right Line for 
one of the equal Sides. 
Divide AB in extreme and mean Pio- 
portion, in C (Prob. 35.) 
With the.Radius AB, on B, defcribe aa 
Arlc, AD. - 
Make AD equal to CB, and dravjr BD. 

« 

\ fay ; in the Triangle ABD, the Angles A and D, at 
the itafe, are each double the Angle B, at the Vertex; 

Join C D, and defcribe a Circle through B, C, 
and P, (Prob. 40.) or, by the 5th of this. 

Ff2 Dem. 
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Dem. JSecaufe the Redangle BACziBCn -- - ii«i 
And ADizBC (Con.) theReaangle BACrrADo; 
Wherefore, AD, touches the Circle BDE, at D - i6. 

(For A is a Point without, that Circl 
from which, two ifeight Lines arc draw 
one (AB) cuting, the other, (AD) toucK 
the Circle ; ) 

Therefore, the Angle ABDzrADC- 13^ 
( For, CD cuts the Circle BD£^ in t 
Point of conta<El, D.) 
^i the Angle ACD =ABD+CDB, i.e.=ADC+CD 
And, the Angle BAD=ADB (9.1) for AB=Bt). - Co 
confcquenUy, BAD=ACD j wh. CDziAD - C.3.9. 
But, AD=CB (Con.) wherefore, CD = CB; - Ax.3. 
confequently, the Angle CDBzzCBD - - Th.9. 
But, the Angle ADCzzCBD ; (proved, above) 
wherefore, ADC is equal to CDB. . - - Ax. 3. 
and ^erefore, ADB, BAD are each double ABD« 

The Conftrudlion of this particular fpecics of Triangl«y 
in refpedb of itfclf, is of little or no ufe ; or, I (hould have 
given it a place, amongft the otherTroblemSj in Pra£tia/ 
Geometry. But, the infcribing a regular Pentagon in a 
Circle, according to Euclid, in the next Propofition, depends 
on it entirely ; but, which may, for real ufe, in pradlicc, be 
more readily conilruded, Neverthelefs, for the manner and 
elegance of i(s Demonftration, I did not think proper to 
omit it. 



3 

e 




P RC 



- ^ 



Book IV. ELEMENTS OF GEOMETRY, lit 




PROPOSITION IX. 

infcribe a regular Pentagon in a Circle* 

B C IS the given Circle. 

Infcribc an Ifofceles Triangle, ABC, 
^liofe Angles BAC, ACB are, each, 
double the Angle ABC - - Prop, i 
^ifca each of the Angles BAC, ACB 
^y the Right Lines AD and CE, cuting 
^e Circumference in D and E. 
Join the Points, A & E &c. by the Right 
l-incs AE, EB, 6D, and DC. . 
A.EBDG is a regular Pentagon. 

^Ki. Now, becaufe each Angle, BAC, ACB> is double 
the Angle ABC ; (Con.) and thofe Angles are bifeded, the 
Angles, ABC, ACE, ECB, BAD, and DAC, are equal to 
^ne another. 

But equal Angles ftand on equal Arks, - - C. 2. 9. 3 

imd, equal Arks have equal Chords or Subtenfes, - 2. 3. 3 

- wherefore, the RightLines AC, AE, EB,&c. are all equal; 

and confequently, the Pentagon, AEBDC, is equilateral. 

I fay, it is alfo equiangular. 

For, becaufe the Arks AE, EB, &c. are all equal, the 
Angles ACE, ECB, &c. are equal. 
ivh.theAngleEBA+ABC+CBD=:EAB+BAD+DAC. 
confequentIytheAngleEBD=::EAC ;and fo,of all the reft. 
Or, becaufe each Angle of the Pentagon, AEBy 
EBD, &c. ftands on equal Arks, ACDB, FACD, &Ci 
(for each is triple the Ark, AC.) 
Therefore, the Pentagon AEBDC is equiangular, 

2 PRO- 
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PROPOSITION X. 

To defcribe a regular Pentagon about a Circle. 

Let ABCDE be the angular Points o 
a Pentagon, infcribed in a Circle, thfoug-A 
which drawtheTangents FG, GH,HI,&c. 
cuting each other, in F, G, H, I, and Ky 
i. e. having, made the Arks AB, BC, &c. 
ej^ual, (viz. each equal 72 Degrees) through 
the Points A,B, C, &c. draw the Tangents, 
as before. 

The Pentagon FGHIK is equilateral and equiangular. 
Let L be the Center of the Circle j draw AL, BL^&c* 
alfo draw FL, GL,&c. 

t)EM. AL, BL,&c. are perpendicular to FG,GH,&c. -8 J 

and. they are all equal between themfelves Ax. 1.3 

The Angle ALB is equal toBLC, by Conftruftion. 
AG is equal to GB, and BH equal to HC - - C. 2. 16.3 
wh. the Triangles ALG, GLB, BLH, &c. are equilateral 
and equiangular to each other ; for GBi::BH, &c. - 1 i.i 
AFizAG, and CIzzCH, (fame) conf. FGizGH, - Ax. r 
After the fame manner, FK and IK, may be proved equak 
taetwecn themfelves, and alfo to FG, &c ; 
therefore, FGHIK is equilateral. 

And, fince the Triangles ALG, GLB, &c. are equi- 
angular, the Pentagon is alfo equiangular. 
For, the Angles AGL,LGB, alfo BHL andLHC are equal 
amongft themfelves ; confequently, FGHziGHI. 

After the fame manner, the Angles, 1 and K, may alfd 
be proved^qual betwen themfelves, and alfo toF,G,& H. 
Th. FGHIK is a regular Pentagon, circumfcribing aCirclc. 

Note. If the.Circumfercnce of a Circle be divided in five equal PartSy 
and the Points joined by Right Lines ; then if Tangents to the 
Circle be drawn, parallel to every Chord> a regular Pentagon 
. will be circumfcribed. 
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PROPOSITION XI. 

To infcribe a Circle in a regular Pentagon ; and^ 
to defcribe a Circle about a Pentagon^ 

S IkQ any two Sides, AB^ and BC, of 
the PenUgon ABCD, by the Pcrpcnr 
diculars EF and FG, interfering in F ; 
on v^hich, with the Radius EF or FG, 

^If^fcribe a Circle ; which, will touc^ 

€very Si(Je of the Pentagon. 

2nd. With the Radius AF or FB (the Point F bemg found 
2* before, qr by bifeaing two Angles, ABC and BCD) 
defcribe a Circle, which will paft through every Ar\glc 
^» the Pentagon. 

^^^- Becaufe ABzrBC, EBrzBG. Draw AF, FB, &c. 
'^*^«n,in theTrianglesEBF,FBGjFBDn:FEa+EBo.. 

^'^^> FBDnFGa + BGD; 20.1. 

^nfequently,FEa + EBa = FGn + BGD. -Ax.3.1 
-^^t^ EBzzBG^ (Ax. I. I.) wherefore, EBnzzBG a ; 
^^'^rcquenily, EF qzz FG g ; and, therefore EFzz FB. 

1*1 the fame manner, FH may be proved equal to FG; 

^Sj therefore, the Center of a Circle infcribed. 

^"^ • becaufe AB is bifeaed, inE, AE =EB, & AE D ziEB a 

^^cJEFci,to'both; andAEn + EFnirEBn + EFa. 
^^, EF is perpendicular to AB, by Conftruaion; 



fequently, AEF, FEB are Right Angles. - Def. 10 
^*>, AFnnFBn; andFBn= EBn + EFn. 

nfequently, AFD — FBQ; and therefore, AFziFB. 

^n the fame manner, FC, FD, i'C may be proved equal 
AF and FB. 

-Xifequently, F is the Center of a circumfcribing Circle. 

PRO- 
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PROPOSITION XII. 

Xo infcribe a regular Hexagon in a given Circle. 

In the given Circle/ A G F, draw a Diameter, AB« 

With the Radius of the Circle, AC, ot^ 
the Centers A and B, defcribe two Arks 
PCE, FCG, cutixig the Circumference i 
3 the Points D and E, F and G. 
Or, having drawn the Ark DCE, onl 
cuting the Circle in D and E, draw DC 
EC. and produce them to F and G» 

Join the Points A and D, AE, EF, &c. by RightLine 
^hich compleats the Hexagon, ADGBFE. QiE. F. 

I f^y, it is both equilateral and equUngular. 

Dem. Becaufe C is the Center of the Circle AGF, the Lin 
DC, AC, and CE are equal ; and, becaufe A is the Cent:«j 
of the Circle DCE, AD, AC and AE, are equal j 
wherefore, ADC & ACE, are equal & equilateralTriangl ^5. 
But, the Angles of an equilateral Triangle are, ea^rh, 
equal to one third Part of two Right Angles. - C. lO . r 
(becaufe, the Angles which are oppofite to equal Sides 2re 
equal ; and the three Angles of every Triangle arc, to- 
gether, equal to two Right Angles. - - 9 and lO • i) 
confequently, DCA+ACEzi two thirds of twoR. Angl«. 
Now, becaufe the Right Line EC falls on the R. L-inc 
DF, the Angle ECF+ECD= two Right Angles - !• i 
and, becaufe DCA+ACE (eq. DCE)=two thirds of two 
Right Angles; ECF is equal one third part of two R- H^^ 
Angles; i. e. equal to ACE, equal ACD. 



Il 
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Again ; becaufe the Right Lines AB, DF, & EG cut 
one another, in the Point C, the Angles DCG, GCB, & 
BCFafc, rcfpeftivcly, equal toECF, ACE,and ACD-2.1 
Wh, thofe iix Angles are all equal amongft themfelves; 
conf. they (land on equal Arks; and conf. on equal Chords. 
Therefore, the Sides, AD, DG, GB, &:c. of the Hexagon, 
are equal to one another. 

and. Becaufe the Triangles, ADC, CDG,&c. are equilateral,. 
9nd confequently equiangular, - - - - C 2. 9. i. 
the Angle ADC + CDGiz DGC + CGB, - - Ax. 3. 
i. c. the Angle ADG = DGB ; and fo of all the reft. 
I Therefore, the Hexagon A D G B F E, infcribed in a 
Circle, is equiangular j and alfo equilateral. 

''^*. The Side of a regular Hexagon, infcribed in a Circlcf 

• 

iseqi^al to the Radtus, or Semtdiameter of the Circle. 
For, theTriangles, ADC,&c, are proved to be equilateral. 

Hence, aDuodecagon may be infcribed in a Circle, bj 
"ifefting each Ark on the Side of a Hexagon infcribed. 
'• e. Th^^adius of the Circle being applied fix times in 
^he Circumfereocp, each Ark bifcfted gives the Sides of 
* iDecagon. 

N. B. Any Poligon may be circumfcribed about a Circle, 
Having firft infcribed one (of the Spedet required) by drawing 
I'angents, through every Angle, or parallel to every Side, 
"Qf the infcribed Figure. 

In Prob. 52, Pra£tical Geometry, is giveii a general 
Method for infcribing Poligons of every Denomination in 
Clircles ; of which Method, there is no Demonftration 
Extant, haying ^onfulted fome able Mathematicians con- 
cerning it. 

(G £ I fhall 
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I iballyhere, give another general method, which admits 
of Demonftration (granting an Ark of a Circle tQ be 
divided intoany number of equa} Parts) whicbisasfollo\vs. 

Let DFC be a given Circle, in which it is requirecl 
to defcribe a regular Pentagon. 

Draw A B, at pleafure, touching t)^. 
Circle DFC in any Point, C ; on whic^'' 
Center, draw a Semicircle AHB, with ani 
Radius at difcretion. 

Divide the Semi-circumfercnqc into Rye 
equal Parts, i'. e. make the Arks A ij i 2, 
' 2 3, &c. each equal 36 Degrees. 
Draw C I, C 2, and produce them till tbcy 
cut the Circumference, in D, E, F, and Gt 

Join P£, £F and FG^ and it is clone. 

* ' » 

Dem. Becaufe the Angs DCE, ECF, &FCG are equal - Con. 
the Arks, and conf. the Chords DE,EF,&FG, arc equal, 
Alfp, the Angle ACD (eq. DCE by Con.)=:DEC. - 13.3 
wh. the Triangle CDE is Ifolceles ; and CDziDE. -q,i 
After the fame manner CG may be proved equal toFG. 
confequently DC, DE, EF, FG, and GC are all equal. 
Therefore, the Pentagon D E F G C is equilateral ; 
and, being infcribed in a Circle, it is neceiTarily equiangular, 
each Angle, CDE, DEF, &c. ftanding on equal Parts oj 
thf Circumference, CGFe=DCGF. 

This method of infcribing Poligons is not in Euclid, nor 
in any Author I am acquainted with. It h neither fo opei^ie 
in the Conflrudlion, and is more briefly demonrtrated. 

Euclids method (for aPentagon) of infcribing aTriangle fimilar 
to*another,' (which muft ftrft be formed) whofe Angles at the Bafc 
arc double of the Vertex, is very ingenious and perfeftly Geo- 
metrical ; but it is liable to great error in the Conftrudtion ; 
infomuch, that it is extrem,cly diiRcnlt to do it, with accuracy, 
tod tedious in the 0|)eration ; whereas, this is both more 
fexpeditious and more to be depended on. * 

1. Afte; 
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After the fame manner, a Heptagon, or 
My Poligon whatever, may be readily 
confiru&d, as follows. ^/ 

Draw AB, at pleafure, touching a \\ ^^"^ 
Circle in C ; on which Center defcribe ra^ \ 
' Semicircle, cutlng the Tangent in 
A and B. 

Divide the Ark of the Semicircle into as many equal 
Puts, as thePoligon, required, has Sides, viz. Seven (for a 
ncptagon) and, through every Dlviflon. draw Ci, C2,&[C. 

cuting the given Circle In D, E, F, &c ; which will 
ivide the Circumference rnio fevcn equal Parts, in thofe 

'^olnQ; and, being joined by Right Lines, compleats the 

HepUgonCDEFGHL 

The Demonftration is the fame as in the preceding Propo- 
fitioo. But, it may be further obferved, thai, becaufe the equal 
Angles A C D, D C E, E C F. Src. are at the Center of the 
iCifcIe AKE, and at the Circumference of the Circle EHC; 
i*od, becaufe ihe Angle at the Center of a Circle, on aiiy Ark, 
" equal to an Angle at the Circumference, on twice that 
*"t (C.I. 5. 3,) therefore, the Semi -circumference, of one and 
•^ivhole Circumference, of the other, are divided into the fame 
"nber of equal Parts, by the Right Lines, CD, CE, ice, 
I *f AC be taken equal to the Radius of the given Circle, it 
I Ounifeft. 

'* may be alledged, that the whole Circumference may ai 

^^'•y be divided into any number of equal Parts, as a Semi- 

'^lunfcrence, 'Tis true it may, but that admits of no other 

^ ^^oollration, the Sides being all equal by Conftruftion ; and 

■■•ti no wife geometrical. 

fcvia account of the fingularlty of this method. Having never 
1 any other work, and becaufe I lind it ufcful in 
^fpeaive, in fomc Cafes, I thought proper to infeit it. 

Gg 2 The 
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The Side of any PoJigon infcribed in a Circle of ar 
Hadius is readily obtained, by making an Angle at tl 
Center, of the number of Degrees, whicli is the Produd 
atifing from the Divifton of 360 by the Denomination 
thcPoligon. e.g. 3^)0 divided by 5 (Tor a PenUgc 
gives 72; for a Hexagon, 60; for an Oflagon, 45 ; 
aNoaagon, 40J for a Decagon, 36. A Heptagon di 
not divide the Number of Degrees exactly; but is near 
51I, or more nearly, 51,43. 

Wherefore, having (by means of a Protraaor, or Lii 
of Chords) made am Angle, ACB, at the Center of 
Circle, equal 40 Degrees j the Chord AB, of the Ark 
ftande on, is the Side of a Nonagon infcribed in ifc 
Circle FKG j i. e. AB is one ninth Part of tl 
whole Circumference. 

For, let the Angle ACB beconfiructe 
or meafuted. on any Ark whatever, as a1 
either of a greater or lefs Radius, the p( 
AB, of the Ciicle AKB, will be the (t 
for AB and ab ate each one ninth 
N. their refpeflive Circumferences. 

Hence may be deduced, an univerfal method for G 
ftrufling Poiigons of any number of Sides, on a ^ 
Righi Line, viz. by finding, what Angle the Side aP 
Eoligon, fubtends at the Center, as above j which 
Nonagon is 40 Deg. Subtrail 40, from 180, two 1 
Angles; the remainder is 140, half of which is 70. 

Conllruci an Ifofcelcs Triangle, ACB, on die g 
Line AB, whofc Angles, at the Bafe, A and B, are 
of 70 Degrees; the Angle at the Vertex, C, will be,< 

C is the Center of a Circle which will circumfcrl 
Nonagon, the meafure of whofe Sides is AB, 
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With the Radius CA or CB defcribe a Circle, AKB, 
itwiil contaia AB nine times, applied to the Circum« 
ference. For, if the Angle A C B, of 40 Degrees, be 
repeated 9 times, as in the Figure ; it will include all 
the fpace of the Circle, equal four Right Angles ; and 
each Angle will be fubtended by a Side of the Poligon ; 
which is evident from the Figure. 

The three Angles of every Triangle are, together, equal to 
tvo Right Angles, i. e. equal to 180 Degrees. (io» i.) And, 
face the Angle C, at the Center of the Triangle ACB, is 
equal to 40 Degrees, confequently, the two remaining Angles, 
CAfi, CBA, at theBafe, being equal (9. i.) they are, each, 
equal to half the difierence between the Angle ACB, and two 
^ght Angles ; i. e. of 70 Degrees, each, as by ConilrudHon. 

Otherwife. The external Angle of every regular Polygon . 
'9 equal to ab Angle at the Center, fubtended by a Side. 

For, all the external Angles of every Right-lined Figure are 

^^al to four Right Angles (Th. 2, 10. i.) and fo are all the 

•^ligles about the Center of a Circle. - - - - C. 2. 2.1 

Wherefore, an ordinate or regular Poligon, having all its 

^^temal Angles eqnal, will, likewife, have all its external Angles 

*^Ual ; and, being equal in number to the Angles at the Center, 

*^btended by the Sides, each external Angle is, confequently, 

^^uzl to an Angle at the Center, fubtended by a Side, e. g. 

If the Poligon has eight Sides (an 0£lagon) the external 
^Angle is the 8th part of 360, i.e. 45 Degrees; if a Nonagon, 
*t is 40 Degrees ; if a Decagon 36 ; each being equal to the 
Angle at the Center, fubtended by a Side. Hence. 

Let, AB be a Side given for a Nonagon; let it be pro- 
duced both ways, towards D and £. 
At the extremes, A and B, make the Angles DAF, EBG^ 
each equal 40 Deg. and make AF and BG each equal AB. 

Bifea 
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Bifca AF and BG, in H and I, and draw HC and IC per.^ , 

pendicular to AF and BG, interfecting in C ; which, *^ ^ 
ihc Center of a circumfcribing Circle, as before. 

It is evident, (hat the external Angle DAF {equal £BG} 3, 
equal to ihe Angle ACB at the Center. 

For, ACB, BCG, and ACF, are congruous Ifofcelcs Trlangl^-s. 
ivhofe .Angles at the Bafe, AB and BG, are 70 Degrees eat l,'; 
two, of which, form an internal Angle of the Nonagc^n; 
asABC + CBG = ABG; and, the e^iternal Angle, EBG» jj 
the Compliment of two RighiAngles; eonfcquently, it ise^uil 
to the remaining Angle ACB, of the Triangle ACB, or BCG. 

Hence it is alfo evident; that, if any Right Line, as DE, 
cuts 3 Circle, and if from either Point, Aor B, of theparl^B, 
within ihe Circle, another Chord, AF or BG, be drawn, 
equal AB ; the eKternal Angle, DAF or EBG, made by that 
Chord and the Line DE, is equal to the Angle at the Center of 
the Circle, fubtcnded by the Chord, AF or BG (equal AB). 

From what I have advanced, is deduced the Tabfc, afte^^ 
Prob. 47, Praflical Geometry, for conftrudling Poligon3^_f-_ ' 
by clividing the Ark of a Quadrant, or Right Angle, inloa^^'' 
many equal parts as the PoIIgon has Sides. 

For, the Ark of a Right Angle being divided into fivecquaf -^^ 
parts, c-ich will be 1 3 Deg. wherefore, the Angle of a Pentagon*"-*"* 
being fix of [hafe parts, or one added to a Right Angle^ ^=-* 
i.e. 18+90=108; which being fubtraSed from two Right* -«^ 
Angles, or 180 Degrees, the DiiFerence is 71, equal foD« ■'^ 
times tS ; which is the Compliment of two Right Anglesj ^ 
confeqiiently, the external Angle of a Pentagon is equal tt 
Angle at the Center, fubtcnded by a Side, 

Fora Nonagon, the Ark cf a Right Angle is divided into c 
equal parts, each equal 10 Degrees. 

Now, the external Angle being 40 Degrees, equal to Ui^ 
Angle at the Center, the Angle of the Nonagon is jo-j-goo- 
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fi^e ninth parts added to a Right Angle; for, an internal and 
extPrn:U Angle are, together, equal to two Right Angles - i. i 
Therefore a Right Angle is to the Angle of a Nonagon as 
9 to i4y difference 5, as in the Table* 

The reafon of all this is fo very obvious, it is almoft needlefs 
to (flty more about it ; feeing it is manifeft, that all the external 
Angles of any Right-lined Figure, yrhatcver, are, together, 
equal to all the Angles about a Point, fubtended by the Sides, 
i. e. equal to four Right Angles. And, all the internal Angles 
of any Right-lined Figure are equal to twice as many Right 
Angles as the Figure has Sides, wanting four, (Th. i. 10. i.) 
confequently, the external Angles being equal to thofe four 
(Th. 2. of the fame) are equal to all the Angles at the Center ; 
ttd, being equal, in number, they are equal in quantity. 

Hence, the Angle of any regular Poligon, whatever, 
tnay Jje readily obtained. 

For, in a Pentagon, all the internal Angles, together, are 
*^^ to fix Right Angles ; confequently, each Angle is 6 fifths 
^f^ Right Angle, i. e. it is equal to one Right Angle and one 
nfth part of a Rigljt Angle ; fteing, there are five Angles in the 
**^giire, and they are, altogether, equal to fix Right Angles. 

. The Angles of a Hexagon are, altogether, equal to eight Right 
•^^gles ; (ionfequently, eac^ Angle is equal to eight fixths of 
? Right Angle, or^four thirds ; i. e. equal to one Right Angle . 
*^d one third part of a Right Angle, 

. A Heptagon has all its Ai^gles, together, equal to ten Right 
Atigles ; wherefore, each Angle is equal to ten fevenths of a 
■^ight Apgle, i. e. equal to a Right Angle and three feyenth 
?Vls of a Right Angle. 

. All the Angles of an 0£lagon being equal to ti^elve Right 
^iigles, it is evident that each Angle is equal to one Right 
A^gle and a half; i. e. to 12 eights, i. e. to fi^ fourths, or 
^U*ee (econds, i. e. one and a half. 

4 To 
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To particularize more woulii be onneceflary ; as it i« ep^'- 
from what I have fi^d, to calculate the quantity of theAa^*^ 
of any Poligon whatever, by die Proportion it bears to a Ri^^' 
Angle, or ,to two Right Angles; which muft ever be to^ 
than the Angl? of any Polygon whatever. 

For Poligona which have an even number of Sides, it 
be obferved, that the divi£ion of a Right Angle, may be ri 
duced to a lower Denomination; as for a Duodecagon, 
inflance ; all its A^les, together, being equal ta c^q twelfth, s 
. L e^ lo fixths,. or 5 third parts, i. e. to one Right Angle 
two thirds ; the Right Angle need be divided into three eqi 
Parts, only, inftead of twelve, a 

Whereas, thofe which have an odd number of ^ides. caa 
be reduced lower; but, in fqrniing them, a Right Angle 
necelTarily be divided into as many parts as the Figure has Sid 

The method of infcriSing aQuindecagon in a* Circle, ^ 
cording to Euclid, is a matter of mere curiofity ; firft, 
infcribe an equilateral Triangle, ajod afterward a Pentag 
in the fame Cifcle, in order to get a fiftee^nth part of rlii 
Circumference; which, notwithftanding it admitiii of ptr/c^ 
Pemonftration, is liable to great error in Practice. 



PROPOSITION XIII. 

To find the Side of aQuindecagon infcribed in aCircr" -^ 

« 

Let ABC be a given Circle, in which it is requirod 
infcribe a Quindecagon. 

Draw, DG, at pleafure, touching the Circle ABC in 
With any Radius, AD, on A, the Point of con taft, dcfcrib^** 
a Seme-ciccle, DEFG. 

Infcribe the equilateral Triangle ABC ; by making th^ 
Arks DE^ EF and FG, each equal to the Radius AD, anc/ 
drawingAE,AF toB and C, and joining thePointsBandC. 

Dem. 
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Drm. For, the Arks, DE, EF, & FG, are 

equal by Gonftrudion ; wherefore, the 

Angles DAE, E AF, and pAG, are equal. C^ 

£ut, the Angle BCA is equal to BAD, 

i.e.EAD;and,CBAi3eq.toCAG -iJ^S. 

<:onr. BCA, CBA, BAC, being equal, 

lefpcaively, to DAE, EAF, and FAG; 

the Triangle ABC is equiangular ; and 

therefore it is equilateral - - C.3.9. i. 

Now, if the Ark of the Semicircle, DEFG, be divided 
into five equal parts, for infcribing a Pentagon, as, before 
into three (in E and F) and, if Ai, A2 be drawn, cuting 
the Circumference, at H and I ; AH and H I are Sides of 
a Pentagon, infer! bed. 

In refped): of the Operation, I leave it to the di- 
fcretion of the Praditioner, to take what method he 
moil approves. 

Granting AB to be the Side of an equilateral Triangle^ 
and AH, HI, to be the Sides of a Pentagon infcribed; 
BI is the Side of a Quindecagon, or Poligon of 15 Sides. 

For, becaufe AB is the Side of an equilateral Triangle, 
the Ark AHB is one third part of the whole Circumference. 

Alfo, AH and HI being Sides of a Pentagon, the 
Arks AH and HBI, are each equal to one fifth part of 
the Circumference, i. e. the Ark AH I is equal to two 

fifths, equal fix fifteenth parts; for HI, one fifth, isequal 

> 

to three fifteenths. 

Now, fince AHB is one third part of the Circumference, 
It contains five fifteenths ; for three times five is fifteen. 

Wherefore, BI isequal to one fifteenth part, and is, 
therefore, the Side of a Quindecagon, infcribed in the 
Circle ABC. 

H h E L E- 
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B O O K V. 

OF PROPORTION. 

TH £ fifth Book of the Elements of Euclid contains the 
fublime DoArine of Proportion ; which is, psrhaps, 
the moft.fubtle manner of reafoning, the moft brief, folid 
and convincing, that the Art of Man could devife. It is 
eflentially necefTary in demonftrating all the Propofitions of 
the fixth Book, which alone is fufficient to recommend it. 
But, where we confider its general and extenfive ufe, 
throughout the Mathematics, it is impoffible to be difpenfed 
with. The Doftrine it contains is not only ufeful in, but, 
it is the Criterion of almoft every mathematical Science ; 
infomuch, that, without the knowledge it teaches^ we ibould 
not be able to advance one ftep further. 

I muft ever be of opinion that the readieft and eafieft way 
of acquiring knowledge, is the beft. The Dodtrine of 
Proportion is, in fome meafure, born with us^ it is a portion 
of Reafon, implanted in us by Nature; which does noi 
require a formal Demonffratlon, fo much as barely to be 
illuflrated, by fome familiar Examples; and which, indeed 
may pafs for Axioms, for moft of them are really fuch. 

4 In 
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In expreffing and comparing Quantities, of any Species, 

it has been found neceflary to make ufe of certain Symbols 

or figures. Which Symbols, Marks or Chara^ers, arc 

entirely arbitrary, and might as well have been applied to 

fignify the Qualities of Things, as Quantity. But, having 

been accuftomed, from our infancy, to exprefs our Ideas of 

Proportion by Numbers ; we no fooner become acquainted 

^itb Numbers and the CharaSers applied to them, but 

^c find it almoft inipoffible, in our ideas of Magnitude, 

^r Quantity of any kind, to compare or eftimate their Ratio, 

^bfirafled from Numbers. In rctptSt of Magnitude, as to 

^olid Extenfion, or Body ; we fay, when compared, it is 

^^ice, thrice, or four times as big as another j fo likcwife 

^^ Extenfion, as to length, fimply, we exprefs it by one, two, 

^f three Yards, Chains, or Miles, &c ; and fo of any other 

^yantity whatever. 

Ilencc, the mode of expreffing Quantity, by Numbers, 
'^ the moft natural, fimple, and eafy; and therefore, it is no 
bonder, when we find it exprefled by other Charaders, or 
^y Lines, as it is done by Euclid and all his Commentators, 
^^ the fifth Book, that it appears, at firft, to thofe who have 
'^ot confidered it, quite foreign to the purpofe ; but, in reality, 
^He difference between Lines and Numbers, in expreffing 
^^^antity, confifts, only, in being more familiarized to one 
'^han the other. 

Therefore, fince Lines, Charaders, and Numbers, are 
Only different modes of expreffing Quantity, I mufl needs 
think that the befl, which is the mod natural and 
eafy to conceive; befides it is much more convincing; 
for, unlefs Lines are divided into the fame equal Parts, 
whereby we may form a judgment by how much one 
Magnitude, or Quantity of any kind, exceeds another, 
we have no Idea of their Proportion ; otherwife^ thaQ 

Hh 2 that 
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that one does exceed or is more than the other ; whereas. 
Numbers ascertains the Ratio, whether it \ic equal qr 
unequal. 

If Charaders (as A, B, C,&c.) are made ufe of, they only 
denote Quantity, fimply, but in what Ratio, or Proportion, is 
beft exprefled by Numbers ; algebraic Charadlers are not (b 
expreflive to thofe who are not well verfed in them ; they 
do not convey an Idea adequate to that given by Numbers, 
neither do they afcertain the Ratio: and, if Lines are divided 
into equal Parts, to exprefs the Ratio, it is the fame as 
Numbers ; becaufe, we only know the Proportion by num- 
bering the Parts. 

It is eafily known that there is Analogy, or firoilarity of 
Proportion, when, in four Quantities, the firft (i. e. anyone) 
contains the fecond (any other) or is contained, the fame 
number of times, as a third contains the fourth, or is con- 
tained by it ; whether it can be exprefled in whole numbers, 
as once, twice, thrice, &c; or once, twice and a half^ a third, 
a fourth, or any other fraflional number whatever. 

E. g. 6 has the fame Proportion to 24 as 4 has to t6, or 
3 to 12, each being contained four times in the other; iheir 
Ratio is, therefore, as i to 4. 9 has the fame Proportion 
to 24 as 6 to 16; for each is contained in the other, twice 
and two thirds ; the Ratio is as 3 to 8. So likewife, 27 i 
to 9 as 21 to 7, or 12 to 4; for, each contains the othe 
thrice J therefore, ijie Ratio is as 3 to i. 18 is to 12 a 
12 is to 3, for they are, each, as 3 to 2. Thus may tb^ 
Ratios of any commenfurable Quantities, whatever, be ex — 
prefTcd by Numbers; and, indeed, fuch as are incommen — 
furable, by approximation, are continually approaching nearer s= 
to the truth, till the deficiency, is lefs than any aiSgnabl^ 
Quantity whatever. 

Supports 
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Suppofe any four Terms or Characters, A, B, C, D, to 
reprefent four Quantities, that are analogous in their Ratio, 
two, and two ; i.e. when A (any one) has the fame Pro- 
portion to B (any other) as C, a third, has to D, the fourth ; 
which is thus written, A : B : : C : D and is read thus ; 
as A is to B, fo is C to D. The four Points, dividing the 
iwo Pairs, denotes an equal Ratio between them. 

The whole bufinefs, of this fifth Book, is to fhew, what 
various ways they may be changed, and fo ordered amongft 
themfelves, that the Proportion arifmg, on both fide?, may 
fill] be equal or analogous; which, will admit of great 
yariety ; feing, the Ratios of feveral Quantities, that are 
analogous, may be exprefled by the fame Numbers ; as, 2 to 5 
cxprcfles, equally, the Ratio of 6 to 15, of 8 to 20, and of 
?4 to 35; each being contained in the other, refpedlively, 
twice and one half. 

Therefore, cither by Alternation, Inverfion, Compofition, 
^ivifion, converting, or mixing the Terms, the Ratio of 
^^^cfe, may, in each change, be exprefled by the fame Num- 
bers; & confequently, there is always equality of Proportion, 
^or indeed, is it poflible it fliould be otherwife, if the Terms, 
?^ both fides, be ordered & changed after the fame manner. 

therefore, I am and ever was of opinion, nocwithftand- 

''^g what the learned Dr. Barrow, in his mathematical 

*^C(5lures, and Dr. Keil, in his Preface, fays to the contrary, 

-^nd the high encomiums which Cunn, in his Preface, be- 

**0Ws on Euclid's Demonftrations of the fifth Book; that, 

^ *s involving a thing, in itfelf not very intricate, if not in 

- ^*"lcnefs and obfcuricy, at leaft in perplexity ; feeing that, 

^}fy or more than half, of the Propofitions may be difpenfed 

:- *th, or pafs for Axioms; the remainder being fuflicient, 

^'^ Wards ataining a full Demonftration of the whole. 

D E F L 
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DEFINITIONS. 

Def. I. QU A N T I T Y is whatever may be mcafured 
or numbered, eftimated or compared, in refpect of more 
or lefs. 

As Magnitude or Body } Extenfion, or length fimply 3 
Weight, or Gravity, Meafure, Time, Motion, &c. 

N. B. One Surface may be equal, in area, to twice, thrice or 
four times the area of another Surface ; or a Line may have 
twice or thrice, &c. the length of another Line. Alio, if one 
Body moves, uniformly, through twice, thrice, or four times 
the Space, through which another Body moves, in equal Time* 
it will move with twice, thrice, or four times the velocity. 
All which, come under the Denomination of Quantity, and may 
be exprefTed or reprefented by various Symbols or Charaders; 
or by Right Lines, of twice, thrice or four times the length, 
one of another; or by Numbers; as 6 contains 3, 2, or if, 
twice, thrice, or four times. 

Quantities, being compared together, are of two kinds 
viz. commenfurable, and incommenfurable. 

Commenfurable Quantities are fuch as have a commo 
meafure ; that is, fuch Quantities as may be divided ^nt 
the fame equal Parts, or into Parts of the fame magnitude. 

Two Quantities are commenfurable, when fome dete 
minate Quantity may be found, which, being taken, 
multiplied, certain numbers of times, is equal to eith i .r, 
without deficiency or excefs, 

Incommenfurable Quantities are fuch as no other Quanti Qr 

can meafure; i. e, there cannot be found any determiners cc 
Quantity, how fmall foever, which, being multiplied, w^ ill 
be equal to each of the other; but that there will be a (^ ^'^ 
ficiency or excefs, in one or the other. 

V N. 
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m ^* B. Any two Quantities, whofe Proportion, to each other, 
r can be exprefled byNumbcrs, are commenfurable ; two Qyan- 

i tides, whofe Ratio is fuch as cinnot be expreiTed in Numbers, 

^e faid to beincommenfurable to each other. 

^f' II. An Aliquot, or equal Part, is that, when 
a lefs Quantity is contained any number of times, precifely, 

m 

^^ a greater j i. e. when a lefs Quantity, being taken or 
Multiplied any number of times, is equal to a greater. 

Thus; an Inch, or a Foot, is an Aliquot part of a Yard 
^i* Fathom; or an Ounce of a Pound, &c; 3 is an Aliquot 
P^rt of 9, 12, or 15, &«. 

-^^f- III. Multiple. That Quantity is called aMul- 
^•ple, in refpect of another Quantity, when it contains, 
^Xactly, or is equal to the other, being taken any number 
*^f times J then, the lefs is faid to meafure the greater. 

Thus; a Foot is a Multiple of an Inch, of two, three, 
'our or fix Inches, but it is an Aliquot part of a Yard, &c. 

A Yard is a Multiple of a Foot or of an Inch, &c. but 
* ^ is an Aliquot of a Fathom or Furlong, &c. 

^^f. IV. RATIO, or Proportion,* isamutual 
habitude or relation of Quantities, of the fame kind, in 
Refpect to more or lefs. 

Quantities are faid to have Ratio to one another, which, 
leing multiplied, can exceed each other. 



■—I ■ 



1^ ^ This Definition is reje^ed, by fome, as ungeometrical. 

*"^fcflbr Simfon fays, after a long quotation from Dr. Barrow*s 
^ ^^^ Leflure, ** that he fully believes, the 3rd and 8th Definitions 
^i^ ^e cth Book (the 4th and 6th of this) are not Euclids, but arc 
^ded by fome unlkilhil Editor." I muft freely own, that I am at 
> ^oft to conceive why it is they cavil at them 5 which, to me, fcem 

^^ proper and neceflTary. 
J lir. Barrow fays, that, " Euclid had, perhaps, no other defign 
^ ^ving this Definition (which he calls metaphyfical) than to 
-^^V^ a general, though agrofs and confufed, notion or idea of Ratio 

to 
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In order to which, it is neceflary that they be of thefar^^^ 
fpecies or kind, e. g. A Line (having no breath) cannc^t: 
by multiplying, be compared with, or be equal to the fmalleA 
furface. Alfo a Surface, (having no thicknefs) cannot, }^y 
multiplying, be equal to, or compared with a Solid. S^ 
neither can Weight be compared with Time, or Motion, &c^ * 
Wherefore, fuch Quantities as are not of the fame kind, ar 
heterogeneous, and can have no Ratio to one another. 

N. B. The Ratio of two Quantities is not exprelled by the de 
ficiency or excefs of the Antecedent to the Confeque&t;.^ 
although they may be compared by them, it is not their Ratio. — 

Ratio, is the Value of the Antecedent Term in refped a 
the Confcquent. (See the next Definition). 

Thus, If A is to B as 3 to 5 ; the Ratio is | or 3 fifths 0! 

the Confequent. But, if B be taken for the Antecedent, th^ e 

Ratio is greater, viz. as ^ to 3 ; i. e. J or 5 thirds, which i 
one, and two thirds of the Confequent ; whereas, in the formi 
Ratio, the Antecedent, is two fifths deficient of its Confequen 



to beginners" grant it; was it not neceflary, then, to give fu^c=:!i 
a general Idea? which, if it be metaphyiical, cannot, I prefoirsL*^ 
with propriety, be called grofs, though it may be confufed ; as^ on 
my Opinion, is every thing relative to Metaphyfics, for, we c: ^m 
only reafon, on fuch abftradled fubjefts, from Analogy, ofiflc^^- 
ginary Beings with coporeal; which do not, properly, adir^wit 
of Analogy. 

He fays, further, that nothing in Mathematics depends on it, 
(the 6th) and that, both might well be fpared, without any lol^»- to 
Geometry." I am aftonilhed at fuch an Aflertion ; does noth. :^-ng 
depend on Proportion, or Ratio, and Analogy of Ratios ? ^^ 
we (as he fays we (hould principally) attend to thofe which folL^^w/> 
before we know what is meant by Ratio ? can we have any nc^^wn 
of any one, from Alternate Ratio to equality of Ratios, hc^ote 
we know what is meant by Ratio, fimply ? which, in itfelf is ■'fl- 
doubtedly metaphyiical ; yet, we cannot have any notion of IL^^ 
inabflrad; as the Dodtor takes great pains (in his 20th Le^tvirc^ 
to convince us, that Ratios are not Quantities; wiio ever fuppo'^ 
it? at the fame time, I find it impoflible to form an idea^ of 
Ratio, abftrafted from Quantity, which is the Eflenee of Rati<w- 

A Ratio 
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Dcf. V. Ant e c f. d r n t and C o n s h c^r e n t are the 

Terms of a Ratio. 

In every Ratio there mufl neceflarlly be two Term?, 

I* Denoting two Q^iantities. "The Antecedent is that which 

M firft named, and being referred to, or compared with 

■mother Quantity, the latter is called the Conftquent. 

Thus, A : B, or B : A fi|?;nifyihgi that A has fome Ratio 

*o B, or B to A, (which it neceflarily muft if they be 

fuppofed to reprefent two Quantities of the fome kind) 

AorB IS the Antecedent, B or A is the Gonfcquent, 

According, as they are t^ken, firfl: or laft. 

^-A Ratio. has ho exigence, either phyfically or metaphyfically, 
J^^thout Quantity ; the Term, liarjo, implies Quantity; uhercis 
^C Ratio to exiu, iF not in Quantiiy ? can wc conceive a Ratio 
'^twcen non-exillcnces ? the luppofuion is abfurd, and cannot be. 
- hcrefore, 1 look on the Definitions of Ratio, and Analogv oi 
Ratios, to be abfolutely neccllary in Geometry, that they wci« 
;ivcn by Euclid, and that his Elements of Pibpojtioh would be 
ixiperfctft without them. 

Some Geometers make a dlll:in6lion between Ratio and Pro- 
>f)rtion; for, Dr. Barrowj in his 4tti, and Miv Stone, hi hii 8l!i 
definition, fay, *' Proportion is u fiinilitude of Ratios," which^ 
^Ratioand Proportion be the fame, (as the DovH-or alHvms, in u 
-^ote, annexed) is an abfurd Definition; viz. Rvitiois n fimilitudc 
^^ Ratios. Dr. keil, in his 8th Definition, callb Proportion 
Analogy, and fays, •' Analogy is a finiilitudc of Proportions ;'* 
[fid Profeflbr Simfon fays, ** Analogy, or ProJ^ortiori, is the 
"lulitudc of Ratios." 

.Now, in xny opinion* the diflinflicn bctweem them is fo very 
*<^* that it requires very acute difcernment to difco\er the difFc- 
•»ice. What is by them called Proportion is, properly Analogy, 
«. when the Ratios are equal orfimilar; for. Dr. Keil, in his 
^h Definition, fays, ** Magnitudes arc faid to have Proportion to 
^c another.** Mr. Stone fays, **Magiiitudcs are faid to have a 
^0 to one another.'* t)t, Barrow, ill his fifth, changes 
f^Miitudes for Numbers, but makes ufe of the Term Ratio. 
^ Dkewife, in the fixth Definition ; Keil fays, " Magnitudes 
'^ have the fame Propovtion ;'* Simfon and Stone fay, in the 
•-4 ** Magnitudes which have the fame Ratio, are called Pro- 
^ionais;" confeqUently, they all rticaft the faixlc thing, by 
^itio and Proportion, 

I i Dcf. VL 
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Dcf. VI. ANALOGY,* of Ratios, i» afimiHt 
or equality of Ratios, i* e. When the Antecedent 
one Ratio contains its Confequent, equally, as the 4 
tecedent of another Ratio contains its Confequent. 



* It was not the Defign, of thofe Geoifteters who made til 
this Term, to define Analogy, in abftradl, but only, to cxp 
what is meant by analogy of Ratios (between two and twd»Qc 
titles) which is a very proper and expreflive Term, for cqun 
of Ratios; it was neceflary, that fome one or other (liould be n: 
ufe of. Analogy, applied to Ratios, is, at leafl to me» .1 
expreffive of the thing meant by it ; milch more fo, in my Opini 
than Proportion ; which is only another Term for Ratio, or R 
for Proportion ; which, Terms, are fynonimbus, and cqu; 
expreffive. To what purpofe are all the various changes, 
alternation, inveriion, ice* if we take awny Analogy ? all the 
that is or can be made of them is, only, to ihew, that the re 
of thefe changes is Analogy ; the chief, if not the only wa] 
rcafoning from Proportion, in general j confequently it is not 
un neceflary Term. 

If we muft needs be caviling, there are other Definitions wl 
are much more, exceptionable ; as the fourth of Euclid, ^ 
*' Magnitudes are faid to have a Ratio to one another** &c; 
reality, it is not a Definition of any thing, but is only mean 
acquaint us, what Quantities can have Ratio to each other; .wh 
common fenfe has amply provided for : who would ever think 
comparing Time with Gravity, Meafure, &c j or with any c 
poreal fubflance. Superficies or Solids ? 

The ififth is not, properly, a Definition, but intended, only, 
a fign of Analogy (fee the Remark on it, at the end of this 5 
Book). The 9th is lefs fo than either of the former, viz. Pi 
portion (or Analogous Ratio) confifls of three Terms, at 1« 
What does this define ? nothing ; can any Perfon be at a lofs 
know, that there muH needs be three Terms, who has had Analo 
of Ratios defined, where he always finds four? but, one of 1 
four, is fometimes taken twice. I therefore, look on it as fup 
fluous and unneceflary, feing it is a neceflary confcquencc 
Analogy; yet, it is not improper, by wayof Notabene oi-Rem« 
but there could be no impediment, to the attaining of the reft, 
it was never mentioned. Therefore, it may, very fafely, 
bloted out of the Vocabulary of Definitions; for, to 
Dr. Barrow's own words, Proportion would fuftain no lofs by 
and I do verily believe, that this was' never given by Euc 
as a Definition* 
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Or, when the Antecedents, of both Ratios, are contained 
equally in their refpefiive Confequents. 

Thus 5 9 has the fame Ratio to 3, as 6 to 2 ; for each 
is as 3 to I, i. e. each Antecedent contains its Confcquent 
thrice ; therefore, there is the fame Ratio or Proportion 
between them, and they are faid to be Analogous. 

AlfO) 6 is to 9 as 2 to 3, for each Antecedent is con- 
tained once and a half in its Confequent. 

When the fecond Term has not the fame Proportion to 
Ae third, as the firft has to the fecond, or the third to the 
fcurth, they are faid to be dire£Hy or difcretely proportional. 

Thus,4;6: :8;i2,dirc£Hyor difcretely; but34. 6: '.9:131: 
is both dire£Uy and continual. (See Def. 7..) 

When one Antecedent contains its Confequent, or is 
contained in it, more than the other Antecedent contains 
oris contained in its Confequent, though by ever fo fmall 
9 part, the Ratio is unequal ; and they are called, fimply, 
Ukbqual Ratios. 

Analogy of Ratios is thus exprefTed ; A:B: :C:D. 

The firft and third Terms, A and C, are the Antece- 
dents, and may be taken for any Quantities whatever ; 
Band D, the third and fourth, are the Confequents. 

Wherefore, if A be fuppofed, in Numbers, to reprefent 9, 

andC, 3; and, if B be equal 6, it will be thus, 9.6: -.3:2; 

«onfequently , D will reprefent 2. But, if B alfo reprefents 3, 

f then will D exprefs or iignify but I, viz. 9:3: :3:i. 

k Again ; if B reprefent a greater Q^iantity than A, D will 

tl/b be greater than C; thus, 9: 12:; 354; or 9: 15: -.3:5. 

The three firft Terms being fixed or known Quantities, 
tnd in a certain order, the fourth is a necelTary confequence. 

^.B. In Analogy of Ratios, ther6 mufl neceflarily be three 
Terms, feing that there is fimilitude or equality of Ratios, (and 
^a^ Ratio confilh of two Terms, the Antecedent and Con- 

I i 2 fequent ; 
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fequent; Dtf, V.) But, fince theConfequcnt of the firft R^ 
may, alfo, be the Antecedent of the fecond (as A:B::B:4 
three Terms are fulficient to conflitute Analogy ; in which caj 
it Is ncceflary that they ^re all of the fame fpeci^s or kind. 

But, when there are four Terms (A;B:rC:D) the fy 
Ratio (A'B) may be of a different fpecies from the other (C;li 
for, there ib the fame Ratio between a Foot and an Inch, twc 
three,' or four Inches, &c. as between a Found, and one, t^ 
three, or four Ounces, (^Voy Weight) confequ/cntly, there ma 
be Analogy of Ration, between heterogeneous Quantities, 

Def. VII. CoKTiNUAL Ratio h when, in tbrci 
or niore-Qi^iantltieif, the firft is to the fecond, as the fecon< 
to the third, qs the third to the fourth, &c. ; or, mor 
properly, the third is to the fourth, as the fecond to tb 

third, and that, as the firft is to the fcgond. 

Thus. Ill four or more Q^iantities, A B, C, D, if ( 
has the fame Proportion to D, as B has to C ; and, if 1 
has alfo thp fame Proportion to C, as A has to B, they ti 
then in continual Proportion, or geometrical Progrcffior 
and are thus writ, or fymbolized; A:B:C:D-Tr, 

N. B. Each Term being twice taken, except the firft and lafF, ar 
therefore, both Antecedent and Confequent, i. e. the fecoi 
Term is a Confequent in refpeft of the firft, and the third 
the fecond ; but they are, alfo. Antecedents iu refpeft of t 
third and fourth Terms, 

In continual Ratio, all the Terms are, necelTarily, oft 
fame fpecies or kind. i.e.TheQuantities muft be homogene 

If A and C, the two firft Terms, or D and C, the two laft, : 
any fixed or determinate Quantities, all the refl arc dec* 
ixiinable ; which, in Numbers, is obvious. 

LetAbc4, andB6; it will then be thus, 4:6:9: i3f;-Tt-^ 
each confequent Term contiiining its Antecedent once s 
a half. But if A be to 5, and B 6, it will be 3:6: 12 124- 
thc Ratio being as 2 to 1, or double. 

Or, if A reprefents 2, and B 6, then 2:6: 18: 544f &c. 
Ratio being triple, or as to 3 to i. So that, whatever R.s 
there is beiween the firll and fecond, that Ratio is continue 

There f* 
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Therefore, when the Ratio is increafing (or rather when th^ 
, Quantity is increafing, for the Ratio is the fame, throughout) 
tfie Quantity of C, D, &c. is detcmiined cither by Addition or 
Multiplication ; as in a decreafing Ratio, (i. e. when the An- 
tecedent is the. greater Quantity) by Divifion or Subtraftion. 

M VIIL PROPORTIONALS arc fuch Quantities as 
are in the fame Ratio ; difcrctely or continual. 

Proportionals confift^ at leaft, of three Terms, or 
Quantities; which are ufually fymbolized by Right Lines j 
or by Cbaraders, as A:B::C:D) the I^atio being de^ 
^ermined by Numbers. 

*^^f* IX. Mean Proportional, and Third 

^ KO POR T ION A L. 

When there are three Terms, only, or, if three Terms 
^re Proportionals, as A, B, C, they are in continual 
{Proportion ; thus, if A is to B, as B to C, in equal 
I^atio; then, the middle Term, B, is a Mean, between 
l^lie other two; and is, therefore, called a M£an 

I^ROPORTIONAL. 

The firfl: and laft Terms are ^he Extremes of the Pro-* 
portionals ; either of which, A or C, when there arc 
tut three, is palled, a Third Proportional, 
in refpeft of the other two. 

Hence it is evident, that, in continual Proportion, of four 
^r more Quantities, each Term, except the firft and the 
^^Ay is a Mean, between its Antecedent and Confequent. 

^? B. If two Terms or Quantities are given, and a third be re- 
<Xuired, in the fame Ratfo to either of the given Terms as that 
has to the other, the Quantity found is a third Proportional. 

*^^f. X. Extreme and Mean Proportion is, 
v^h^n any Qiiantity is fo divided, into two Parts, that, 
the leffer, the greater, and the whole, arc in continual 

Ratio. 

A Right 
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A Right Line is faid to be divided in extreme and i 
Proportion; when, being cut into two unequal Parti 
the Ratio of the whole Line, to the greater Segment, is til 
ferae as of the greater Segment to the Jefs. 

If the Line AB be cut in C. ^ p 



Then, if the whole Line, AB, is to AC as AC is to CJ 
AB is divided in extreme and mean Proportion. 

Def. XL AFotTRTH Proportional. 

If four Terms, A, B, C, and D, are Proportional 
whether they are analogous, only, or in continual Pr 
portion, cither of the Extremes, A or D, is z ioati 
Proportion a!, in refpecl of the other three. 



N. B. If three Terms or Qiiartides are given, and a fourth i| 
required, in the fame Ratio, to any one of the given Quantldc^ 
as the remaining two have, the one to the other ; the Qaantity^ 
fo found, is a fourib Proportional. 

Def.XlU Duplicate and Triplicate Ratio. 

If four, or more Terms, A, B, C, D, are in continual 

Proportion ; the firft, A, is fdid to have, to the third, C, 

a duplicate Ratio of A to B, the fi<fl to the fecond. 

And the Proportion of A to D, the firft to the fourth, 
is triplicate of A to B i and fo on. 

Def. Xlll. Alternate Ratio is the mutation of 
the two middle Terms, of four proportional Quantities ;* 
i. e. when Antecedent is compared with Antecedent, and 
Confequenc with Confequent ; and they ate called homo- 
logus, corational, or cortefponding Qiiantities. 

Thus, A:B:-.C:D, direflly. — If 17:181:6:4. 

Then, A:C::B:D, alternately — 80,37:61 ; 18:4. 



* Alternate Ratio cannot ejift or take place, anlefs both R, 
are of tl« fame fpecies ; feeing, there is no Ratio or comparifoa 

betweeai 
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N". B. Whch the Produdt, arifing from the multiplication of the 
ivvo middle TermSy is equal to that of the two Extremes, it is 
a certain proof of Analogy, confcquently, it will be the fame, 
"v^hether uey are taken diredUy or alternately, 

r>cf. XIV. Inverse Ratio is when the Confequent 
is taken for the Antecedent, and compared with the An- 
tecedent as a Confequent. 
In this Cafe, the middle Terms become the extremes. 

If A:B;:C:D direftly. — 27: 18: '.6:4. 
Then,B: A; :D:C fnverfcly. — So, 18:27: :4:6. 

*^ef, XV. Compounded Ratio is when the Ante- 
credent and Confequent, being taken or added together, 
^s one Quantity, are compared either with the Antecedent 
with the Confequent. 

IfA:B::C:D; then, A+B:A,orB,::C+D:C,orD. 
6:9:12:3; then, 15:6, or 9j : : 5 : 2, or 3. 

f. XVL Divided Ratio is when the difference, 
between the Antecedent and the Confequent, is compared 
either with the Antecedent or the Confequent. 

If A : B : : C : D . Then, whether A be greater than B, or 
B than A; the difference, being taken, is compared either 
with A or B ; as alfo, the difference between C ^nd D, 
h compared with C or D. 

Thus,A-B,orB— A,:A,orB,::C-D,orD-.C:,CorD, 
15:61:5:2; then, the difference, 9,:6, or 15,: :3:2,or 5. 

5^t>^een Quantities that are heterogeneous, (fee Def. IV.). For, 
** i<5ur Quantities are in analogous Katio, (A:B: :C:D,) it is not 
'^^^leffary that the firft pair (A, B,) ihould be of the fame kind as 

^^ laft (Cand D.) But, in Alternate Ratio, the Antecedent of 
Sf^^ Ratio is compared with the Antecedent of the other, and 

^^nfequent with Confequent ; wherefore, it is abfolutely neceffary 

^^t both Ratios are of the fame kind. 

^ i^. B. In the feven following Definitions, it is the fame whe- 

*^^r they are of the fame kind or not ; i. e. each pair may be of 
different kind and heterogeneous to tJie other. 

Def. XVIL 
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t)ef. XVII. Converse RAtio is, when the Aft* 
tccedent is compared with the difference between thtf 
Antecedent and the Confec|uent. 

If A:B::C:D. Then, whether A exceedsB, or B exceeds Ar 
it will be thus ; A: A^B, orB— A,: :C:C — D,or D- 
mijii^-igi and, i2or27,:i5 (the difference) ::4,or 9. 

Def. XVIII. Mixed Ratio is when the Anteccdecr-^t 
added to the Confequent, as one Quantity, is compari^r-d 
with the excefs, by which the one exceeds the other ; 

And, vice verfa, wheii the difference^ between theoif is 
compared with the fum of both. 

If A:B::C:D; then, A+ B: A-^B, or B-A,: :C +- Tl 
:C— D, or D— C. j.y.izi'.g-y then, 10:4: : 30.' a -^2^ 
the Antecederit being the greater Quafttity. 

Def.XIX. Ordinate Ratio of Eqjjality"^ 

If there be three or more Qijantities in. one Ranh^ ot 
Order, in any Ratio whatever, and as many in anotts et 
Rank, in the fame Ratio, compariiig two and t\h^<7; 
i. e. as. the fifft is to the fecond, in one Rank, fo is C:l)e 
iirft to the fecond, in the other ) and, as the fecond 1$ to 
the third, fo is the fecond to the third, &c.; it will tb ^n 
be as the firft is to the laft, in one Rank, fo is the firft ^^ 
the laft in the other j or (comparing* the Extremes) 
the firft is to the firft, fo is the laft to the laft. 

In the two Ranks A, B, C, D, and E, F, G, H ; 
If, A:B::E:F, andB:C::F:G; alfo, as C:D::G:H. 
Then,asA:C,orD,i:E:GorH;alfo,asA:E::C:G,OfD: 

Let the firft Rank be as 3 : 7 15 : 8 ; and let E be 9 
Then, F will be 21, G will be 15, and H 24. 
For,as3:7::9:ll;an(las7l$:t2i:i5;alfo,as5:8i:iSi2 
Then3:5,or8,a5 9:i5, or24iandas3:9::5:i5,or8:2 

Rati 
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Ratio of equality • is of two kinds, ordinate and inordinate. 

Ordinate Proportion is what is already defined; or,' 
when there are, at fitft, but four Q^iantities, in analogous 
Rst/o, either difcretely or continual ; and otherQuantitics 
"fs aded, after the fame manner, and in equal Ratio. 

For example i let the Ratio of C : D be as A : B, 

"ow, if other Q;iantities be added, on both fides, in fuch 

"■ifrjthaitheRatioisthefame.ordinately, there is ftillequaliiy. 

t^irft, let ihc Qi^iantilies added be Antecedents; 
^f A:B;:C:D; then, let E be to A 83 F to C ; 
^» let them both be Confequcnts, viz. as B:G::D:H. 

It is manifeft, that, in either Caft, the Ratio is ftill 
'Oe fame; being taken progrcffively. 

l^or, asE:B, orA;G,::F;D, orCtoH; 

**lfo, aiA:B, orC;D,::£;t, orG to Hi in either. 

^F. XX. Ikordimatb Ratio of Eq^oality 
*s, when in equal Ratios of two Qiiantlnes each ; as the 

Confequent of one Order is to fomc other Quantity, fo is 

another Quantity to the Antecedent of the other Order. 

Then, as the Antecedent, of the fitft, is to that other 

^IJuandty, fo is the other Quinuty to the Confcquent 

■af the other Order. 

IfA:B::CiD;and, ifB:E::F;C;then,A:E:;F:D. 
3:4.::2i:28; and, 4:14: :6:2i; then, 3.14: :6:28. 
Again, ifE-.G::H:F; then, A:G: ;H:D. 
For, I4i7::i2:6i then, 3: 7! : 12:28. 



' By R«tio of equality 18 not meant equality of Ratios fimply; 
'i> two Ranks of Quantities, whofc Ratios are ordinate or inor- 
!, the Ratios are equal, at equalDlftances from the Extremes. 
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Dd, XXI. Composition of RATioSi* ' 

In any Number of Quantities, ahd in any Order^ 
whatever •, the Ratid of the firft to thie laft is equal to tliat 
which is compounded of all the intermediate Ratibsi 

If A, B, C, and D, reprefent as many Quantities 
whatever is the Ratio of A to B, of B to C, and of C to 

« 

the Ratio of A to D, is equal to the Ratio compound^ a 

t ■ ■ 

of them all. • 

. ' i \ 4 • ■ 

I ■ 

Th us,i r A is to B as 3 to 5, B to C as 5 to8, andC to D as8 tc^ 6, 






A. -2 Be. Ci 8 

Then, A :D: : 3:6; compounded of -^ - of ^ 73 & ^ix=^^ t 

'i3^^\»**o I ■ m o 



i.e. Multiply all theAntecedents into one another j j'x f x8=e 20; 
anddivide theSum, by that of alltlieConfeqirent^; 5 x'S x 6iE*z, ^o, 
then is A to D> as 120 to 240, or as 3 to 6 ; i. e. as i to 2, or -/; 



lO' 



* This laft Definition iJj; generally given in the fixth'Bopk^ €cr 
which I cannot.conceive a reafon. The Do<flrine of Proportion is 
a dilVm6i: fubje£t, and therefore, all which relates to it Ihottld be 
together, in one Book ; which, according>ta Euclid, is the K f^l: 
to which (in the uie and applicationof.it, in the iixtlvand otlner 
Books,) we may refer on all Occailons. ' 



Dr. Barrow, indeed, give« nearly the fame *hing, in^bxi^th. 

In Def. 20. B. 5. he fays, " any number of Magnitudes being J^^^'i 

the proportion, of the firft to the laft, 5s compounded out ot the 

. proportion of the firft to the fecopd, the fecond to the third, 

the third to the fourth, &c. tillthe ptop'ortion arifb." 



21 



,nd 



and 
iate 



The proportion, which is between the firft and the laft, will^ 
muft neceftarily, arife, by the compoficioti of all thtf iniefme'c: 
Ratios, which is evident from the manner. ofu3Dn?pounding tl'^ ^"^'^ 
nor is it poflible to be otherwife ; feeing that, each of the. i"^"=iter- 
medijrte Quantities is both AntececTeht and'ColTftJfa^eftt. '^^ 
fore, the. Ratio emerging at laft, feeing^ it depends, fei^tir- ^ 
the firft and laft/ muft ever be ,©q«>l to the. Ratio: of.. the fi- ^ ^f^ 
the laft ; let the intermediatQ.QiJ>otities. be «ver fo.m^y«. *>a^^ ^^ 
what Proportion foever. 

Acco»:^ding 



erc- 
' on 
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Accordin^tp Euclid,, there arc fix various ways of reafon- 
ing) from -Hrt>portion, including ordinate and inordinate 
Rati0:]n that of Equality; .which, in efFe£i, is all one« 
Inordinate Ratio differs from ordinate^ in nothing but the 
difpofalof the laft Quantity ; for, whether it be confidered 
and compared as an Antecedent or as k ConAquent, by 
placing it firft or laft; the Ratio, in either cafe, being the 
fone, it will ftill be as the firft to the laft, fo is the fiift to 
^helaft; but not, one Quantity, (added) to ihc ether, as ifi 
^he former cafei where the Q^iantities, added, are both An- 
tecedQnts^;9j::bpth Confequelits.- • 

^Ut. there is another ^ay of reafoning fiy Proportion, 

M/iti}i£J frqqi' tbe reftv^^^^^ " "^^ ^^ Euclid i viz. mixed 
R^tio, (be^. XVill.) that is, comparing the fum of the An- 

^-Ccedent.and Confequent with their difference. Iri refpcft 

0* Converfe Ratio, it differs in nothing from inverfe, which 

^^cludes all Cbnverfe Ratios whatever; fince, all Ratio?, 

that are analogous, are inverfely fo, or converfcly, which is 

"^ fariieth^ng. Nor-do I fee any Reafon, why the 15th 

**^finrtioft,-6fGoftipounded Ratio, has not aconverfe, as well 

-^ the 1 6tb. of Divided Ratio; feeing that, ope holds good 

^ Well as the o^her : and. is as necefTary to be known, it 

• ?!g ^^ ft?4H?*^^!y oiade ufe of as the other. 

TThai^fhef Wanner, and the order, of the feveral changes may 

• ^ feen'dlf'bneview, I have given them over again; with the 

^^tlVerfift '6P each, in the following abftraft; keeping the 

. ^^tie Ratio throughout the whole. In which five Cafes, 

^*^. ' aTterhating, inverting, cofnpounding, dividing and 

^^ixiilg, v^Fth their cbnverfe, together with equality, ordinate 

^*Vd inordinate, is contained all the variety in which the 

?-^erms,'-of analogous. Ratios, may be changed and ftill be 

^rialogous; and which, anfwers almoft every purpoft*, of 

^^afoning'from Proportion.* 

Kk2 If 



35 : 21, or 14, 
Alfoi A,orB,:A + B 

21, or 14, : 35 : 

And, A-B; A,oiB,: 

7t2i,or 14,: 

Alfoj A,orB,:^ 

2i,ori4: 
Again, A+B:A-r.: 



converfely. 



viHon- 
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If A:B::C:D,direaiy, as 3 to2i thus, 21:14:: 9: 
Then, A:C::B:D, alternate!)'. - - - 21: 9::!+^ 
Alfo, B:A::D:C, inveffely. - - - - 14:21:: 63 
And,A + B:A,orB,::C-j-D:C,orD.7 , ,, 

:: 15 :9,or6. i ^V'-Owpoau 

::C,orD,:C+D. 
19, or 6,: 15 

*; }■ byDi 
3 : 9, or 6, 1 ^ 

;:C,orD:C-D7 ., 

■9.or6:3 \ 

,- , ;C+D:C—D, mixing; 35: J'.'-iy ^ 

,A-B:A+B::C-D:C+D,converfely,7;35:: 3^;^ 

Ordinate Ratio of equality. 

IfA : B::C:Di and,ifB:E ::D; Fj then, A: E::C:" 

2i:i4:;9 : 6 J and, 14:42: : 6n8i then,2i:42:: 9: 

Inordinate Ratio of equality. 

If A I B:^C:Dj and, ifB:E::F;Ci then. A: EiiFij 

21:14:: 9: 6] and, 14:4,2;: 31 9 } (hen, 21:42;: 3: 

Thus, having fhewn all the variety of changes, and, d 
the Ratios emerging from each, in numbers, are equal 
analogous; there remains, one might reafonablc fuppo 
nothing more to be done. For, after this knowledge 
obtained, of what ufe can it be to perplex the Student, wi 
a tedious Demonflracion of what, in Numbers, is clear 
mantfell; and which, 1 am perfuaded, needs no furti 
Demonftration. Nor do I fee, excepting Alternate Rat 
(which is, alfo, fufficiently evident, in Numbers) that! 
of the reft require Demonftration ; or are made more ma 
fed by it. For, the Ratios of all commenfurable Quantil 
may be expre(](:d by Numbers ; and it b fufficiently manifi 
that, by Analagy, it mull alfo hold true in refpcfl of Qu 
titles, which are incommenfurablc. 
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« 

It is evident, that, fince A^B: sC^D, whether the Ratio 
of A to B be commenfurable or incommenfurable, the Ratio 
of C to D being the fame» at A to B» they wiU ftill Im 
analogous in every change. 

E. g. Suppoft the Ratio of A to B and of C feoD be as the Side ^^'- 

pfa Square to the Diagonal; or, as the Diapieter pf a Ciide 
is to its Circumference, Sec. i , 

N0W9 it is taaoAk^p that the Side of one Squaie is to ita 
Diagonal, as the Side of any other Square is to its Dia* 
gonal; confequently, their Ratios are equal, potwxthfbnding^ 
they cannot be expreilfed in Numbers j for 3 : 5 : : 9 : ijr^ ^^ 

i.e. t : ^ : :3;5s confequently, 3:3:1^:5, &c. Therefore, »x ,^ \ 
iince uie Side of one Square, is to its Diagonal, as the Side oL. .^ : _^ 
^nv other Square to its Diagonal ; confequently, 2^ Side is to 
Side, fo is Diagooal to Diagonal; alio, as the Side added to the 
I>iagonal, is to either Side or Diagonal ; fo is any other Side » 

«uided to its Diagonal, to either 1 likewife as one Diagonal is to 
the Side, fo is the other Diagonal to the Side ; or, as the Dia- 
gonal, lefs'the Side, to either, fo is the Diagonal, lefs the Side, 
to either ; and thus it muft ever be through all the variety of 
Changes that can be, if they are ordered and ^hanged after the 
fame manner, on both Sides. 

In what Ihave advanced, on the SubjeA of Proportion, ia . 
Contained the eflence of the whole fifth Book of Euclid ; 
^nd if it be clearly underftood, the DoSrine of Proportion is ' 
already acquired } and confequently, all that can be faid more ~' 
of it, by way of Demonftration, is, in a great meafure,^ 
Superfluous. However, not to leave the whole Dodrine of 
I^roportion without a Foundation, lead it ihould be cenfured 
Ijy the fcmpulous, I have demonftrated or more fully 
. illuftr^cl) fon^c of the moft eflential, on which the whole. 
. depends ; fome of the others I have made Axioms, for 
1)eing felf evident they require no Demonftration. 
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r AXIOMS, pr ftlfrevidwt P.ROPQSI.TI0N3, 

Ax. I. ' One Quaritily Is m ahy"cf(h«' Quantity, asall.th 
Partsofonc, is to all tlrc~Parts of the othfer. ' 
'-«'■ • ■Let A «ndD be twd Quantities, ■an4> let A "^ 

"■■-'• ditfWedjahy how, inio Parts, a, b, c j- alfo let 
— ^ ' be divided any how, in d, e, and f. 

■ThMi, A : B : ; a -p fr+ c'vjI -f e -j-f. .-. 

■ir.(.,|l^,.iiEquiiin*ltiples,* or equal Facts, ofequalQaant^t/ 

}fi\7i ..^'•■'art cqiiji. ■■,'""'■; "■;■■; . 

'- '. .: ^'Xiet.A attd B be equal (^lantictes i.- then, i/^f 

■■. .',aiid D be equal twrfce ot thrice, &c. of A and& 

. , teipeflively ; 2 Ar;xP, or 3A=3B,, i. e. C=D 

.Aifo, if A and B;be divided into- two or nor 

: :^^tt^l.Parta, a'a, St,tcc; *i— b or | A=:iB, Sic. 

III.. Aii^,MultipIe of the whoje is equal .to the (iau 
' Multipleof all its Pjirts^ttken tt^eiltcf..! ... 

^t ^ be taken any M"'tipl< of A.; then, what 
'" '''ever'MulripIe B is of A, it is manifeft, that i 
'cphtains.the fame P4ultiple.of a and "b, the Par- 
■ o/'AandBj a,a,e, i*hd' b, i, i. " ' " 

JV.?.'- -ThefeventhPK^fitionof.Eudid.., v.. - 

Equal Quantities^ hiiVe'lhe f^me Ratio to as 

tlii'r'J Quantity, ■oV'ls"*quafQifantitie3.' 

1 *" I ■_ For, if A and B'becqiijl Qirantities, they'bs 

0/" X the Tame Ratio to a third Quantity, C,-oF to eq 

( ^ ) Quantities, D and E ; feeing that, cither inay 

' taken for the other. 



A 

E 



/i\H 



a i 



' By Eqaimulciple^ is meant, ihat the Qu 
or multiplied, aa equal number of limes. 
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V. 'I^he ninth Propofition of Euclid. 

Qi^^ntlties that have an equal l^atio to the fame 
Quantity, or to equal Quantities, .are equal. 

A and B have the fame Ratio to C, or D; 
A and B arc equal. Alfoj.if A has the (amekatio 
toC, asBto&j ifC=D, AizB. 

VI. The tenth PrcfpdfitbA df EuclicJ. 

• • • . , » 

That Quantity which h^s the greater Ratio to a 
third Quantity, or to equal Quantities, is the 
greater Quantity. And, of two Quantities, that, 
^^ which a third Quantity has a gjreat/er Ratio> is 
the IciTer Quantity. 

If G .has a greater. Ratio to.Bf. than.A ^as. to B> 
C is greater than A. . 

Alfo, if A has a greater- Ratio to-D than to C, 
^ Is Icfs than C. 

^il. The fifteenth Profofttion of Euclid. 

Quantities have an equal Ratio to their Eqiii- 
"^^^Itiples ; or to their equal iParts. 

t^et A and B be two Quantities, in any Ratio 

^h^teverj and let them he taken an equal number 

^^ timesi* Or, let them be divided into the fame 

*^^mber of equal Parts; The wholes of A and B 

^'^^ equimultiples of thofe Parts, 

^ tzAorjA, ::B:iB or3B. i.e^i :2or3!:i:7or3. a / if 9 

^r, as iA, or 5 A, : A: :;B,or ^B, :B. * * B iJjL. 

-^Ifoi A:Atf-(iA) orAi, ::B:B^(iB)orBi. 





^ •4» • 



III. Quantities are in the fame Ratio, to each 
-^•t^hcr, as.their Equimuljiplcs ; or,, »is their equal 
arts. 



Let 
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Let A and B be any Quantities, divided into 
equal Parts, as before, at a and £, oc 
alfo, let C and D be any ei^uimultiples of A and E 

Then, A:B::iA:2B,oras3Ai3B;i. e. asC:t 

For C and D are any equimultiples of A and E 
wherefore, as often as A contains B, or is c< 
tained in B ; fo often 1 A contains 2 B, 01 
contained in 2 B i i. e. as C contains D, or is c 
taincd in D ; confequently, A : B : : C : D. 

Alfo, as A : B '.-.ha {U) : Bi {i B) 
or, as Ai to Bi. (^ A to JB.) 

IX. If two Quantities be divided into Parts of equal 
magnitude (confequently equal amongltthemfelvesj 
then, one Quantity is in the fame Ratio to the 
other, as the number of Parts^ in one, to the 
number of Parts, in the other. 

Let A and D be two Quantities, divided into 
equal Parts, ^, i, and c \ ^, e,ft and g; 

Then, A ; D : : 3 : 4 ; or, as 6 to 8, &c. 
i.e. as<i + i + ( + istOi/+ t-\-f+g- 



I 



X. If Quantities are proportional; the firft to the fecondi 
as a third is to a fourth, &c ; then, if the firll be 
any multiple or equal part of the fecond, the thir^ 
is an equimultiple or equal part of the fourth, . 

For Quantities are to each other, as the numM 
of Parts in one, to the number of Parts | 
the other. - - - - by the g 

Therefore, if A:6::C:D; A contains, or] 
contained in B, as often as C contains, or is c 
tained in D. - - - - - Def. ^ 
otherwife, the Ratios are not equal, or analogi 
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Axiom XL In four proportional Quantities, 
i. e, when any one is to another, as a third is A— 

to the fourth, (Dcf. 6.) whether the firft be equal B 

to, greater, or lefs than the fecond, the third is q ; 

alfo equal to, greater, or lefs than the fourth. D 

IfA:B::C:Dj then, if Abe equal to B,Cz:D; 
3ind, ir A be greater, or lefs than B^ C is, alfo, 
greater, or lefs than D. 

For, A has the fame Ratio to B, as C to D ; 

And, a. greater Quantity cannot have the fame 
Ratio to a lefs, as a lefs to a greater. •> Def. 6. 

^11. The fourteenth Proportion of Euclid. 

. If four Quantities are proportional ; then, if the 
Antecedent of one Ratio be greater than the An- 
tecedent of the other, the Confequent of the firft is 
*lfo greater than the Confequent of the other j if 
the firft are equal, the other are alfo equal -, and, 
if lefs, lefs. 
for, A;B::C:D; and, if A be equal to, 
' Plater, or lefs, than B, C is alfo equal to, greater, j 

^'efithanD. 12' 

therefore, if A— C, BrzD (Ax. 5.) and con- 
^^^uently, if A be greater or lefs than B, C is, 
"^celTarily, greater or lefs than D. I 

^* The eleventh Propofition, of Euclid. 

^*^io3 that are equal to the fame Ratio, or to 
^ ^* Ratios, arc equal between themfelves. 
^is follows from the third .Axiom of Book ift, 
^J^ftituting Ratios for Q^iantitles. 






L 1 



XIV. 
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XIV. The thirteenth Propofition of £uclid. 

If four Q^iantities are proportional, the firft to the fecond 
as the third to the fourth ; and if the Ratio of the third tc 
the fourth, be greater or Jefs than a fifth Quantity has to i 
fixth ) the Ratio of the firft to the fecond, is alfo greatej 
or lefs than the fifth to the fixth. 

If A:B::C:D; and, if the Ratio of C to D be cithe 
greater or lefs than £ to. F; the Ratio of A to B is all 
greater or lefs, than E to F. 

For, the Ratio of A to B is, equal to the Ratio of C toC 
therefore, their Ratios are the fame, in refpeft to any other. 

xKote. By miflake, the 7th and 8th Axioms are mifplaced. Bui 
as either is the other, alternately, it is of no confeqaence ;* favi 
only, that the firft part of the 8th is, properly, Eucliid's fiftccicJi 
Propofition, 



POSTULATES. 

J. Grant, that equal Ratios may be taken, one for the other* 

2. Grant, that any Qiiantity may be divided into any 
number of Parts, equal to one another j or as any othci 
Quantity is divided. 

3. Grant, that a Quantity may be taken or aflumed, in a»' 
Ratio to any given Quantity. 

The afluraption of this laft Axiom is not allowed by feme C5c< 
nietcrs ; notwithflanding, to me, it appears full as poffibl^** 
that equimultiples, or equal parts of Quantities may be ta^^ 
by one or Other of which Suppofitions, they demonftrat^ ' 
whole fifth Book. 



T^^ 



BookV, ELEMENTS or GEOMETRY. 259 



THEOREM r. 



1 Euclid. 



If Quantities, which are equimultiples or equal parts 
of other Quantities, be added into one Sum, or 
Quantity! the fame multiple or part, which one 
Quantity is of the other, refpeftively, the whole 
is of the whole. 

Let A, B, and C be equimultiplea, or 
tqual parts, of D, E, and F, refpc£tiveiy ; 
i. e. whateYcr multiple, or part, A is of D, 
Itc fi be the (Wine multiple, or part, of E, 
todCofF. 

Then, A, B, and C, added together, 
jab) one Sum, is the fame multiple or part 
^ P, E, and F, added together, ai A is 
<< D, B of E, or C of F. 

^EM.For,let Abe equal to aD.or 3DJ thcn,B=2E,or3E,&c* 
,conf. A+B+C — D+E+F, taken twice, or thrice, &c. 
£ut. Quantities are to each other, as the number of Parts, 
in one, is to the number of equal Parts, in the other;- Ax. 9. 

- wh. asAiD, B:E, andC:F, : ■.A+B+C:D+E+F. 
-Confequently, as often as A contains D, or is contained 
in D, &c. fo ofien the whole of A+B+C contains, or is 
contained in, D+E-(-F. Therefore, &c. Q; E. D. 
For, if either be multiples of the other; the latter, is, 
conr«quently, equal parts of the former. 
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THEOREM 11. X2 Euclid. , 

If any number of Quantities, are Proportionals, 
(i.e. being taken two and two, their Ratios ait 
analogous) then, as any one of the Antecedents 
is to its Confcquent, fo is the fum of all the Ante- 
cedents to the fum of all the Confequents. 
.V B C D E F 

Let A, B, C, D, E, and F be progpr* 

tional Quantities ; of which, let A be to 
B, as C is to D, and as £ to F. 

I fay, as A is to B, or C to D ; 
i fo is A, C, and £, added together, 
I to B, D, and F, together. 

Dem. Now, A:B::C:D, and, as E:F, therefore, thcif 
Ratios are equaT, ----- Dcf. 6. 
Wherefore, if Az=B, C = D, and EzzF - - Ax. II. 
confequently, A-f-C+EziB+D+F. - - Ax. 6. 1, 
therefore, as A:B, or as C:D, : : A+C+E : B+D-fF. 

Again, if A be any multiple, or equal part, of B; then, 
C is an equimultiple, orequal part, of D, & Eof F -Ax.io. 
wherefore, A-|-C-|-E is the fame multiple, or equal part, 
of B+D+E, as A is of B, as C of D, and as E of F .Th.i. 

But, Quantities have the fame Ratio, taeach other, as 
their Equimultiples, or as their equal Parts. - - Ax. 8. 
Th. asA:B, asC:D, or asEiF, : lA+C+EiB+D+F. 

Nou% bccaufe there are fuch Quantities, whkh cannot becqw- 
multiples or equal Parts, one of the other, this Demonilration i» 
Bot pofitive, in refpetSt of fuch Quantities ; and, notwith Handing 
they may be divided into the fame number of equal Parts, yet it 
will be round no eafy matter, to give pertedt Demonilration, fee- 
ing that, equal parts are in the fame Ratio to each other as the 
wholes. Ax. 8th. 

Suppofe A to B, and C to D,. &c. are incommenfurabl?, but 
in the fame Ratio; flill, A+C-f E^B+D+F, &c. ::A:B,&c. 
becHufe, A might either be equal to C, or E, or it might be foin» 
■ Multiple or equaLPart of C, and C of E, &c. 

3 Or, 
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Or, fuppofe A be incommenfurable to C, and C to E, Sec, 
provided A and B, C and D, &c. be commenfurable, the fame 
thing may be done ; as in the Theorem. 

But| being incommenfurable both ways, there cannot poflibly 
ne equality in either ; and the Demonflration given (or rather pre- 
fumed) from a greater or lefs Ratio, is by no means pofitive ; iiee- 
iag, it is not afcertained in what Degree they are fo. 

For, A may have to B, and C to D, &c. the Ratio of the Side 
of a Square to its Diagonal, or as the Diagonal to the Side, Sec, 
and A to C may be the fame ; or, as the Diameter of a Circle to 
tk Circumference; and C to E, in extreme and mean Proportion. 

Yet it is cafy to conceive, from what has been proved, that (let 
tbe Ratio of A to B be what it may) fmce the Ratio of C to D, 
andrfEtoF, &c. is the fame, confequently, A+C-.B-fD, oi 
A+C+E:B+D+F::A:B, or C to D, &c. and although it is 
not poffible to give diredt proof, in fuch Cafe, yet we may fafely 
conclude that it is fo ; and, on that prefumption, all which fol- 
lows will be found pofitive, let the Ratio be what it may. 



THEOREM III. J9Euclid. 

h two Quantities, if a Part taken from one, be in the 
fame Ratio to a Part taken from the other, as one 
Quantity is to the other ; the remainders of thofe 
Quantities are alfo in the fame Ratio, as one 
Quantity is to the other. 

Let A and B be two Quantities, in any 
Ratio whatever, anci, fuppofe any part of A 
^ taken (as a) from A. i 

Let h be taken, from B, in the famepro-^^ 
lortion to a, as A to B. 

I fay, the remaining Part r, is to d^ as A' to B. 

Let any other Quantity (f) be fo taken, aHi :e:f, Poft. 3. 

Jem.Now,^:^: :cify2Lnd aih^i A:B; conLc:/: -.AiB.-Ax.ij 
But, A:B:: tf+ f*:^ + //(Ax.i.) and, as^y-.Z'-.c:/. - Poft. 
wherefore, a^c : b +/: : a : b; i. e. as A : B. - Th. 2 
conf. a'\-c:b+fMa-\-c:b -\-di v/h.bJ^fzzh + d. - Ax. 4 
And by taking away ^, which is common, y=i^.- Ax. 7.1 
But, c:/: : a: b (Poft.) confequently, cid: :a:b» - Ax. 4 
And, tf:^::A:B (Hyp.) Therefore, <::^::A;B. - Ax.13 
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Cor. ir pne Quantity be to another as a tbirj} is to a foui^g 
and, if afiftblic to.ttic,£i](tlit » tlO!^ tbird to the fourth} 
then, the tirft ^nd fifth, added together, has the fame Ra- 
tio to the fecood aad Jlxth, together, as tl^e third haijo 
the fourth. 



THEOREM .IV. ifiEudidj 



If four Quantities, of the fame kind, are Proportionals; 
i.c. taken two and two, in a certain order, they are 
directly proportional, or analogous in their Ratioi 
they are alfo analogous when taken alternately. 

If A is to B, as C is to Dj then, A is to C, 
as B to D. 

Pem. Now, fince A : B : : C ; D ; whether A be equal (o, 
greater or lefs than B ; C Is alfo equal to, greater or l^^i 
than D. - - - ... - - Ax.U. 
And, if A be equal to, greater, or lefs thai^ C ; 
B is alfo equal to, greater, or lefs than D. - - - il< 
But, A has the fame Ratio to B as C to D} - - Hyp- 
it follows, then, that A has the fame to C, as B to D. 

For, whether A and B be equimultiples, or equal pitti 
of C and D ; A is in thefame RaiiotoC, as BtoD-Ai7' 
feeing that A is to B as C to D. - - - . - !. 

^ Suppofe theRatioof A toBbeasztoJi 

and, imagine them divided into equal FaiUi 
in a and b; e, d, and e. 

Alfo, fuppofe C and D divided into the 
fame number of equal Parts, refpeflively, 
in a and b; c, d, and e. 

. - TJi« 
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Then,finceA:B::2:3,&A:B::C:D;C:D::2:3-Ax.i3 
wherefore, the Parts, a and b, (of C) and c, d, e, (of D) 
ii^ all e^ual adfohgft themfelves. - « Ax. 9. 
Confequently, astf:a, or^.b, ::r:c, ^:d,or^:e. * Ax.4» 
But, a and b are equal parts of A; and, a and b, of C. 
Alfo, r, Jy it e. ire equdl pitisof B ; ^lid, c, d, and e, of D. 
But, Quantities are, to each other, in the fame Ratio as 
their equimultiples, or equal parts. - - - Ax. 8« 
Therefore, as A is to C, fo is B to D. Q^E.D. 

Again, duppofe tlie Ratio of A to B, 
add of C to 1), be incommenfurable j j ^ ^ 

and confequently, cannot be divided into < 

Parts, which are all equal amongft B 
thendfelves ; 

Then, let A and B be divided into the C 

fame number of equal Parts, fuppofe they 
gre bifedted, in a and ^. - - Poft. 2 

Now, A:B: :C:D, and A:B:;fl:i, - - - Ax. 8. 
Confequently, C:D::aib, - - - - Ax. 13. 
But, A:a: :B:h (Ax. 7) andj as a:b: iCiD. - as above. 
Wherefore, by fubftituting one for the other, - Poft. i. 
Confequeiitly, as A is to C, fo is B to D. Q^ E. D, 



I> 



THEOREM V. 

^laritities, which are analogous when taken direflly, 
are alfo analogous, taken inverfely. 

If A is to B, as C is to D; then, B is to A, as D to C. 

EM. For, ifA:B::C:D; then, A:C: :B:D, - - by 4. 
i.e. B:D.:A:Ci then, B:A: ;D:C. - - fame. 

T H E- 
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THEOREM VI. i8EucIid 

Quantities which are analogous, taken direftly, an 
alfo analogous, when compounded. 

If A is to B as C is to D. 
Then A added to B, is to A orB; asC added to D,tstoCorn 

Dem. For, finceA:B::C:D5 then, A:C: :B:D - Th. 

wh.asA:C::A+B:C+D. (2)conf.A:A-f.B::C:C+3 
and confcquently, as A-[-B:A: iC+DrC. - - Th. 

But, B:D;:A:C; therefore, A +B:B: :C+D:D- Ax. 3 
CoR. By invcrfion. A, or B, :A + B: :C, or D, :C-f I>^ 



THEOREM VII. i7Eucrl 

Quantities which are analogous, directly, are ^ 

analogous when divided. 

If, in four Q^iantitics, A,B, C, and D; AistoB,asCto3 
Then, according as A or B is the greater Quantity, 

A left B (or B lefs A) is to A, or B, 
as C lefs D (or D lefs C) is to C, or D. 

Dem. Now, A:Bt:C:D. (Hyp.) wherefore, A :C::B:D -4 
But, asA:C, (or B toD): :A-B (orB-A): C-D - 3' 
conf. A (orB) :A-B::C (orD) :C-D - - - 4- 
and, conf. A-B :A (or B) ::C-D:C (or D) - - 5. 
Or; - -E-A:A, orB, : : D-C: C, or D. 

Cor. The Converfe of this is firfl: proved, in the third ftep, 

THE. 
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THEOREM VIII. 

If four Quantities are Proportionals, in a certain 
order, they are alfo proportional when mixed 5 
i.e. their Sums and Differences are analogous. 

If A. is to B as C to D. 
Then, A + B:A-B (or B^A) ::C + D:C-D (orD-C) 

Dem. Now,A:B::C:D (Hyp.) then A:C: :B:D - Th. 4* 
Wherefore, as A: C::A + B:C + D - - - - 2. 
alfo, asA:C::A-B:C-D. - - . - 3. 

confequently, A + B:C + D::A— B:C— D - - Ax.13. 
therefore, A + B-.A-B: :C + D:C-D. - Th. 4, 

Cor. A-B:A + B::C-D:C + D, by inverfion. » 5. 



THEOREM IX. 22Euclid. 

if there be three or more Quantities^ and others equal 
^^ them in number j which, taken two and two in 
^ Certain order (ordinately, or progreflively) are in 
^•^^ fame Ratio-, then will the firft be to the laft, 
^ the firft to the laft, in each Order of Quantities. 

^"^» as the firft is to the firft, fo is the laft to the laft. 

^f A:B::C:D; and, if B:E: -.DiFj A is toE as C toF. 

^^M. Now, A:B: :C:D ; wherefore, A : C : :B:D 1 ^j^ 
And - B:E::D:F; wherefore,B:D::E:F i *** 

^ow,finceA:C::B:D; and, as B:D::E:F. 
Conf. A:C::E:F (Ax.13.) Therefore, A:E::C:F. - 4. 

JJ* B. The laft Part is proved firft. 

M m Cor. i. 
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Again. If other Quantities, G and H, be added, in tbs< 
fame Ratio to the lafi Confequeirts, refpeflively ; as £ f^ 
lo G, fo is F to H; it is manifeft, that A is to G, as Ctot/; 
the firft, ftill, in the fame Ratio to the laft. 

For, as A;E;:C:Fi and, a3E:G::F:Hi by Theorem. 
wherefore,A:C::E:Fiand,a8E:F:;G:H(bythe4th. 
Conf. as A!C:iG:H (Ax. 13) th. A:G::C:H - fame. 

And thus it will ever be, if Quantities be added (in 
equal Ratio) after the fame Order, ad infinitum. 

Cor, Hence, if~the Quantities, added are in equal Ritb 
to the Antecedents, refpedivcly ; 
thus,ifA:B-.:C:D, and, if E be to A as F to Cj 
it is manifeft, that as £ is to B, fo is F to D, &c- 



THEOREM X. 



23 



Euclid!. 



In two Ranks or order of Quantities, if there be three 
or more in each ; which, taken two and two, inor- 
dinately, are in the fame Ratio ; then, as the firft 
is to the laft, in one Order, fo is the firft to the laft 
in the other ■, as by equality. 

Let A, B, C, and-D, E, F, be Quantices 
in fuch Order, fo that, as A is to B, fo t^ 
E to F ; and, as B is to C, fo is D to £■ 

I fay, that, as A is to C, fo is D (o F. 

Let any other Quantity, G, be taken fo; 
that, as D is to E, fo Is F to G ; - Poft. 3- 
conf. as D is to F, fo is £ tu G, - • 4' 
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I 

Dem. Then, as before, A :B: :E:F, wh. A:E: :B:F, - 4. 
Alfo, as B:C: :D:E, i.^. as F:G, wh B:F: :C:G.faine. 
Now,A:E::B:FjandB:F::C;G;wh.A:E:C:G-Ax.i3. 
and confequently, as A:C::E:G. - - - - Th.4. 
But, D:F::E:G, (above) Th. as A:C::D:F - Ax.13. 

If other Quantitres be added, inordinately, in equal 
Ratio, it will ftill be as the firft is to the laft, in one Rank, 
fo is the firft to the laft, in the other, e. g. 

Let the Quantities, G and H, be fo taken, tbdt, as 
C is to G, fo is H to D; then, as A is G, fo is H>to F. 

For, ^s A:C::D:F (above) and, asC:G: :H:D- Hyp.; 
confeq'uently, as A is to G, fo is H to F; - - as before. 

Inordinate equality may be proved, (after ordinate) by 
means of the 21ft Definition, viz. by compofition of Ratios ; 
but, as that Definition is fomewhat obfcure, the Demon- 
firation arifing, therefrom, would be fo too. 

For,fince A:B::E:F} and, asBiC: :D:E; alfo asD:G: :H:D; 
it is mani feil, feeing that there is equal Ratios between the two 
extremes, A and G, H and F> let the intermediate Ratios be 
ever fo many, and in what order foever, provided thet'e be an 
equal number in each Rank; and the extreme Ratios are equal, 
ordinately or inordinately} alfo, that there be found equal Ratios 
between the Extremes, in each Rank ; two and two, any how 
fituated^ the Ratio, compounded of them all, is, as the firft to the 
lafl, in each Rank, or order of Quantities ; by the Definition. 
But, the extreme Ratios are equal (ordinately or inordinately) 
and confequently, the extreme Quantities, of both Ranks, are 
in equal Ratio. 
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THEOREM XI. 25Euci^i 



If four Quantities are Proportionals, in a cert 
order i the greateft and the leaft are, to 
greater than the other two. 



K 



G 



m 
r, 



A B CD 
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Let A, B, C, and D, be four Quantiti 
of which, let A be the greateft ; and C 
them be, as A to B, fois C tp 1); cqn 
quenily, D, is the leaft Quantity. 

for, if the firftbe greater than the fecon. 
the third is greater than the fourth - Ax.L 
and, if the firft be greater than the thi 
the fecond is greater than the fourth. - 



s« 
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Dem. Becaufe A and C are greater Quantities than B & 
let E and F be taken from A and B, refpeftively, eq 
to B and D, refpeSiveljr. 

Now, A:B::C:D. But E=B, and F=D - C^ 
wherefore, as A : E ; : C : F. - - - Ax ^ 
conf. A-E (i.c.G) :A::C-F (i. e. H) :C - Th«. - 7' 
i.e. G:A::H:C; wherefore,G :H :: A:C - Tk . 4* 
But, A is greater than Ci wh. G is greater than H-Ax- :m: u 
conf.G-l-E(i.e. A) +D, is greater than H+F (i.e.C)-l- ^' 
Th. A + D is greater than C-f B, the two middle Terms. 

In the jaft ten Theorems, and the Corollaries deducit>^^ 
from them, is contained all the various ways of reafoning^ ^X 
Proportion, which I conceive to be ufeful j two of whi^'^' 
the fifth and eighth, are not proved by Euclid. The eigb*^''* 
indeed, is not mentioned, by him, or any of his Followers, tl^^^ 
I am acquainted with; but, I am fomewhat furprized, tH^^ 



n. 
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none have jiven a Dcmonftration of Inverfe Ratio; which 

being proved, every Converfe Ratio is alfo proved. Profeflbr 
Simfon is aware of that deficiency, and has very judicioufly 
introduced it, as an additional Propofition (B ;) after which, 
I muft think it needlefs, to add the Converfe of divided 
Ratio (E) unlefs he had, alfo, given the Converfe of all. 

But what, to me, feems very extraordinary is, that Euclid 

ftould not demonftrate either ; alfo, that he fliould prove 

(if it may be faid to be proved) divided Ralio ( the 17th ) 

J^cfore compounded (the i8th) when the latter is, in fomc 

nieafure, made a Condition of the former ; they are, indeed, 

Converfe, each of the other. In the 17th he fays, ** If 

. Magnitudes, taken jointly or compounded, be proportional, 

they are atfo proportional taken feparately, or divided." 

Now, by the tenor of thefe Premifes, if one is, the other 

*s, alfo; and confequenily, if one is not, the other is not; 

'^^^^ereas, the Condition is prefumcd, only ; and confequently, 

*nere is no proof of either. But where is the necefiity of 

proving it on that Condition, when it may be done as ele- 

S^ntly, folidly, and briefly without it, from the fimple Ana- 

^°gy of the two Ratios. 

Either I am not clear, in the nature and meaning of com- 
pounded and divided Ratio, or thofe Prppofitions are not 
^^ the purpofe. 

"^y Definitions 15th and i6th is to be underftood, when 

S^^Htities are proportional (fimply) thry are alfo proportio- 

^' Compounded or divided ; whicli, PiofelTor Simfon has 

/ P^efsly faid, in his Definitions of them; and which, I 

^ demonftrated in the 6th and 7th Tiieorems. Now, his 

/^*^ Propofition fays, as above ; and vice verfa-'m the iSth, 

^ that, if Qi^iantities are Proportionals, wha|i^mpouncJ- 

^ ^^r divided, they arc fo, divided or compburlUBp^ which, 

-^ ^^nnct conceive to be the tiue n.eaning, but as I have 

/^^^d them, in the Theorems, and have demonftrated, 'Q^^t^t^r-r : 

^^^t: Hypothefis. 

A Tf 



'■^**^ 



2^o ELEMENTS of GEOMETRY. 

If what I have advanced, on the fublime Do£trine of Pr<K 
portion, be not fufficient^ for any purpofe whatever, I will be 
bold to fay, that it is not fo in Euclid, or any of his Com- 
mentators. The Axioms, which I have given, are gatherccf 
from the moft eafy and fimple ideas of Proportion ; after the 
Definitions are digefied and clearly underftood, there is no 
Perfon would hefitate, one moment, to grant every Axiom; 
they require no proof, being felf evident. 

That Quanttties are in the fame Ratio as their Equimul- 
tiples, or equal Parts (the 8th) is manifeft to the roeancft 
capacity ; and this is one of the principal, on which Euclid 
has founded his whole Theory of Proportion ; which 
amounts to no more than this ; that one is to two, three, &c. 
as^ two, is to four, fix, &c j or, as three to iix, nine, &c. 
1. e* as one, to two, three, &c. Or, that one Quantity is to 
any other Quantity, as the half, or third part, &c. of one, 
is to the half, or third part, &c. of the other. 

The ift Axiom, in the firft Book of Elements, of Euclid, 
(the 3rd of thefe Elements) exprefly fays *' 7J/»^j, which 
are equal to the farne Things are equal between themfelves/^ 
Now, the queftion is, whether Ratios zre Things? Certainly, 
if any thing be meant by Ratios, they muft come within that 
Appellation j for, granting the Term to be, in itfelf, meta- 
phyftcal ; yet, fomething is underftood and meant by Ratio, 
and confcquently. Ratios zic Things, Then, theiithPro- 
' pofition of Euclid's fifth Book, Is as much an Axiom as 
the firft of the firft ; and, I have accordingly made it ioy 
in the thirteenth. The remainder of the Axioms arc as 
fimple, obvious, and felf evident ; which, with the Poftu- 
latcs, being granted, the whole of the Theorems, I am 
confident, will be found folidly, yet briefly, and clearly 
demonftrated. 
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A critical Remark on Euclid's fifth Definition^ 

of the fifth Book. 



Euclid in his fifth Definidon, has given us a Criterion, whereby 
to determine Analogy of Ratios, rather than a iimple Definidoa 
of what it i8« 

He fays, *' Magnitudes (by which is meant Quantities of any kind) 
are faid to be in the fame Proportion, the firii to the feconj, and 
thethird to the fourth, when the equimultiples of the firft and 
third, being compared with the equimultiples of the fecond and 
foordi, according to any muhiplicadpn ; either together exceed 
the one the other, or. together are equal the one to the other, or 
together are lefs, the one than the other." This is, litterally, ac- 
cording to the old Traniladon by H. Billinfley in 1570. 

Dr. Barrow fays, ** Magnitudes are in the fame Ratio, when the 
Eqoimaldples of the firfl and third, compared with the equimul- 
tiples of &e fecond and fourth, according to any muldpiicadoii 
Hrhatfbever, either both together are lefs than the fecond and fourth 
both together, or equal taken together, or exceed one the other 
together, if thofe be taken which anfwer one to the other." 

Dr. Keil^ from the latin tranilation of Commandine, has nearly 
like fame words^ viz. ** the Equimuldples of the*firfl and third 

S^mpared as aboVfc) are either both together greater, equal, or 
I than the equimuldples of the fecond and fourth ; if thofe be 
taken that anfwer each other." 

Cunn did well to explain the meaning of Dr. Keirs Definition, 
which is literally this ; that, equimultiples of the firfl and third, 
taken of added together (i. e. into one Sum or Quantity) are either 
ec}ual, greater, or lefs than the equimultiples of the fecond and 
fourth. I think, there is great occafion for a comment on 
Dr. Baiiow's ; which, to me, is quite unintelligible. 

After all that has been faid, concerning this Definition, by the 
leiarned Doctor and others, either the original Tiext muft be very 
obfcnre, or the expounders have rendered it fo, for I declare, 
I cannot think the words beai' fenfe. But, giving the greateft 
latitude poflible to the meaning of the words, they imply, the firfl 
and the third taken together, and compared with the fecond and 
fourth, together, (i. e. in one Sum) in which Cafe it amounts to 
a clear Axiom ; for they mufl, certainly, be either equal, greater, 
or lefs, one than the other; after which, the words, " if thofe 
be taken which anfwer the one (o the other," mean nothing at all. 

• Mr. 
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Mr. Stone fays, "they are, together, either deficient, equal o^ 
exceed each other.'* They may, indeed, be equal, each to tlic other; 
but, it is impoflible that they cany at the fame tim€, be eitncr 
greater or lefs, each than the other. 

The word, together^ feenls, to me, quife fuperfluous ; or elfe 
the tenor of it is, in this place, at the fame time^ or, hy the /am 
n^ultiplication ; which is quite foreign to the con^mon accicfpttfen 
of it. It is, perhaps, better to omit it entirely, and fupply its 
place with hoth (which Barrow and Keil have add^d) it is then 
plain; the firft and the third, compared with the fecond and 
fourth, will be either hoth greater, hoth equal or loth lefs ; whidi 
16 the conclufion all have drawn from it ; and then, the words, if 
thofe be taken which anfwer each other, feem neceffary* 

Mr. Stone in vindicating and illuflrating this Definition, ihews,' 
that it is clearly deduced from the fourth and fourteenth Propo- 
fitions. According to the Idea I have of the Definitions of Terms, 
in any Science, they ought to be defined by their moft natural 
and fimple properties ; from which the demonftrations of feme 
Theorems are to be obtained ; for it feems inconfiftent, firft to 
demonftrate feveral preceding Propofitions, by means of a certain 
Definition, previous to the demonflration of others, from which 
the Definition, itfelf, is to be deduced, and demonftrated. 

It is true, he fays ** it is not fo fimple and plain as the Definition 
of Numbers, or that which might be given of commenfurable 
Magnitudes.'* . And again : *' Euclid could not have given any 
other, fo elegant and general a Definition, that would have taken 
in incommenfurable Magnitudes, as well as Numbers, and com- 
menfurable ones. 

It is well known, that the Diagonal of a Square is not commen- 
furable to its Side ; alfo, the Circumference of a Circle is incom-' 
menfurable by its Diameter or Radius ; that is, their Ratios cannot 
be exprefi!ed in Numbers; for, the Side of a Square cannot be 
divided into any number of parts, though ever fo fmall, which 
will be an aliquot part of the Diagonal, i. e. they cannot both be 
divided into the fame equal parts, or into parts of equal magnitude, 
without defeft; fuch Quantities are, therefore, incomnKjiifurable. 
The Ratio, between the Side of a Square, and its Diagonal is 
very difi^erent from that, between the Diameter of a Circle audits 
Circumference. Yet, the Ratio between the Side of every Square 
and its Diagonal, or between the Diameter of every Circle and 
its Circumference, is the fame \ i.e. their Ratios are equal or 
analogous. 

It is intimated above, and is ftrongly fupported by Dr. Barrow 
and others^ that this Definition comprehends or extends to In* 

commenfunbfca 
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cofflmenfurables. I an], however, perfuaded, that it is no eafy 
natter to determine the analogy of fuch Ratios by it. The • rule 
it piefcribesy or is intended to prefcribe, is firaply this* Take 
tny Equimultiples of the firft and third Terms, fn four Quantities^ 
that are pfefumed to be analogous in their Ratios ; i, e. multiply 
the two Antecedent Terms, eaually, the fame number of Times, 
and, either by the fame Number or any other, multiply the two 
Conieouents, the third and fourth, or take Equimultiples of them ; 
tlttii, me firft and the third, being compared with the fecond and 
&orth ; if the (irft exceeds the fecond, the third will alfo exceed thp^ 
fiaitth, if one be equal, the other is alfo equal, or they will be 
twdi ld&, than the iecond and fourth ; i. e. the two Antecedent 
Terms will, at the fame time, be either both equal, both greater, 
Qrl>oth lefs than their refpe£live Confequents ; and, when this is 
the cafe, in all multiplications, whatever , , we may then conclude 
that dieir Batios are analogous. 

Now, if the Ratios are of incommenfurable Quantities, which 
cannot _be exprefled by Numbers, thofe Quantities cannot be 
tfiultiplied by Numbers ; and, in Lines,, it would require greater 
accuracy than it is poffible for any perfon to apply* to take Equi- 
t&oltiples of them. It is certain, that being multiplied, mentally, 
According to this Definition, If they were analogous, the Antece- 
dents would be either greater or lefs than the Confequents, conti* 
nnally, but never equal ; for if, by taking Equimultiples, they 
could, be equal, they may, confequently, alfo be divided into 
^ud Parts; but, it is well known, they cannot; which, negative 
Quality, is the diflinguifhing charaftenilic of Incommenfurablcs* 
And, fince it is manirefl that the Antecedents of Ratios which are 
not analogous may, by multiplying, be either gt eater or lefs than 
^elr refpe£tive Confequents, but never both equal, at the fame 
^ine, i. e. by the fame multiplication ; how, then, is it pofiible to 
difoover analogy of Ratios by this Criterion? feeing that, in 
Kados of commenfurable Quantities, which are not analogous, 
4^n\ay be greater or lefs, but never equal, as they will ever be 
>Q incommenfurable Quantities that are analogous. 

Hence, it appears, to roe, that, to produce equality, of the An- 
ient to the Confequcnt, is the only certain and infallible fign 
^ Proportionality, or analogous Ratio, between commenfurable 
Entities ; bur, fince that Criterion fails, in Incommenfurables, 
tiere cannot, by its means, be any pofitive determination con- 
-fning Analogy, in fuch Quantities ; unlefs, by trying all mul' 
^cations, whatever^ they are, at all ttmety either htith greater, qt 
thXtiz. .V 

\i the Antecedents are either both greater, equal, or lefs thai| 
eir re/pc£tive Confequents (and no Perfon would look for Prio^ 
>rtionality otherwifc) it is manifef^, that, by multiplying the 

N n . AntiK 
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If what I have advanced, on the fublime Do^rine of Pro^ . 
portion, be not fufiicienCt for any purpofe whatever, I will b^ 
bold to fay, that it is not fo in Euclid, or any of his Coa^-;. 

mentators. The Axioms, which I have given, aregathei . 

from the mofl eafy and fimple ideas of Proportion ; after ^^^ 
Definitions are digefied and clearly underftood, there i& ^^ 
Perfon would hefitate, one moment, togrant every Axic^iij. 
they require no proof, being felf evident. 

That Quantfties are in the fame Ratio as their Equimu/. 
tiples, or equal Parts (the 8th) is manifeft to the meancft 
capacity ; and this is one of the principal, on which Euclid 
has founded his whole Theory of Proportion ; which 
amounts to no more than this ; that one is to two, three, &c. 
as^ twOy is to four, fix, &c ; or, as three to iix, nine, &c. 
1. e* as one, to two, three, &c. Or, that one Qi^rantity is to 
any other Quantity, as the half, or third part, &c. of one, 
is to the half, or third part, &c. of the other. 

The ift Axiom, in the firft Book of Elements, of Euclid, 
(the 3rd of thefe Elements) exprefly fays *' 7J/»^j, which 
are equal to the fame Things are equal between themfelves.'^ 
Now, the queftion is, whether Ratios 2xt Things? Certainly, 
if any thing be meant by Ratios, they muft come within that 
Appellation ; for, granting the Term to be, in itfelf, meta- 
phyfical ; yet, fomething is underftood and meant by Ratio, 
and confcquently. Ratios are Things, Then, the nth Pro- 
pofition of Euclid's fifth Book, is as much an Axiom as 
the firft of the firft ; and, I have accordingly made it ioy 
in the thirteenth. The remainder of the Axioms arc as 
fimple, obvious, and felf evident ; which, with the Poftu- 
latcs, being granted, the whole of the Theorems, I am 
confident, will be found folidly, yet briefly, and clearly 
demonftrated. 
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A critical Remark on Euclid's fifth Definition^ 

of the fifth Book. 

Euclid in his fifth Definition, has given us a Criterion, whereby 
^ determine Analogy of Ratios, rarfier than a iimple Definidoa 
^ What it is. 

He fays, ** Magnitudes (by which is meant Quantities of any kind) 
^^ faid to be in the fame Proportion, the firft to the fecond, and 
^ae-third to the fourth, when the equimultiples of the firft and 
^rd, being compared with the equimultiples of the fecond and 
^^^'irUi, according to any multiplication ; either together exceed 
^e one the other, or. together arc equal the one to the other, of 
^^gether are lefs, the one than the other." This is, litterally, ac- 
^niing to the old Tranilation by H. Billinlley in 1570. 

l^r. Barrow fays, ** Magnitudes are in the fame Ratio, when the 
Eqaimoltiples of the firft and third, compared with the equimul- 
. ^pies of &e fecond and fourth, according to any multipiicatioii 
^hatfbevcr, either both together are lefs than the fecond and fourth 
^th together, or equal taken together, or exceed one the other 
^Rether, if thofe be taken which anfwer one to the other," 

I^r. Keil, from the latin tranilation of Commandine, has nearly 
J»^^ fame words^ viz. " the Equimultiples of the*firft and third 
J^^inpared as above) are either both together greater, equal, or 
*^^J^ than the equimultiples of the fecond and fourth ; if thofe be 
^*Ccn that anfwer each other." 

^unn did well to explain the meaning of Dr. Keirs Definition, 
^*^ich is literally this ; that, equimultiples of the firft and third, 
^Vcn of added together (i. e. into one Sum or Quantity) are either 
?5l^al, greater, of lefs than the equimultiples of the fecond and 
ij^Virth. I think, there is great occafion for a comment on 
"r. Barrow's; which, to me, is quite unintelligible. 

After all that has been faid, concerning this Definition, by the 
ferned Dodtor and others, either the original Tiext muft be very 
obfcure, or the expounders have rendered it fo, for I declare, 
I cannot thih'k the words beaf fenfe. But, giving the greateft 
latitude poflible to the meaning of the words, they imply, the firft 
and the third taken together, and compared with the fecond and 
fourth, together, (i. e. in one Sum) in which Cafe it amounts to 
a clear Axiom ; for they muft, certainly, be either equal, greater, 
or lefs, one than the other; after which, the words, " if thofe 
be taken which anfwer the one to the other," mean nothing at all. 

Mr. 
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Mr. Stone fays, *' they are, together, either deficient, equal of 
exceed each other." They may, indeed, be equal, each to tlic other; 
but, it is impofliblc that they can, at the fame tim^, be eitiicr 
greater or lefs, each than the other. 

The word, to^cther^ feems, to me, quifc fuperfluous ; or el(e 
the tenor of it is, in this place, at the fame timey or, hy the fame 
multiplication ; which is quite foreign to the common acce^ptadon 
of it. It is, perhaps, better to omit it entirely, and fupply its 
place with hcth (which Barrow and Keil have add^d) it is thea 
plain; the firft and the third, compared with the fecond and 
fourth, will be either both greater, both equal or both lefs ; which 
16 the conclufion all have drawn from it ; and then, the words, if 
thofe be taken which anfwer each other, fcem neceflary* 

Mr. Stone in vindicating and illuflrating this Definition, ihews,' 
that it is clearly deduced from the fourth and fourteenth Propo- 
fitions. According to the Idea I have of the Definitions of Terms, 
in any Science, they ought to be defined by their moft natural 
and fimple properties ; from which the demonftrations of feme 
Theorems are to be obtained ; for it feems inconfiftent, firft to 
demonftrate feveral preceding Propofitions, by means of a certain 
Definition, previous to the demonftration of others, from which 
the Definition, itfelf, is to be deduced, and demonftrated. 

It is true, he fays ** it is not fo fimple and plain as theDefinitioff 
of Numbers, or that which might be given of commenfurable 
Magnitudes.'* . And again : *' Euclid could not have given any 
other, fo elegant and general a Definition, that would have taken 
in incommenfurable Magnitudes, as well as Numbers, and com- 
menfurable ones. 

It is well known, that the Diagonal of a Square is not commen- 
furable to its Side ; alfo, the Circumference of a Circle is incom-^ 
menfurable by its Diameter or Radius ; that is, their Ratios cannoC 
be exprefied in Numbers ; for, the Side of a Square cannot be 
divided into any number of parts, though ever fo fmall, which 
will be an aliquot part of the Diagonal, i. e. they cannot both be 
divided into the fame equal parts, or into parts of equal magnitude, 
without defeft; fuch Quantities are, therefore, incommenfurable. 
The Ratio, between the Side of a Square, and its Diagonal is 
very difiercnt from that, between the Diameter of a Circle audits 
Circumference. Yet, the Ratio between the Side of every Square 
and its Diagonal, or between the Diameter of every Circle and 
its Circumference, is the fame ; i.e. their Ratios are equal Qr 
analogouj 



IS. 



It is intimated above, and is ftrongly fupportcd by Dr. Barrow 
and others, that this Definition comprehends or extends to In- 

commenfuribfca 
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tommenfurables. I sltq, however, peiTuaded, that it is no eafy 
natter to determine the analogy of fuch Ratios by it. The rule 
k prefcribes, or is intended to prefer! be, is fimply this* Take 
iny Equimultiples of the firft and third Terms, hi four Quantities^ 
dtit are pfefumed to be analogous in their Ratios ; i* e. multiply 
Ae two Antecedent Terms, equally, .the fame number of Times, 
' lod, either by the fame Number or any other, multiply the two 
' Coniequents, the third and fourth, or take Equimultiples of them ; 
then, tne firft and the third, being compared with the fecond and 
fbortb ; if the (irft exceeds toe fecond, the third will alfo exceed thp^ 
feurth, if one be equal, the other is alfo equal, or they will be 
Ixxh ld(s, than the iecond and fourth ; i. e. the two Antecedent 
Terms will, at the fame time, be either both equal, both greater, 
or both Itfs than their refpe£live Confequents ; and, when this is 
tlie cafe, in all multiplications, whatever, , we may then conclude 
tbt their Batios are analogous. 

Now, if the Ratios are of incommenfurable Q;]antities, which 
canoot.be exprefled by Numbers, thofe Quantities cannot be 
multiplied by Numbers ; and, in Lines,^ it would require greater 
accuracy than it is poflible for any perfon to apply, to take Equi- 
noltiples of them. It is certain, that being multiplied, mentally, 
\ according to this Definition, if they were analogous, the Antece- 
L deots would be either greater or lefs than the Confec]uents, conti* 
Boally, but never equal ; for if, by taking Equimultiples, they 
could be equal, they may, confequently, alfo be divided into 
equal Parts; but, it is well known, they cannot; which, negative 
' Qualify is the diflinguifhing chara6tenilic of Incommenfurablcs* 
And, bnce it is manirefl that the Antecedents of Ratios which are 
wx analogous may, by multiplying, be either gt eater or lefs than 
te refpeftive Confequents, but never both equal, at the fame 
tu&e, i. e. by the fame multiplication ; how, then, is it poflible to 
! hoover analogy of Ratios by this Criterion? feeing that, in 
; Ratios of commenfurable Quantities, which are not analogous, 
r 4cjr may be greater or lefs, but never equal, as they will ever be 
; la incommenfurable Quantities that are analogous. 

Hence, it appears, to roe, that, to produce equality, of the An- 

'^cedcnt to the Confequcnt, is the only certain and infallible fign 

^ Proportionality, or analogous Ratio, between commenfurable 

Qj!«ntities ; bur, fince that Criterion fails, in Incommenfurables, 

^cjt cannot, by its means, be any pofitive determination con- 

^Ing Analogy, in fuch Quantities ; unlefs, by trying all mul' 

^cations, whatever, they are, at all times, either hfitJb greater, qt 

^^Mb. .V 

If the Antecedents are either both greater, equal, or lefs thaij, 

4ci-relpc£tive Confequents (and no rerfon would look for Pro^ 

J^rtionality otherwifc) it is manifefV, that, by multiplying the 

N n Aritt^' 
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Antecedents any number of times, equally, and the QpHfequentf 
the fame, or any other, alfo equally ; they muft neceflarily.be, at 
the fame time, either both greater or both lefs ; but, if they are 
not analogous, they never can, at the fame time, be both eqaal, 
i. e. each Antecedent to its refpedlive Confequent ; and there- 
fore, no other Sign, but equality, isneceilary, or fufficient^ to 

prove Analogy of Ratios. 

•■ 

I am perfuaded, that either Euclid, himfelf, pr his Advocaltt 
are under feme miftake in refpe£t of this fifth Definition ; whidf 
does not, pofitively, determine the Analogy ot^incommenfurablfi 
(iuantities. Therefore, the inveftigation, by means of it, is vague 
and imperfedl ; and confequently, all that is built, entirely on ii* " 
18 fo too ; feeing it cannot, as it is prefumed, difcover Analogfi 
in incommenfurable Quantities ; becaufe, equality of thft Antece- 
dent to the Confequent (the only certain Sign) cannot, by mul- 
tiplying, be produced. 

It is manifeft, that if Equimultiples of incommenfurable Quan* . 
tities are taken, they will flill be in the fame Ratio; i. ciithe 
fide of a Square and its Diagonal, &c. be equally mul^plied; bat 
no multiples of the Side and of the Diagonal can be fo taken, th^ 
they may be equal to one another ; for, it is evident, if they conU, 
they might, alfo (as obferved above) be divided into die fiuie 
equal Parts, which cannot be. And, for fuch as are commcnftt- 
rable, it is an unneceflary and unfatisfa^lory method of determining* 

Then, fmce no lign, but equality of the Antecedent to tfc 
Confequent, can be pofitive, and fince that cannot fubfift between 
Incommenfurables, although it is certain, that if ont is, thcothcl 
mull neceiTarily be fo too ; but fince that, if can ncv^r poffibb 
happen, we cannot, on that fuppofition, determine Analogy c 
Ratios, in fuch Quantities. 

The Reverend Dr. Barrow, in his 2ift Lefltire, has made 
very learned D«fence of this Definition ; and, fpiritedly, encounte: 
theDetradors of Euclid, viz. Ramus, Tacquet, and Hobbs, in tt 
2 2Jid. But, having filenced thofe weak Opponents, he is do/ 
put to it by Borellus, in his 23rd and laftLedure; where, aftc 
various ikirmifhes, in which, the Doftor has not always tk 
advantage, he briefly fums up the whole Evidence, in thefe wonij^ 
** that, in his judgment, there is nothing extant in the whole 
work of the Elements, more fubtilly invented, more folidljf 
cfiabliflied, or more accur-ately handled, than the Dodrine of 
Proportionalities." Neverthelcfs, if his own Definition of it is 
to be the Touchftone, I cannot fubfcribe to his Atteflation. 

Now, as I have before obferved, in the Preamble to this fifth Book 
Proportion is, in a great meafure, an innate principle; which 
being clearly explained, what is meant by i:, and explicated by Nam 

ber 
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tes, IS {o very intelligible, that, to any tolerable Capacity, it does 
not require other Demonftration ; and all that is built on that 
biowlcdge is, I am confident, as folid and permanent, and as 
iecDrelyeftabliihed, as by all the Demonftration which can poffibly 
be^ven ; at leaft, on the foundation ot Euclid's fifth Definition. 

In refpefb of commenfurable Quantities, to all which Numbers 
may be applied, whether their Ratios are analogous or nor, is 
wdily difcovered ; fince, in Analogy, the Ratios being equal, 
tiiefame Ni^mbers will exprefs either. 

E.g. 56:98: : 12:21 ; which being reduced to their lowed 
Denomination, the Ratio, of each, is determined. The firll 
pair, ^6 and 98, being divided, feparately, by 14, gives 4 and 7, 
die true Ratio of that pair. Now, if the other pair produces the 
fame, they are analogous ; 12 and 21, divided fingly, by 3, pro- 
Aice, alfo, 4 and 7 ; which is, therefore, the true Ratio oifboth ; 
confequently they are analogous, feeing the Ratios are equal. 

If there be taken Equimultiples of Ratios that are analogous, 
i.c. being multiplied various ways, either all by one Number, 
(any number whatever) or the firft pair by one Number, and 
dK fecond pair by another ; or, if the firfl and third be mul- 
tiplied by one Number, and the fecond and fourth by any other, 
^Proda£b arifing, from every fuch multiplication, arc ftill ana» 
logons, in the Rauo of both Pairs. 
I lAX. A : B : : C : D, in the Ratio of 3 to £* 

Tlius,9: 15:; 3:5. 

So, 27 : 45 : : 9:15, being all multiplied by 3, 

Alfo,i8 : 30 t ; 1 5 : 25 ; the firll Pair by 2, and the fecond by 5. 

In both thefe Cafes, the Ratio is ftill as A to B, or as C to D. 

f the tirft and third, being multiplied 
Again, 36:30: : 12 : 10, i by 4, are both greater than the fecond 

L and fourth, multiplied by 2, 
r the firll and third multiplied by 5, the 
Alfo, 45:45; : 15: 1 ^, 4 fecond and fourth by 3; in which 

(, cafe they are both equal. 
And, being all multiplied by any one Number, as above, it is 
! ^dcnt they will both be Icfs. Or, being multiplyed by various 
Nombes, they will both be lefs; which illullrates the fifth 
Dcfinitic n of Euclid. 

Now, it is very obvious, in Numbers, from any one, of thefe 

Wioas 'operations, th^t there is analogy of Ratios between A 

ttdB, CandD; and it is full a^s obvious without. But, proi 

Wdedit :s not known, whether the Ratios arp analogous or not, 

floone, nor all of the three firfl trials arc futHcicnt to determine it^ 

aerely from the firll and third being, at the fame time, both 

peater or both lefs than the fecond and fourth ; bccaufe, thofo 

iiings may, and very freq^uently do, happei;, wher^ there is 

tor Analogy, 

N n 2 ' E» g. 
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E. g. Let the Ratio of A to B be as 3 to 4 ; and, C :D : : zj:^. 

In whole Numbers, A:B: '.3:4, or 12: 16, and C:D::ii:i6. 

Now, let there be taken Equimultiples of A and C, and other 
equimultiples of B and D*. e. g. Let the Antecedents be takes 
thrice, and the Confequents twice ; it will be 3 A : 2 B : : 9 : 8, 
and 3 C : 2D : : 33 : 32 ; by which multiplication, it is evident 
that the Antecedents are both greater than their Confequents. 

But, feeing that the Ratios are not equal, it is impoffible to 
take Equimultiples of the two Antecedents, and alfoEquimukiplei 
of the Confequents, by which, the Produ£ls pf the Antcccdcnti 
ihall be both equal, refpe£lively, to their Confequents; and 
alfo^ because their Ratios are not equal, fuch Equimultiples nay 
T)C taken of them, that one Antecedent Ihall be greater, and tb( 
other lefs, than its refpedive Confequent. 

E. g. Let A and C be taken four times, and B and D thrice^ 
It will then be, 4^:36: : 12: 12, and 4C: 3D: 144:48; 

Again ; let A and C be taken 7 times, and B and D 5 times; 
at will be 7 A : ^B : : 21 : 205 and, 7C : 5D : : 77 : 80. 

Either of thele operations is fufficicnt to evince, that the 
Ratios are not analogous ; i. e. A is not to B, as C to D ; for, it 
is impoffible that equality of Antecedent to Confequent (hooU 
happen in both pairs, (i. e. of A to B, and of C to D], onlef; 
they are analogous ; which is the only indi/putable proof ojf 
Analoory ; for, one Qnantity muft neceffarily be to itfelf, as vof, 
other Quantity is to itielf. And iince it is not pofliblc for cqualitjr 
to happen, by multiplication any more than by divifion, between 
incommenfurable Quantities, it is manifeft, that Analogy of fuch 
Ratios cannot be abfolutely determined by that Criterion! 

Wherefore, the Demonftration, according to' Euclid, In the 
fifth Book is not poiitive, in refpedt either of commenfurable or 
Sncommenfurable Quantities ; but is only prefumptive,' at boil, 
stud is \eTy obfcure and ' unfatisfadtory ; iince it is mamfefii 
that, in unequal Ratios, Equimultiples may be fo taken (accordiog 
to Euclid) in which the Antecedents will be either both greater 
or both lefs than their Confequents (as it has been' (hewn above) 
but, it is not pbflible they can be taken, fo, that both Antecedents 
ihall be" equal to their Confequents. 

I am therefore of Opinion, that, the Dodrine of proportion 
is not properly invefligared by Equimultiple's ; nor can I conceive, 
that taking multiples of Quantities, in order to prove the equalit/ 
of their Ratios, is properly geometrical. It feems, to me, more 
confident to compare Quantities by th6mfelves, either whole an(( 
entire, or by their equal Parts. 

But it is manifefl, that there are Ratios, which will not admit 
of divifion into the fame Parts, i. e. into Parts of the fame 
magnitude ; yet it is certain, that they may, with equal cafe 
and more propriety, be divided into the fame number of Parts, 
as to take Equimultiples of them ; which "Method I havcthcre^ 
fore adopted, as the mod rational and eligible. ' 
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BOOK VI. 

THE fixth Book of Elements is not only the moft 
ufeful and valuable of the whole, byt alfo the moft 
entertaining and inftru£tive. In it, the Dodlrine of Pro- 
portion is applied to real ufe, in finding out the more extra- 
prdiftary properties of Plane Figures, (particularly Triangles 
|ind Parallelograms) by the inoft fubtle and folid reafoning 
jiia,C can be conceived: by means of which, many excellent 
§jo4 e^t^nflvely ufeful Problems are found out, and applied. 
fp various and moft notable purpofes. 

I^ it, the Rule of Three, or Proportion, called by way of 
f naiixence, the Golden Rule, ba$ its foundation and exiftence 
(Theo. 9.) in it, is alfo demonftrated, with more facility, 
jJiat, not only the Square of the Hypothenufe is equal'to the 
Jtwo Squares of the Side?, of every right angled Triangle, 
)>ut likewife, that it is fo, in all fimilar Figures whatever^ 
^regular or irregular, conftrudled on the three fides, for the^;;^ 
^prKfpooding ones of each Figure. (Theo. 16.) Iti it, is 
^terpiined the juft proportion which exifts between tiyo 
f milar Figurejs of any kind, and exhibited by two Right 
J'ines (12 and 13) by which means, any Figure, whatever, 
may be conftruded, in any Ratio to a given one, (Prob. 37 
and 16 ;) or, the Side of a Square may be determined, whofe ' 
Area {ball be equal to that of any given right lined Fip;ure. 
whatever. (Prob. 24 and 25.) And, what is more extra- 
ordinary, a right lined Figure may be conftrucied fimilar tq 
any given Figure, and equal to any other, of different 
Forms and Denomination^, being right lined. (Piob. -8.) 
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In it, feveral valuable properties of the Circle are briefl 

jdemon ft rated ; in Ihort, to fee and admire all which it con 

tains, I recommend the careful and attentive perufal of il 

^s the reac^eft and moft certain means, by which its beautic 

and excellencies can pof&bly be communicated, 

DEFINITIONS. 

Pef. I. SIMII^AR FIQURES are fuch as hai 
all their Angles equal, each to the other, refpe£tiveN 
ani alfo, the Sides which are oppofite to equal Angle 
or which lie between equal Angles are proportional. 

The Quadrilateral abed, having all i 
Angles equal, refpedively, to the Angles c 
the Quadrilateral ABC D, viz. a equal A 
b equal B, &c ; and, if, the Side a b have 
the fame Ratio to AB, as b c has toBC,&c. 
then, a b c d is fimilar, or like, ABCD. 
If £F be drawn parallel to A B, tb 
t Angles at £ and F, are equal to A and B 
f refpe6tively (4. i.) confequently to a andb 
wherefore, all the Angles of the Quadrila 
tateral abed, are equal to thofe of EFCD 
but, feeing the correfponding Sides, a 
?nd EF, be and FC, &c. are not pro 
portional with c d and CD, abed is no 
fimilar to E F C D. 
Trrangfes ABC, ab c, havingall the Angles of one, equal 
jefpedively, to the Angles of the other,have their Sides necef- 
farily proportional, and are, confequently, fimilar Figures. 

. The Sides a b, AB j b <:, BC, &c. being oppofite to equal 
Angles, or which lie between eaual Angles, are Homolo- 
gous or correfponding Sides, 

N. B. All ordinate Figures, whatever, i. e. fuch as areequilaters 
and equiangular, one with another, are fimilar Figures ; as equj 
lateral Triangles, Squares, &c. Alfo all Circles are fimilar Figurs 
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DcF. II. In Triangles, and Parallelograms, if there be two 
Sides, in one, which, with two Sides in another, of the 
fame kind, and about the fame Angle, are Proportionals; 
in fuch wife, that the Antecedent of one, and the Con- 
fequent of the other pair, are in the fame Figure, thofe 
Figures are faid to be Reciprocal, 

But more properly, the Ratio is reciprocal in fuch 
Figures ; for, reciprocal Figures is unmeaning. 

In the Triangles ABC,DEF; if the 
Sides AB and BC of the one, and 
DE,DF,oftheother,areProportionals; 
and, if AB is to DE, as DF, of the 

fame Triangle, is to BC of the other ; 

then, the Proportionals are reciprocal 

in thofe Figures; and they are ufually, 

though improperly, called reciprocal 

Figures. 

Underftand the fame of Parallelograms. 

^^. B. Equiangular, or fimilar. Triangles arc not reciprocal ; 
becaufe their Sir.es arc all, refpedlively, proportional ; which 
is npt the Cafe, in the Figures annexed. For, EF is not 
neceflarily in the fame Ratio to AC, as are the other Sides, 
AB to D£, and DF to BC. Neither can there, in fimilar 
Figures, be found the Antecedent of one Pair, and the Con- 
fequent of the other, in the fame Figure, unlefs they arc 
congruous. (See Def. 43.) 

The Sides of fimilar Figures are, therefore, diredlly pro- 
portional, and not reciprocally. 

For the Definitions^^F Base and Altitude, fee 
Def. 45 and 46 in the^neral Introdui^ion. 

^ X I O M. If two, or more. Figures are fimilar to the 
fame Figure, they are fimilar between thcmftlvcs. 
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THEOREM I. lEucIii 

Paralklograms, or Triangles, having the fame Aid- 
tudc, arc, to each other, in the fame Ratio ai 
their Bafes. , 




Let ADEB and BEFC be two Pi- 
rallelograms, between the Tame Patallek, 
AC and DF. 

I fay, the Ratio of the Parallelogram 
AE to BF, (i. e. of their ArcasJ ij, as AB 
toBC, their Bafes. 

And, the Triangle AMB is to BNC, 



^ ^ *^ as the Bafe, AB is to BC, 



Let AB be divided into any number of Part;, equal to 
each other, in G and H ; and fuppofe BC divided into tbe 
fame number of equal parts, in I and K (Port. 2. 5.) 

Draw, GL, HM, &c. parallel to AD and BE. 

Dem. BccaufeAG, GH, and HB are equal to each other; 
the Parallelograms AL, GM, and MB, are equal. - 18. i. 
And, the Pars. BN, NK, and KF, are alfo equal - fame 
Now, if AB=BC, the parts AG 5tc. are equal to"BI, &c. 
If AB be greater than BC, the part AG is greater than B[j 
and, if AB be lefs than BC, AG is lefs than B I. 
Confequently, the Parallelograms AL, GM &c. are, alfo, 
either equal to, greater, or lefs, than BN, NK, &c. 
as, AG, &c. is equal to, greater or lefs than BI, &c . 
For, Quantities are in the Utne Ratio, to each other, as 
their Equimultiples, or equal Parts. - - Ax. 8. 

Now, ^ 
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Now, AG:AB: 
A.nd, Par, A'L:AE: 
Conf. Par.AL:BN: 
Kut, Par. AL-.BN: 



ilrBC 7 

N-RF f in equal Ratio,-Ax. 7. 5. 



BlrBC 

BN 

nG:BI,i.e.::AB:BC,(P.i.5.)-4.S. 
AE:BF. - - . fame. 
'I^h. Par. AE:BF::AB:BC. - ^ Ax. 13. r. 

2nd. Becaufe Triangles are equal to half Parallelograitis, 
*^avihg the faftie Bafe and Altitude ; - - 17. i* 
the Parallelpgram AE : BF : : A . AMB : BNC - Ax. 8. 5. 
and^ Parallelogram, AE i BF : : AB : BC - above ; 
conf. the Triangle AMB : BNC : : AB ; EC. - 13. 5. 

Cor, Parallelograms or Triangles having the fame or equal 

Bafes, have the fame Ratio to each other, as their Altitudes* 

For, if their Bafes be confidered as their Altitudes, and 

their Altitudes as their Bafes, it is evident from the Theorem. 

Let ABCb and AEFD be two Parallelo- 
grams, on the fame Bafe AD* 

Draw the Perpendicular B9 ;-(Prob. 7.) 
BH and GH arc their Altitudes. - Def. 46. 

Then the ParallelogramAC:AF::BH:GH. 

For, fince all Parallelograms having the fame Bafe and 
Altitude are equal, the Parallelograms, AC, AF, arc equal 
to Rednhglcs, vvhofe Bafes are equal to AD, and their 
other Sides equal to BH and GH, refpe<Slvely. - 18. i. 
Wherefore, BH dnd GH being confidered as (he Bafes of 
the Parallelograms AC and AF, and their Altitudes, AD; 
the Parallelogram AC : AF : : BH : GH - - Theo. 
But, the Triangle ABD is half the Par. ABCD,7 
and, the Triangle AGD is half the Par. A EFD, ^ " ^ 7' ^• 
Conf. the Triangle ABD : AGD : : BH : GH.- Ax. 13.5, 

O T H K- 
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THEOREM 11. 2 EucUct ^ 

If a Right Line be drawn, parallel to any Side of 
Triangle ; it will cut the other two Sides (produc 
if ncceflary) proportionally* 

Firft. In the Triangle ABC, let DE 
drawn, parallel to BC ; cuting ^he Sid 

AB and AC, in D and E. - (Prob. 5 ) 

Then witl AB and AC, be cut propo^^- 
tionally, in D and E. 
J. e. AD to DB, as AE is to EC. 

Draw BE and DC. 

Dem. Bccaufe DE is parallel to BC, DBEzr EDC - 18! i -^ 
Wh. the Triangle ADE:DBE: :ADE:EDC. - Ax. 4 5^^ 
But, the Triangle ADEiDBE: : AD : DB j 1 
and, the Triangle ADE:EDC:: AE : EC. ) -Th.i^ 
Therefore, - - AD : DB :: AE :. EC. -Ax.13.5^ 

Cafe 2. If ADE be the given Triangle j let BC be drawi^ 
(without it) parallel to DE. 

Then, if the Sides AD, AE be produced, cuting BC^ 
in B and C; the Sides, AD and AE, of the Triangle, ADE, 
are proportional to the Segments, DB and EC,, of thofi? 
Sides, produced to B and C. 

For, as AD : DB : : AE : EC; - - - as above, 
conf. as AD : AE : : DB : EC. - - 4, j, 

CoR. I . If two Sides of a Triangle ( AB, AC) are cut pro- 
portionally from the fame Angle, (A, in D and E; 
fo, that, AD:DB::AE:EC) a Right Line (DE) joining 
the Points (D and E) will be parallel to the remaining 
Side of the Triangle, The Converfe. 

For, 
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For, the Sides, AB, AC, being cut, as AD:DB :: AE-.ECi 
«nd the Right Lines, BE, DC, drawn, as before ; 
A.ADE:DBE::ADE:EDC5 (i.) conf. DBEizEDC. 
T'hercfore, DE is parallel to BC ; - - Cor. to 18. i. 

^*fe 3. If DE be drawn, beyond the 
Vertex A, parallel to BC, the Side 
oppofitc J and, if the Sides BA and CA 
^^ produced, till they cut DE, in O // 
"'^d Ej then is AB to AD as AC to AE /' ' 

Join BE and DC ; as before. 
'^tte Triangle ACD is equal to ABE. 

^^^^. DE is parallel to BC; wh. aDBEzzDCE - 18. i. 
**^d» ADE it common to both; ih. ACDzrABE -Ax.7. i. 
pOxxf.thcTriangleABC:ACD::ABC:ABE - Ax. 4.5. 

^ *^^reforc, - - AC: AE :: AB : AD. - Ax. 13. 5. 

^ ^ - 3t, Two Right Lines (BD and CE) cuting each other 
^^*^ A) between, or beyond, two parallel Lines (DE and 
7^^^ ) arc cut proportionally, in that Point, and the Points 
^'^ X^irhich they cut the Parallels. 

or, AB: AD: :AC:AE, in the 3rd Cafe, direSly ; 

alfo, in the other two, by compofition. - Th. 6. 5. 

^ ^ 3. A Right Line drawn parallel to the Side of a 

iangle (in the firft Cafe) cuts off a Triangle, ADE, 

*^^^lilar to the whole Triangle ABC; and, in the other 

^>A#^o Cafes, the Triangles ADE and ABC arc alfo 

^r>iilar. (Def. i.) 

Tor, the Angle ADE = ABC, and AED = ACB - 4.1. 
^Hd, the Angle A is either common, or vertical. 

O 2 CoR. 4, 



^^tr, • . . ABC:ACD:: AB : AD; 
^r^a^^ . . ABC:ABE:: AC : AE. i^*^^"-^*- 
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Cor, 4. If feveral Lines be drawn, within a Triangle 

parallel to any Side ; the correfpondin^ g 
Segments of the other two Sides, cut fcr^y 
the parallel Lines, are proportional ; 
to the other, refpedlively. 




Let DE and FG be parallel to 
in the Triangle ABC. 
Then, AD ; DF ; FB : : AE : EG : GCI^* 

For, the Segment AD : DF : : AE : EG. r Theoret 
Let DI be drawn parallel to AC; then, DF:FB::DH: 
But, EDHG and GHIC are Parallelograms, - by Conffcirr. 
wherefore, DH = EG, and HI = GC - - 15. j. 
Therefore, DF : FB : : EG : GC (as PH:HI) .Ax.4^ ^. 

But, AP:DF::AE;EGiih. AD:FB::AE.GC.9. 5, 




THEORISM m. aEudicI. 

If any Angle of a Triangle is b'ife^ftcd by a Rigf-i.t 
Line, cuting the oppofire Side •, the Segments cat' 
that Side, will be proportional to the tv;o Sides ci^f 
the Triangle, containing the Angle bifedled. 

And, converfely, if any Side of a Triangle b^^c 
cut, in ri\Q proportion of the other two Sides i zim ^ 
if the greater Segment be contiguous to the great(^^^ 

Side-, then will a Right Line, drawn from tl '^^ 

point of fcftion to the oppofite Angle, bifeu::^^ ^^ 
^ tba: Angle. 

Let the Angle ABC, in the Triang 
ABC be bifeded by the Right Line B 
cutting the Side AC in D, 

I fay, AD is to DC, as AB is to BC 





Di 
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pEM. Produce AB indefinite; niake BE=:BC,and draw CE» 
Then, becaufe BEzrBC, the Angle BECrzBCE, - 9,1. 
(K the Triangle CBE is Ifofceles) 
andtheAngIeABC(whichisexternal)zzBEC+BCE.io.^ 
Now, the Angle ABD = DBC, by Conftruaion 5 
«nd JBCE=:BEC ; confequently, 05C=:BCE. - Ax. 3.1. 
?ut, the Angles DBC, BCE, are alternate j and fince they 
2re equal ; confequently, BD is parallel to CE - 4. i. 
therefore, in the Triangle AEC, the Sides AC, AE, 
^^^ out proportionally, by the Right Line BD ; 
'•^- AD:DC::AB:BE . . . . Tb. 2. 
^tr^ BE = BC(Con.) th. AD : DC: : AB : BC. • Ax. 4.5, 

^"^ X n the Triangle ABC, let the Side AC be fo cut, in D, 
'"^ t the Segments, AD, DC. are in theRatioof AB toBC. 
"^•^ ^n, a Right Line, BD, bifeas the Angle ABC 

'^*^ ^ fame Conftruaion remaining as before}. 



ow,BE=BC(Con.) and, AD:DC: :AB;BG. Hyp. 

^*^ , AD:DC::AB:BE; con f. fcD is parallel to CE -2. 

*^ ^J confequently, the Angle DBC zz BCE - 4.1. 

^ ^^^ t, becaufe (in the Triangle CBE) BC zz BE, - Con. 

t^«: Angle BCE = BEC ; i. e. AEC, - - 9. i. 

^'^^^, the Angle ABC =z BCE + BEC. - - 10. i. 

^ vjt, the Angle DBC zi BCE ; and ABDz: AEC. - 4. i. 

-therefore, ABD is equal to DBC, - - Ax. 3. i. 

*^* *J. This Theorem and the foregoing arc of cxtonflvc utijlt\\ 
^^licJ are particularly ufeful in Perfpedive. 

The third Cafe of Thco. 2, and the following Corollary, ccn- 
^*lin the whole Subibmcc of praftical rectilinear Pcrlpcdivc, 



THE. 



286 ELEMENTS OF GEOMETRY. 



V 



THEOREM IV. ^Euclia 

Jn equiangular Triangles, the Sides containing qual 
Angles are proportional; and, the Sides which 
fubtend equal Angles are homologous, or cor- 
rcfponding. 



Let ABC, and a be, be equiangular 
Triangles, having the Angle a, equal co 
ihe Angle A, b equal B, and c equal C 

I fay, the Side a b, is in proportion to 
A B, AS a c is to A C, and, as b c to BC* 



Pem. Suppofe the Angle a applied to, or laid upon the 
Angle A, and ab upon AB. - - - Poft. 5. m • 
Then, becaufe the Angle bac=:BAC, ac will bXl 
on AC, and be wijl cut the Triangle ABC, in be. 
But, the Angle ABC =: Abe ; and are internal & oppolit^ 
wh. be is parallel to BC (4.i0 conf. Ab:bB: :Ac:cC- 
Wb.Ab:Ab+bB (equal AB)::Ac:Ae+cC(eq.AC)-6. 
Therefore, as a b : AB : ; ac : AC. 




Again;fuppofe the Triangle a b c applied to the AnglcC 
of the Triangle ABC ; (as ^^i^C) then will the Side a 
(i. e, J Z») be parallel to AB. - - - Cor. i. Th, 2 
The reft is as before ; i. e. bC : BC :: aC: AC. 
But flC == Ac, &c. and, Ac : AC : : Ab : AB, - above 
confequently, ^C (i. e. be) : BC : : Ab (i. e. ab) : AB. 

Jt is thus demonftrated) according to Euclid. 



—I 
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L.et Abe and cdC be equiangular Triangles, foappliedy 
at the Angle c, that the two Sides, A c and c C, are in 
a Right Line, 
Produce A b and C d, meeting in B. 

Then, becaufe the Angle A c b = ACd, & CcdzzCAb, 
AB is parallel to cd; and, CB parallel to cb'-4.i. 
therefore, cbBd is a Parallelogram; - Def. 33, 
confcquently, b B n c d, and Bdzibc. - - 15.1. 
But, Ab:bB:: Ac:cC; . . Th. 2. 

wherefore, Ab : c d (equal bB) : : A c : c Cj 7 
alfo, as Ac:cC:: be (equal Bd) :dC J ^'^^ 4 5* 
confequently, as Ab : cd : : b c : dC. • - - 13. 5. 

Cor. X. Triangles, having all their Sides direftly propor- 
tional, are equiangular. The Converfe; needs no proof, 

s 

Cor. 2. Triangles, being equiangular, or having all their 

Sides diredly proportional, are fimilar. • fee Def. i? 

Confequently, if two Angles, of one Triangle, are 

equal, refpeSively, to two Angles of another Triangle, 

the Triangles are fimilar ; and their Sides proportional* 

For, the two remaining Angles are equal • 10. r* 

Hence is deduced the 15th Problem, and alfo the i6th. 

"• ^« This Theorem is of univerfal application. It is the Critc- 
Hon of Proportion in every branch of the Mathematics; for, 
''^herey^j. there is found equiangular Triangles, feeing that 
J"^ ate neceffarily fimilar, the Proportion of theh* correfpond- 
^S Sides, is confequently analogous. 

"^he firft Corollary, the Converfe of the Theorem, is the 
^ Propofition of Euclid, 
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THEOREM V. 



6 Eucli 



If^ in two Triangles, an Angle of one be equal 
an Angle of;the other, and, if the Sides containi 
the equal Angles are dlredlly proportional. 






Triangles are fimilai*. 




In the Triangles ABC, DEF,- let the 
Angle BAG be equal £DF ; and^ as Afif • 

is to DE, fo let AC be to DP. 

Let the Triangle DEF be applied to 
the Triangle ABC; the Angle Dtotb^ 
equal Angle A. - - Poft. 5/ x . 

Or, from the Angle A (equal D^ tofe-* 
AG, equal DE, and AH equal DF, ar^ ^ 
join GH. - - - (Prob.j 



-) 



) 



Xitu. Now, becaufe AB : DE f : AC i DF; - (Hy^ 
confequently, AB : AG : : AC : AH. - Ax. 5.- 

, wh.AB-AG(GB;:AG>5AC--AH(HC):AH, - 7. 
i.e. GB:AG::HC:AH;or,a'!AG;GB::AH:HG-5. 
•.vherefore, GH is parallel to BC ; - - Cor. i.a. 
therefore, the Triangle AGH is fimilar to ABC. - C. 
But, the Triangles AGH, DEF are congruous - 8. — •'" 
Therefore, the Triangle DEF. is fimilar to ABC-Ax|o-«=:=3°' 



5- 
S' 

6. 
-3- 



The 7th Propofition of Euclid, Is of little of no confequei 
as it fcldom, if ever, occurs ; it is rather a critical remark, t: 
a neceflary Propofition. 
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THEOREM VI. 

In fimilar Triangles, the Perpendiculars, from equal 
Angles, are proportional to the correfponding Sides. 
And, correfponding Sides are cut proportionally 
by the Perpendiculars. 



Let, the Triangles A B D, D E G be 
fimilar, whoft correfponding Sides are 
AB andDE, AD andDG, BD and EG. 

I fay, the Perpendiculars BC, EF, 
from the equal Angles, B and £, are 
proportional to the Sides* 




:m.' For, the Triangles ABC, DEE, alfoCBD, FEG 
are fimilar; becaufe, the Angles, at C and F, are all 
Right (Def. ii.) therefore equal; - - Ax. 9. i. 
the Angle A= EDF, and BDC = G; by Hypothefis ; 
confequently, ABC = pEF, and CBD iz FEG. - lO.i. 
Wherefore, as AB : DE : : BC : EF. 7 
But, - . AB:DE::AD:DG. } " '^'^•+* 
Therefore, - BC : EF ;: AD :DG. 7 
Alfo, . - BC:EF::BD:EG. } "Ax. 13. 5. 

V 

ft 

^#^d. AD and DG are cut proportionally^ in C and F, by 
the Perpendiculars BC and EF. 

Becaufe AC : BC :: DF : EFj 
amd, - . BC:CD:: EF 
conf. - asAC:CD!:DF:FG. .... 9.5. 

OR. If parallel Lines are cut by any number of Lines, 
proceeding from the fame Point, they will be cut 
proportionally* i 

Pp And 



:EFj I 

:FG i ■ '• '^'^•4- 
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And, the Lines which 'proceed from a Point will alfo be 
cut proportionally, by the parallel Lines, 

^ Let AB and CD be parallel Lines. 
From any Point, E, at pleafure, if tf"^? 
Right Lines EA, EF, &c. are draw-^^» 
cuting the Parallels, in A and C, F and H k ^\ 
they will be cut proportionally, in thc^^ fe 
Points. 

For, in the As. A£F, CEH, the Angle EAF— ECH-4-. ^' 

alfo, AEF is common to both Triangle^; 

confequently, the Triangles AEF and CEH are fimilar— 

And, for the fame reafon, the Triangles FEG and HE I ^ 

alfo, GFB and lED are, refpeftively, fimilar. 

Wherefore, EA : EC : : EF : EH : : EG : EI : : JEB :Ei:>- 

confequently, AF : CH : : FG : HI, and as GB : ID. 

Therefore, CH : H I : I D : : AF : FG : GB. 

Alfo, EA:AC::EF:FH:rEG:GI,andasEB:BE^ • 

Hence is deduced the 36th, a moft ufcful Problem. 



to 
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8 Euclid 



in a right angled Triangle, if a Perpendicular 
drawn, from the Right Angle to the Hypothequfe, 
it will divide that Triangle into two Triangles 
which are fimilar to each other; and alfo to tb 
whole Triangle. 



In the Right apgled Triangle, ABC 
and, from the Right angle, B, draw th 
Perpendicular BD, to AC. 

I fay, the Triangles ABD, DBC, 
fimilar, to each other, and alfo to tl 
whole Triangle, ABC. 

De- 




-^C 




are 
the 
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JOemt. The Angle ADB=ABC (Con.)andBADiscommoni 
confcqucntly, the Angle ABDzz EC b - ' - lO. I. 
"Wherefore, the Triangles ABD, ABC are fimilar - 4, 

Again; th^ Angle ADBz± BDC (Def. 10. i) 

and ABD=BCD (above) wherefore, BAD=DBC - 16.1. 

Confequently, theTriangle ABD is fimilar to DBC - 4. 

But, the Triangle ABD is fimilar to ABC - proved 

Therefore, the Triangle DBC is fimilar to ABC - Axiom. 

Cor, I, In right angled Triangles, the Perpendicular (BD) 
is a mean Proportional between the Segments (AD & DC) 
of the Hypothenufe, made by the Perpendicular. 

For, the Triangles ABD, DBC, being fimilar, the Side AD 
(of the Triangle ABD) is to BD (of the fame) as the SideBD 
(of the Triangle DBC) is to D C (of the fame) 
ie. AD;BD::BD 2DC* - - - ^^ Th. 4. 

From hence, and from Theorem 1 2 of the 3rd Book, arc de- 
duced the 30 and 3 1 ft Problems, in Practical Geometry ; which 
arc of moll cxtenlive utility. 

OR, 2. In right angled Triangles, each Side containing 
the Right Angle, is a mean Proportional, between the 
adjoining Segment, and the whole Hypothenufe, 

AB is a mean Proportioal between A D and AC ; • 

and B C is a Mean, between D C and A C, 

For, AD: AB (oftheTri.ABD) : : AB: AC, oftheTrl. ABC » 
And,AC:BC (of theTri.ABC) : :BC:DC, of thcTri.DBC J '^"^ 

^OR. 3. A Perpendicular, from any Point in the circum- 
ference of a Circle, to a Diameter, is a mean Proportional, 
^ between the two Segments of the Diameter, made by the 
Perpendicular, 

For every Angle, touching the Circumference, in a Se- 
micircle, is a Right one (i2. 3.) confequently, the Dia- 
meter is the Hypothenufe of a right arigled Triangle, in- 
jTcribed in the Circle. 

ffoib hence, may eafily be deduced the following Problem*: 

P P a PRO. 
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PROBLEM L ThetwoSideSyOrLegs^ of aright 
angled Triangle being given^ bow to find the Hypotbe" 
nufe^ the Perpendicular^ and the two Segments of the 

Hypothenufe^ arithmetically. 

In the right angled Triangfe> ABC, 
rs given the two Legs, A B and BC. 

ift. To firid the HypOtheiiufe. 
AB Q + BC DjZiACa - ao.^ 

, Confequently^ the S<^are8 of AB and B 
being added tqgethery the Square Root| 
that Produ£^^ gives A C. 

inrf. TofinJ the Perpendicular, BDjAC:AB: :BC:B(D-4. 

BD is, therefore, a fourth Propbrtionat; AC, AB- atad'BC^ 
tding the three Tenhs given^ and BD is' required -*Def.-ri. 5— 
Confequcntly, AB X Be = A€x BD - - :(SeeTh.9.> 
i. e. if AB be multiplied by BC, and that Produft dividtd b>^ 
A C (as in the Rule of Three) the Quotient ariiing b B D. 

For, the Divifor multiplied into the Quotient is equal to di 
Dividend ; 1. e. AC multij^ied into B D« is equal to AB mul 
tiplied into B C; by Theorem 9th. 
Therefore, the Perpendicular, BD, is a fourth PfoportioMl. 

Hence^ a Rectangle, under the two Lqgs of a right angled 
Triangle, is equal to a Rectangle under the'HypKothenikfe and 
the Perpendicular. 

3rd • To find the greater Segment, AD; AC : AB : : AB CASi-^ 

Wherefore, AD, the greater -Segment of the Hypothenufe^ 
is a third proportional to A C and A B. - - See Def. 9. f. 
Cohfr AB D =AC X AD; or, the Reft. CAD (fee Cor. Th. 9.) 
i. e^ A B multiplied by itfelf, and the Produft divided by A Cy 
gives AD. 

' Othwwife ; BC : BD : : AB : AD. 
Conf. AD is a fourth Ptoportional; and AB'XBD^BC±=AD. 

4th. To find the leffer Segment, DC; AC ; BC r : BC:DCa 
or AB:BC::Bt):DC. Alfo, AD :BD : :Bt): DC 

When either Segment, AD or DC, is found, the other is ^ 
third Proportional, between that Segment and the Pcrpc 
dicular, BD ; conf. AD x DC = BD a . But, if the Hyp 
thenufe, A C, and either Segment be found, then, AC— A 
is equal DC i and AC~DC=AD. 



-f 
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P R O B. II. T'he Perpendicular and eUkcr Side being 
£ivettf ho-j} to find the olber Side. 

LetAB and BD be given. 

BBcaiife A B n = AD D + BD D ; • - w. 1. 
confequenily, ABd — SD a =AD n. 
i-c, the fquarcof BD being fubtrafted from the fquarc of AB, 
the fquufc Rooi of the remainder gives AD. 
Then, as AD ; AB : : BD : QC ; wh. BC is a fourth Propprrional. 
Conf.ABxBD-~AD=BC. ForABxBD = AD xBC. 



R O-B. III. ^he Perpendicular and titber Sezment 
''ein^^ivejit to find the other Segment^ and the two Sides. 

Let AD be the given Segment. 

Theo,a5AD:BD::BD:DC.Wh.DCisa third Proportional.. I 
'Conf. BD inukiplicd into itfelf, and that Prod ufl ilividcd by 
AD, gives DC. For ADxDC=BDa. 
If DC had been given, it is juit the reveile. 

id. ADa+DBa=ABD. AndBDn4-DCo=BCD -ao. i. 

"Wherefore, if the fquare of AD be added to the fquaieof BD, 
the fquarc Root of tliat Sum gives the Side AB, 

■Again ; AB being found, BC is a founh Proportions!. 
For. AD:BD::AB:BC. Wherefore, ABxBD -f-AD=BC. 
i.e. thefumof AB maliiplied by BD, divided by AD ^vesBC. 



*ROB, IV. The two Segments (AD and DC) 
heini given-, to find the Perpendicular (tiD) &cc. 

BD is a mean Proportional between (he Scgmcntg AD&DC. 
Wherefore, as AD : BD . : BD : DC ; 

Confequentiy, AD xDC = BD a. - - (fee Cor. Th. 9.) 
1. c. It AD be muliiplied by DC, the fquarc Root uf chat 
trodufl, is ED. 
Hence, the Sides, AB and BC, may be found, as in Problem 3. 

Thefe Problems, deduced from this extraordinary and exien- 
livc Theorem, arc extremely ufcful in Perfpeftive; 10 find 
Vanilhing Points and their Diftances, &c, 

THEO- 
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I4&I5EQCL 
rcvierfi 

Parallelograms, having equal Angles -, or, Triang] 
having one Angle, in each, equal to one anothr 
and the Sides, containing the equal -Angles, rec 
procally proportional, are equal. 
I 

, Let ABCDand DEFG be Paralldr 
'grams, having equal Angles; and ai-tl 
Side AD, of the one, is to DG, of t' 
other, fo let D£, of the lame, be to D 
of the firft. 

. Let the equal Angles, at D, be To plat 

together, that, the Side AD, of one ParaJI' 

ogram, and DG of the other, arc, in one Right Lin 

then will DE and DC be alfo in one Right Line. - z. 

Produce BC and FG, meeting in H, fonningill 

rallelogramCDGH. 

Dem. Then, the Par. BD is to DH, at AD Is to DG 7 
and, the Parallelro. DK is toDH.asED is toDc|^ 
But, AD : DG : : ED : DC i by Hypothefis ; 
wherefore, the Parallelograms, BD and DF, have; 
equal Ratio to the fame Parallelogram, DH. 
Therefore, the Parallelogram ABCD^DEFG- Ax. 

and. Having drawn the Diagonals AC and EG; the" 
angle ACD is equal to DEG ; - - Ax. - 

for, each is equal tohalf the Parallelogram BD orDF-M 
Or {CG being drawnJthcTfi.ACD:DCG:-.AD:3 
and, - - - the Triangle DEG :DCG:: ED: 3 
But,AD:DG::ED:DCCHyp.)conf.Tri.ACD=I>. 
for, they have an equal Ratio to the Triangle DCG- 
Coi 
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Cor. 1. Equal Parallelograms having equal Angles, or Tri- 
angles having one Angle in each alfo equal, have their 
Sides about the equal Angles reciprocally proportional. 

This, being the converfe of the Theorem is manifeft, 
from it; for, by the fame conftru£lion, it is thus reverfed, 

Becaufe, the Parallelogram BD is equal to DF, they have an 
equal Ratio to the Parallelogram DH - - Ax. 4. y. 

Bat,Par.BD:DH::AD:DG; and. Par. DF:DH: :ED:DC -i. 

Therefore, as AD : DG ; : ED : DC Ax. 13. g. 

Alfo, the Triangle ACD is equal to half the Par. BD ; and DEG 

is equal to half DF (17. i.) confequently, ACD=DEG.-Ax. 4. i. 

and, their Sides, AD, DC; DE, DG, are reciprocally proportional. 

Cor, 2. Parallelograms, or Triangles, having their Bafes 
Rnd Altitudes reciprocally proportional, are equal. 

For, whether their Angles be equal or not, the Parallelograms 
^ equal to Re£tangles having the fame Bafe and Altitude- iS. i. 
G>nfeqi}ently, if their Bafes (AD and EP) and their Altitudes 
(Cl and IK) are reciprocally proportional, the Parallelograms, 
^O and DF, or the Triangles, ACD, DEG; are equal - TJi. i. 

^or, the Perpendiculars (i. e. the Altitudes) of Triangles and Pa- 

'^lelograms, having equal Angles, are in the fame Ratio as their 

Sides; i. c. CI : IK : ; CD :DE - - - Th. 6, or 2. 

»^t, their Bafes, EF and AD, are in the fame Ratio. 

Therefore, CI : IK : : EF, or KL (equal DG) : AD ; - Ax. 1 3. 5. 

*tid confequently, whether the Angles, at D, arc equal or not, 

ft^e Parallelogram ABCD=DGKL (equal DEFG.) 1 

. AJfi), the Triangle DKG=ADC (equal DEG.) J ' ^^'^' 
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THEOREM IX. i6 Euclid. 



If four Right Lines are Proportionals, the Reftanglc 
under the two Extremes (i. e. the greateft and the 
lead) is equal to the Redangle contained under the 
two Means. 




Let the four Right Lines, A, B, C, D, 
be proportional ; and as A is to B, folct 
C be to D. 

Then will the Re£lang1e under A and D| 
be equal to that under 3 and C. 

Conftrua the Redangles EG and HIC, 
making £F equal A, and FG equal D ^ 
alfo, let HI be equal C, and IK equal |t. (^rob. i8.) 

I)£M. Then, becaufe EG and HK are Redangles, 
confequencljr their Angles are all equal. (Def. 34.) 
But, as EF : IK : : IH : FG ; i. e. as A : B : : C : D; 

wherefore, their Sides are reciprocally proportioaal. 
Therefore, the Re£t. £G, is equal to the Red. HK. - i 

Otherwife : 

Take AB equal to the greateft of 
four proportional Lines, and, at either 
treme, B, make a Right Angle, ABC« 

Make BC equal to the greateft of tie 
Means ; and A£ equal to the other. 

Compleat the Redangle ABCD, and drair 
the Diagonal, AC. - - (Prob. 18) 
Thro' E draw EF, parallel to BC ; and through G, where 
|t cuts the Diagonal, draw HI parallel to AB. (Prob. j.) 
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Dem. Now, becaufe AB» BC, and AE are^qual to three of 
the Proportionals, EG is equal to the fourth ; 
for, as AB is to BC fo is AE to EG. - - Th. 4. 
And, fince the Complements, DG, GB, are equal -19. i. 
if HE be added to both, the Reft. ADFE= AHIB- Ax.6.i. 
But, AHIB is a Re£^. under the two Extremes. T 
And, ADFE is a Red. linder the two Means, i " ^°"' 
Therefore, the Redangle under the two E^ftremes, of 
four proportional Lines, is equal to a Redajngle under 
the Means. I 

Corollary. The 17th Propofiiion of Euclid. 

If three Right Lines are I^roportionals, the Re<9angle un- 
ier the two Extremes, is equal to the Square of the Mean. , 

. If the two middle Terms, B and C, had been equal, the Red- 
»nglc HK Would be a Square. (DeF. 35.) See Fiu. t. 
Ht8Ef:lK::;lH:FG; and I H is equal to IK. - Sup. 
Therefore, the Reftangle under the Extremes, of three propur> 
Vernal Lines, is equal to the Square of the Mean. 

Or,. if (by thie 2nd Conftru£tion) AE had been equal to BC, 
*e Rcclaagle ADFE would be a Squire. 

^»»f. it would be equal to the Red. AHIB under the two Ex- 
^^es. Fori as AB : AE (eq. BC Sup.) : ; AE : EG, eq. HI. 

J^'om KenVre, aild Prop. 19. i. is deduced the kfl rtiethoJ (Piob, 
^^) ft>r finding a fourth Proportional. 

A third Proportional may alfo be tbund, by the fame ; viz. by 
^nlbafting a Square on cither of the given Lines, which is to 
^ the Mean. 

. ^«m which Contru^ions, it is obvious, is deduced that moft 
^^llent, Goldeu Rule, or Rule of Proportion, in Arithmetic. 

^* B. If a Right Line be fo divided ih two Parts, that the Re:>- 
angle, un^der the whole Line and one Segment, is equal to the 
Squalre of the other; it is divided in extreme and tfi<.ait Prj- 
portion in that Point. 

For, the whole Line, the greater Segment, and the lefs, ar^ 
in continual Ratio; confc^uently, they are three Propottionais. 

dq THEv- 
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THEOREM X. 




Similar Triangles ar^ proponion4 to tlic Squar 
their cprrelpondipg Sides. 

^ ' Let ABC, DEF be fimilir Triii 

hiving the Angles at A and D equtl 
the Angle B equal E, and C equal F 

Then, Squares conftruAed, on c 

ponding Sides, AC and Df, or any 

haye the fame Ratio to each other, r 

^ tiveljr, as theTiiangles,A£Can<IE 

Defcribe Ue Squares AGHC and DIK^, on th< 
AC and DF, which are homologous j being of 
equal Angles, B and P< 

Praw the Diagonals AH, and DK ; alfo the Per] 
cukrs BL, and EM, to the Sides AC, and D£. 

DEM.TheiABC:AHC:;BL:HC(eq.AC,Con)7 
A1fo,theADEF:DKF::EM:KF, equal DF. J*^ 
But, - asBL:AC;:EM:DF; 
wherefore, iABC:AHC::DEF:DKF - Ax. 
conf. - AABC:pEF;:AHC:DKF - - Th 
But,AAHC:DAGHC::ADKF:DDiKF-i7.i.&A 
Wh. A ABC: D AGHC: ; A DEF: dDIKF - 1 
Th. aABC:DEF::d AGHC:DIKF - Th 
Thatis.theA ABC:DEF::ACD:DFa. Q. 
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THEOREM XL asEuclid. 

Equiangular Parallelograms are^ to one another, in 
a Ratio which is compounded of the. Ratio of 
their Sides. 

Let AE and DC be equiangular Pa- * 
'allelograms. 

I fay, the Ratio of the Parallelogram ^ 
^£ to DC, is equal to the compounded q 
l^atio of their Sides, i. e. of the Ratio of if 
AB to BC, and of EB to BD. I 

Let the equal Angles, at B, be fo placed together, 
the Sides, AB, and BC, alfo DB and BE, are in a Right 
Line ; and produce the oppofite Sides, meeting at F, 
forming a Parallelogram BEFC. 

Talce any Right Line, G, at pleafure ; and, as BC is 
to AB, make H to G ; 
alfo, as DB is to BE, make I to H. (Prob. 32.) 

D£M. Now, the Ratio of G to H is the fame as AB to BC ; 

>nd, the Ratio of H to I is equal to that of IB to BD.-Con. 

But, the Ratio of G to I, is compounded of the Ratios of 

GtoH, and H to I (Def. 21. 5.) confequently, the Ratio 

^G to I is that, compounded of the Ratios of the Sides; 

^° >^hich, thefe are rcfpe£iively equal. 

^"t, thePar.AE:EC::AB:BC, i.c.asGtoH.7 

And,thePar.EC:DC::EB:BD;i.e.asHtoKi ' '* 

^h finccthePar.AE;EC::G:H;andPar.EC:DC:;H:L 
Th^ Parallelogram, AE : Par, DC ; : G : I. - Th. 9. 5. 
"^t^ G is to I, in the compounded Ratio of the Sides. 
^^Crefore, the Par. AE is to Par, DC in the Ratio, which 
'^ Compounded of the Ratio of their Sides. Q. E. D. 

Qjl 2 Cor. x.* 
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Cor. I. Triangles, having one Angle in each« equal to one 
another, have that Ratio between t^em^ which is com* 
pounded oftheRatioof the Sides, containing equal Angles. 

For, the Triangle AEB^ fiCD, having equal Angles, at S, 
9n4. dranring ^C, the Demonflration is in the Theorem. 

Cor. 2. Parallelograms, having equal Angles, or Triangles, 

which have one Angle in each^ equal to to one another, 

have that proportion, to each other, as the Re£bngles 

under the Sides containing the equal Angl^. 

For, the Sides,r containing equal Angles, have the fame pro- 
portion, to each other, as the Perpendiculars, EK, KL.- Th. 6. 
Conl'equently, Redangles under the fiafes and Perpendiculars, 
are in the fame Ratio to each other, * as Redlangks under the 
B^fes and adjoining Sides, containing equal Angles, viz. indie 
Ratio which is compounded of their Sides ; by Theorem. 



THEOREM XII. 19 Euclid. 

Thfc proportion of fimilar Triangles, to each other, is 
thc^uplicate R^tio of their correfponding Sides. 

Let the Triangles ABC, DEF be fimilar 
and alike fituated; i.e. let the Angle A 
be equal D, B equal £, and C equal F; 

The Side AB correfponds with D£, BC 
with EF, and AC with DP. Produce DF. 
Take DG a third Proportional, to DF 
^ and AC, and draw EG ; 
j. c.*'make DG to AC as AC is to DF; (Prob. 31.) 
Then, the Triangle ABC is to DEF, as DG to DF. 

D^M. Becaufe the Triangles ABC, DEF arc fimilar, 
confequentlv, AB : DE : : AC : DF. - - Th. f 
But,DG:AC: :AC:DF(Con)conf asAB:DE: .DGiACV 
Wherefore, in the Triangles ABC, DEG, the Sides AB 
and AC, DE and DG, which are about the equal Angl« 
[a and D) are reciprocally proportional, 
confequently, the Triangle DEG =: ABC. - Tb. 8. 
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But. the Triangle D£P:DEG::DFDG - - Th.r. 
Th. the Triangle DEF:ABC::DF:DG - Ax: 4. 5. 
■nd,by inrerfion, ABCtDEF::DG:DF. - Th. 5. 5. 

i. c. in a duplicate Ratio of their correfponding Sides. 

Or, if AH tic talcen a third proportional to AC and DFt, 
itwaithcnbe,asAB:DE::DF:AH, i.e.::AC:DF.Con; 
Confequently, the Triangle ABH =: DBF, - Th. 8. 
Wherefore, the Tri. DEF : ABC : : ABH: ABC. - Ax 4.5. 
i. e. as AH ii to AC(Th. i.} viz. in a duplicate Ratio. 

Co&t If three Right Linea are Proportionali, the Squares 
of tbefirft b) thcfccondareaithefirftljite is to the third. 

IntbeTn.D£F,ABC.andDEG,DF:AC:DGTf - Con. 
Bat, theTriaii£leDEF:ABC::DF:DG. - - Theo, 
And tlie Triangle D£F: ABC: :DFa: ACQ. - - 10. 
Therefore, a*DF:DG (the firfi to the third) ::DFO:ACq. 



THEOREM Xm. 20 Euclid. 

Similar Quadrilaterals, and Poligons, are, by drawing 
Piagonals.dirided intoTriangles, equal in Number^ 
the correfponding Triangles are fimilar to each other, 
Kfpeftirely; and proportional to the Foligons. 

Alfo, the proportion of the Poligons, to each 
other, is in the duplicate Ratio of their cor- 
refponding Sides. 

c « 

Let ABCDEtndFGHIKbe /f^V /f^ 

fimilar Poligons. iv'^J \-i^ / I \ 

Draw the Diagonals AC,CE,and \jy:'\h/:^.L--- 

FH, HK, fee. from any correfpond- I A E \ W 

iBgAnglcs,CandH,totheoppofite. j \ / ,^ 

Dsm. Every Poligon is divided into at many Trianglef, a» it 
baaSidet, wantingtwo; by drawing all the Diagonals which 
can be drawn, from any Angle ; as CA, C E, or H F, H K ^ 
confequently, the number of Triangles, in each, are equal; 
feeing the Poligons have an equal number of Sides. 
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.nd. Bccaufe the Poligpns are Umilar, they 
are conreijuently equiangular (Def. i, 
an>i, being flmilarly poDied, the Angl< 
A — F, B— G, and C = H &c. 

Then, becaufe AB : EC ; : FG : Gtt 
and the Angle B=G, the Triangl^.^ 
s fimilar. - - Th. ^, 
GFK and there is iak«„ 



i 



ABC, FGH 
And, becaufe the Angle BAE 
away, from each, equal Angles liAC, GFH, 
the remainder, CAE — HFK. - - Ax. 7. j. 

But, AB:AC::FG:FH, and ABiAE: :FG :FK, 
conffquently, AC : AE : : FH : FK. - - I3.5. 

therefore, the Triangles ACK, FHK are fimilar, Th.5. 
And, becaufe CD ; DE : :HM K, and the Angles D and X 
arc equal ; the Triangles ECD, KHI ate fimilar. -fame- 

^rd. Becaufe the Triangles ABC and FGH are fimilar*. 
their Ratio is dupplicate of their correfponding Sidci 9 
.r. g. ofACtoFH. - - - - Th.lt- 

And for the fame reafon, the Ratio of ACE to FH K 1 ;^ 
alfo duplicate of AC to FH ; or, of EC to KH. - fame -- 
Alfo, the Ratio of ECD loKHI, isduplicateof EC toKH — 
But, the R-utio of each Triangle, AEC, &c. to its cor- — 
refponding Triangle, FGH, &c, is the fame, viz, as AC—^ m 
to FH, or EC to K.H, &c. 

Therefore,asoneAntecedent,ABC,b tooncConfequenC 
FGH, lb is all the Antecedents ABC, ACE, and ECI>- 
to all the Confequents, FGH, FHK, and KHI. take- 
together, (2, 5.) i. e. as Poligon loPolrgon. Q^E. C3 

4th. The Ratio of ACE to FHK is duplicate of AE to FK-L- 

, . But, theRacio of Poligon toPoligon is fqiialACEtoFHffi 

Therefore, the Ratio of Poligon to Poligon, is duplicat-^ 

of AE to FK, of ED to KI ; or, of any other Sid^ 

which are honiolugous. 
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Cor. I. All ordinate pr regular Figures whatever. Triangles, 

Squares, or Poligons of any kind arc, refpeftively, to each 

other, in the duplicate Ratio of their Sides, or Diagonals* 

Becauie, all regular Figures, of the fame Species, are fimilar* 
Alfo, Circles are, to each other, in the duplicate Ratio of thrir 
Diameters, &c. 

Hence, in all (imtlar Figures whatever, if the ratio of 

the homologous Sides be known, the proportion of the 

Figures is known. 

For example ; If the ratio of the Sides be as 2 to 3, their 
Areas are as 4 to 9. For, as 2 : 5 : : 3 : 4^; 
Therefore, as 2 is 10 4^, fo is one Figure to the other ; 
^liich, in whole numbers, is as 4 to 9. 

Cor, 2. The Proportion of all (imilar Figures, whatever, are 
^s the Squares of their correfponding Sides. 

For, as the Triangle ABC or ACE, is to FGH, orFHK. 
^ is Poligon to Poligon. 

^^U, the Triangles, being fimilar, are, as tTie Squares of their 
*J>mologou8 Sides ; viz. as AB to FG, or AE to FK- Th.io. 
jphcrefore, as the Square of AB is to FG, or of AE to FK, &:c, 
"^ is Poligon to Poligon. - - - - Ax, 13.5, 

^X 3. The Perimeters or Circuits of fimilar Figures are, to 
^ch other, as their correfponding Sides or Diagonals. 

For, fince each Side AB, BC, &c. has the fame Ratio to its 
Correfponding Side FG, GH, &c ; alfo, as Side is to Side, fo 
^s Diagonal to Diagonal, AC to FH, &c; confequeotly, as 
^ny one Side, or Diagonal, is to its correfponding Side or 
diagonal, fo is the fum of all the Sides AB + BC+CD, Sec. 

to the fum of all the Sides, FG -|- G H -f HI, &c. - 2. 5. 

» 

— t)R. 4. Any fimilar Figures whatever, defcribed on the Mean 
and either Extreme of three proportional Lines, have the 
fame Ratio to each other, as the two Extremes ; i. e. as 
the firft to the third. 

For, they are to each other, in the duplicate Ratio of their 
correfponding Sides; by the Theorem. 

From hence is deduced, an excellent Probleniy (37) 

for finding the Side of any Figure whatever, fimilar to 

another, and in any Ratio. 

I T H E O- 
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THEOREM XIV. 

The Perimeters of fimilar Poligons^ infcribed 
Circles, are, to each other, in the fame Ratio 
the Diameters ^ and their Areas as the Squares (^ 
the Diameters. 



LetABCDE and FGHIK befimila 
Poligons, infcribed in Circles ; whofe D» 
metei^ are AL, and FM. 

Then,, as AL is to FM, fo is the Pen 
i meter ABCDE to FGHIK. 

Alfo, as AL fquare, is to FM fqoan 
fo is the Area of th^Poligon ACE to FH 

Join AC and BL, alfo FH and 6M. 



Dem. TMn,theAnglcBCAnBLA,andGHF=:GMF -lo.r 

But,thi5AngleBCA=GHF(i3)Th.BLA=GMF.Ax.3 /. 

and, theAngleABLizFGM(for they arc R.Angles) -ii^^ j. 
therefore, the Triangles BLA, GMF are fimilar; - Tb.. ^ 
(for, the three Angles, are refpe^ively equal) 
Then, as AB : FG : : AL : FM. - - - ^, 

conf. ai AB D : FG □ : : AL D : FMq. - lo. 
But, as AB:FG:: Perimeter ABCDE:Pef.FG HI K-^.j. 
Th. the Diameter AL:FM: : ABCDE t FGHIK- Ax.ij.j. 
Alfo,asAB D :FG n : :theAreaof ACE:FHK-Th,io&Jj. 
and cpnf.asAL D :FM D ::theArea ofACE:FHK- Ax.13 5. 

Colt. The Circumferences of Circles are proportional to 
their Diameters, and their Areas to the Squares of theic 
Diameters. 

For, the Circumference of a Circle being confidered as tlm.^ 
Perimeter of a Poligon, of an infinite numbo' of Sides* and, tlm^ 
Diameter may alfo be confidered as a Diagonal ; whereforei 
Demonflration evidently follows from the Theorem. 

CoR. 
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OR. 2. Circumferences of Circles are proportional, to the 
Perimeters of fimilar infcribed, or circumfcribing, refti- 
lincar Figures. 

For the Perimeters, of all fiinilar right lined Figures, arc in 
proportion to their correfponding Sides or Diagonals. - C. 3.13* 
And, the Circumferences of Circles, are as their Diameters.-Th. 

Cor. 3. The Areas of Circles are in proportion to that of 
any fimilar infcribed or circumfcribing Figures. 

For, the areas of all fimilar Figures, are as the duplicate ratio 
of their correfponding Sides or Diagonals; and, the areas of 
C^ircles are as the duplicate Ratio of their Diameters. - Th. 1 3, 

Wherefore, fincc the Diagonals of fimilar Figures are in the 

Came Ratio as their Sides, refpc^^i vely ; and alfo, as the Diameters 

^^f circumfcribing Circles ; confcquently, the areas of Circles 

as the areas of fimilarPoligons, infcribed or circumfcribed. 



OR. 4. The area of a Circle is to that of any circumfcribed 
right Uncd Figure, as the Circun»fercncc of the Circle to 
the Perimeter of the circumfcribing Figure. 

For, the area of a Circle is equal to a Triangle, whofe Bafe 
IS equal to the Circumference, and height, equal to the Radius. 
Andy the Area of a circupifcribing Poligon^ is equal to a 
- Triangle, whofe Bafe is equal to the Perimeter of the Poligon, 
and its height equal to the Radius of the infcribed Circle* ^ 
Confequently, the Areas of all circumfcribing Figures are as 
their rerimeters; which may, be confidered as the Bafes of' 
Triangles of equal height. - • . - Th. i. 

Therefore, the Area ot a Circle is to that of a circumfcribed 
Poligon, as the Circumference of the Circle to the Perimeter 
of the Poligon. 



See, Theory of Menfuration ; Article 7, and 8. 



Rr THE- 
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t H E O R E M XV. liEuclicl^ 



If four Right Lines are Proportionals ; fimilar RigHc 
lined Figures^ dcfcribed on each Pair, will al/c> 
be proportional. 

Let the Right tines AS, CD^^ 
EF, and GH be proportionals, an 
let AB be to CD, as EF to Gfl. 




On AB and CD, let there b 
fconftrufied fimilarTrianglfes,V&X^ 
and, on EF and GH any othe^ 
4x fimilar Figures, whatever, Y & Zr 

. • 1.1.1. 

Find P and Q^ each a third Proportional to AB an^ 

Cb, arid, to EF and GH, refpeaively. (Prob. 31.) 

Dem. Now, the Triangle V is to X, as AB to P; 7 ^ 
and, the Trapezium Y is to Z, asEF toQ. 3 
But, a$AB:eD::EF:GH;and,asCD:P!:GH:Q^-Co jn 
wherefore, as AB:P: :EF:CL (9S) Th. V:X;:Y::^. 

It is alfo true, if fimilar Figures are conftru<£led on r fjc 
lirll and third, and others on the fecond and fourth, of 
four proportional Lines. 

For, fince V:X:Y:Z, conf. V:Y: :X:Z. - Th. 4. J. 

Cor. Similar Figures being proportional to other fimiia/ 
Figures, their eorrefpond ing Sides are Proportionals. 

The Converfe, needs no proof} feeing it is but 
rcverfing the Premifes. 

THE- 






d 
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THEOREM XVI. 31 Euclid. 

Any fimilar Figures whatever, defcribed on the three 
3ldes of a ][light angled Triangle, and if they arc 
made correfponding Sides of the Figures i then, 
^hat which is defcribed on the Side fubtcnding the 
^ight Angle, will be equal to both the others, 
defcribed on the Sides containing the Right Angle. 

Let ABC be a Right angled 
Triangle; and, letX, Y, and Z 
be fimilar, irregular Pentagons, ' 
defcribed on the three Sides, AB, 
BC, and AC, of the Triangle ; 
which are ^orrefponding Sides) 
pf the Figures, X, Y, and Z. 

1 fay, that the Figure Z, dcr 
fcribed on the Hypothenufe, AC, 
is equal to both X and Y, defcribed 
on the other two Sides. 

Draw the Perpendicular BD. 

*^^M. In every Right angled Triangle (ABC), fine* 
AD: AB; : AB: AC ; and DC : BC : : BC: AC - Cor.to 7, 
Confequently, any Figure, defcribed onAB, is to a fimilar 
Figure, defcribed on AC, as AD is to AC. 
ai\d a fimilar Figure, defcribed on BC, is to that defcribed 
on AC, as DC is to AC. - - - 12 and 13. 
Therefore, fince Z : X : : AC : AD ; and Z : Y : : AC : P v> 
2willbetoX + Y:: AC: AD + DC. - Cor. to 3. 5. 
5ut,AC=AD + DCi therefore, Z:=:X+Y. Q^E.D. 




Rr 2 



SHOL. 
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S H O L: 7X/V Fropofitiony fy the DoHrlne of Proportion^ extends th , 
famous Pythagorean Propojition^ viz. the \*jth of thefitft Book of 
Euclid^ and the iotht oftbefirfi^ ^fihefe Ekffitnts^ univerfaHy, 

Seeing^ hy Tb.iO, of this btb Book it is demonjiratedj thatTrian^leSy 
mnd allfimilar Figures whatever^ are in proportion, to the Squaw of 
their correfponding Sides ^ the full and perfeSi demonflration of this. 
Propofition necejfarily follows from thence^ and the 20th ofthefrj; 
this Proportion is therefore^ in fame mecijure, unneccjfary \ hut, for 
the particular beauty and elegance of ii^ I did not think prefer t9 
omit //. 

This Propofition is alfo applicahle to the Diagonals of Rigbilinti 
Figures^ as well as to their^Sides; and^ confequently^ to theDiamfters 
of Circles. Wherefore J a Circle defcrihed on ths Hypothenufe of 
a Right angled Triangle y for its Diametety is equal t0 ihetw$ 
CirckSf who/} Diametei^ s^e refpeQX'ue^ equal to its Legs, 



THEOREM XVn. 24Euclid, 



In every Parallelogram, thofe which are about the 
fame diagonal Diameter, are fimilar to the whok 
Parallelogram and alfo to each other. And the 
two Coiiaplenients have their Sides feciprocally 
proportional, 



d I In the Parallelogram ABCD, let AEFH 



and FiCG be Parallelograms, about the 
Diameter AC. 

Then, the Parallelograms EH, IG, are 
fimilar to the whole Parallelogram, BD> 
and to each other. 

EG is parallel to AD, and BC; andHli 
to AB and DC ; by Conftrudion. 




DeM. 
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EM. Now, becaufe £ F is parallel to BC, the Sides AB 
and AC, of the Tri. ABC, are cut proportionally • 
wherefore, AE : EB : : AF : FC - ^ Th. 2. 
and conf. AE : AB :: AF : AC. - - - Conv.6.5, 
And, becaufe HF is parallel to DC, as AF: AC: : AH: AD. 
wh.asAE: AB: : AH: AD; and,asAE:AH: : AB: AD.4.5 
JBut, EFz^AH, and BCziAD, &c, (15.1.) wherefore, the 
Sides of the Parallelograms A £ F H, and A B C D, have 
all their Sides proportional. 

But, the Angle EAH is common to both ; and, the op« 
pofite Angles of Parallelograms are equal - - 15* i* 
wherefore, E F H zz B C D. - - - Ax. 3. 
Alfo, the Angle AEF zr ABC, and AHF = ADC. - 4.1, 
therefore AEFH is fimilar to the whole Par. ABCD-Def.i. 

By the fame Reafoning, the Parellelogram FICG may 
be proved fimilar to A B C D. 

For, CI:CB: :CG:CD } viz. as CF to CA - as above. 
they are alfo equiangular; the Angle at C being common. 
Confequently, the Par. FICG is fimilar to AEFH ; being 
both fimilar to the whole Parallelogram, ABCD -Axiom. 

d. The Compliments BF, FD are equal. - - 19. i. 
and they are equiangular, (15. i.) for EFIzzHFG -2.1. 
Wherefore, as EF;FG::HF:FI, reciprocally - Th 8, 

Corollary. 26 Propofition of Euclid. 

Hence it is evident, that, if on any Aiigle of a Paralle- 
logram, there be defcribed, or taken away, a leflerr Pa- 
rallelogram, fimilar, and a like fituated, they will have 
the fame. common Diameter. 

For, the Diameter AF or FC, is common with AC. 

If any other Parallelogram A e f H, fimilar to ABCD, 

be defcribed at the Angle A, not alike fituated, they have 

not the fame Diameter AC. 

T H £ O- 
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THEOREM XVIIL 27 Euclid, 




|f a Parallelogram be defcribed on a Right Line, and 
from it there be taken away a Parallelogram, fimilar, 
and alike fituated, to one defcribed on half the 
Line, equiangular to the firft ; that, which is de- 
fcribed on the half Line, is greater than the remain- 
ing Parallelogram. 



Let ABCD be a Parallelogram defcribed 
on a given Right Line, AD ; and, let 
AEF6 be an equiangular Parallelogram, 
defcribed on half the Line, AG ; alfo, let 
HICD be taken away froni the Parallelo- 
gram ABCD, fimilar, and alike fituated| 
to the Parallelogram AEFG. 



I fay, the Parallelogram AEFQ is greater than the re- 
inaining Parallelogram AB I H« 

Draw the Diameter I D, and produce EF to K. 

Dem. Then, becaufe the Parallelograms, HC and GK,are 
about the fame Diameter, I D, they are fimilar. - 17*. 
wherefore, AEFG is fimilar to HICD. • - Axiom. 
Now, HF = FC (19. i.)andBF=FC - Th.i. 
conf. BF rz HF (Ax. 3. i.) and HF is greater thanBL. 
add AL, to both; and AF is alfo greater than AL - 8. 
Therefore, AEFG is greater than the remaining Paralle- 
logram, A B 1 H, the dcfea of H I C D. 

Agai% 
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Again. From the Icflcr Parallelogram A b c D, let 
there be taken away the Parallelogram h i c D, fimilar 
to AEFG, and fituate alike. 

Now, becaufe FD is a Diameter, in the Parallelogram 
GFKl), Gi is equal to i K. - - - 19. i« 
Add hicD, on both Sides; and Gc=hK «- Ax. 6. i. 
But,Gb=Gc. (Th. 1.) wh.Gb = hK • • 3. i. 
Add G i, to both ; and A i =:: GK - Fi, 
confequently, AF (equal GK) is greater than A i. 

Therefore, the Parallelogram AEFG, defcribed on half 
the Line, AD, is greater than any other Parallelogranl 
defcribed on the whole Line; being deficient by a Paralle- 
logram, fimilar and alike fituated to that which is de-^ 
fcribed on half the Line. Q^ £. D. 

Few, if any, who have favoured the World with Treatises oil 
Geometry, have taken notice of this Theorem, or the foregoing, 
(the 27 and the 24 of Euclid) except thofc who have trod in his 
path without fteping the lead afide ; indeed, it is fo very obfcurely 
worded, that it is fcarce intelligible ; which, Mr. Stone has en- 
deavoured to remedy* with little fuccefs. He excufes Euclid, by 
laying, that he could not have rendered it more clear, in fo few 
ti^ords ; and therefore, rather than appear tedious, gave it as it is; 
If the Fropofition, itfelf, be unintelligible, how are we to under- 
ftand the Premifes ? Euclid has given fome Proportions in more 
words. I am perfuaded that I have made it clearer than Mr. Stone» 
^nd in as few words as Euclid makes ufe of. 

How far this Theorem may be of ufe in the Mathematics I do 
tiot pretend to fav ; but, when it is clearly imderilood, it will be 
found to contain fomething extraordinary in it; infomuch, 
that I could by no means difpenfe with the omiifion of it. 

There are two Problems, following after, in Euclid^ yvhkh 
itfe. dependant on it; he alfo divides a Line in extreme and 
mean Ratio by it ; in the 30th ; it is certainly demonftrable, 
iifhcn done, but how it is to be performed, in the operation, 
I cannot devife. (See, Prob. i ith. B. 2. or Pr. 35. Pr, Geometry.) 

As I do not conceive the Problems to be at all ufeful to 
Mechanic^, &c. I hav^ not inferted them^ amongft the reft, in 
Pradic^ Geometry. 

The 32nd Prop, of Euclid is of little confcquence, and has 
liothing in it worthy of notice* 

THE. 
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THEOREM XIX. 33 Euclid. 

in the fame or equal Circles, the Angles, whether at 
the Center or at the Circumference, are in proper* 
tion to the Arks on which they ftand* 



Firft, in the Circle AED, the 
Angle ACB ihnding on the Ark 
A6, 18 to the Angle BCD, on 
the Ark BD, as AB is to BD. 

. Let the Arks, AB and BD, be 
divided into any number of equa. 
Parts, in F and G^ and joic 
CE, and CG. 



DeM. Now, becaufe the Ark AFzzFB, and BGrrGD ; 
theAngleACFnFCB, andBCGziGCD - C.2-9. 
wherefore, as the Ark AF:BG: :FB:GD 5 »n cq. 1 
and,astheAng.ACF:BCG:;FCB:GCDiRatioi ^'^ 
For, whether AF be equal to, greater, or lefs than BCj 
the Angle ACF is alfo equal to, greater, or lefs than BCC3j 
in the fame Ratio. (Th. of Plane Angles.) 
conf. as theArk AF : BG : : Angle ACF : BCG, &c. 
Therefore, as AF + FB : BG + GD, 
fo is the Angle ACF + FCB : BCG + GCD. - 2.5. 
i, c. as the Ark AB:BD, : : Angle ACB:BCD. Q^E.D. 

But, the Angle ACB, at the Center, is double AIB9 
at the Circumference; and, BCD is double BED - 9.3* 
wh. as the Angle ACB : BCD : : AEB : BED - Ax. 8.5- 
Therefore, as theArk AB:BD, fo is the Angle AEB;BED* 



•5 



and. 
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2nd. Becaufc, in the equal Circles, AEB, a e b, the Radii 

areequaJ ; and equal Arks fubtend equal Anglcs-C. 2. 9. 3. 

conf. as Ark AB:ab :; Angle ACB: acb; & AEBraeb. 

If AB and a b be divided into an equal number of Parts, 

the Demonflratton i^ the fame as above. 

Cor. Seflprs of Circles, ACB, B C D^ or acb, , are 
proportional to the Arks AB, BD, or a b. ^ 

For, each Sciflor may be confldered as an a::^re'7ntc of a 
number ot Ifofceies Triangles, of equal Bafes and equal Letrs ; 
as ACF, FOB, &c. confeq'.icntly, equal Triangles ; and having 
equal Altitudes; each Sector, ACB, BCD, or acb have, there- 
fore, that Ratio to e^ich other, as the ^ufcs of thofe Triangles, 
i. e. as the Ark AB to BD, &c. ' - - - - Th. i. 

N. B. None of the follovying eleeant, and fome of them 
elementary. Theorems, are in Euclid; except the 34th j 
which is the 8th Propofitlon of his thirteenth Book. 

^ THEOREM XX. 

" two Right Lines interfefb, within a Circle, and 
^fe terminated by the Circumference, the Seg- 
"lents of thofe Lines are reciprocally proportional. 

The two Chords, AB and CD, cu|t 
*'^'> other in E. '' 

^ h\ that QE is to AE, ^s EB is io Ed. 
J«'n AD and CB. 

^*'*. Now, the Angles AED,,GEB are equal. - - iVt, 
"•^^ ABCzrADC; alfoBAD = BCD. - -" 10.3. 
*^^«refore, the Triangles AED, CEB, are fimilar. .Th.4.. 
T hereforc, CE : AE : :EB :ED, by the fame. Q, E. D. 
P<anf.CExED=AExEBi by 9. 6} alfo by 14. 3. 

S$ THEO. 





I 



314 ELEMENTS of GEOMETRY. 

THEOREM XXI. 

If two Right Linc9 are drawn, from the fame Poiht 
without a Circle, to the oppofite and concave part 
of the Circumference -, they will have that propor- 
tion to each other, reciprocally, as their external 

m 

Segments. 

From the point A, draw AB and AD, it 
pleafure, cuting the Circle £BD in the 
Points E, C, B, and D. 

I fay, that AB is to AD, as A£ is to AC. 
Join EB and CD. 

Dem. In the Tri. ABE, ADC, the Angle ABE=ADC.io.j 
and the Angle A is common ; wh. AEB=:ACD - lO.i. 
conf. the Triangles ABE, ADC are fimiiar. 
Wherefore, AB : AD : : AE : AC. - - - Tb.f 
And, ABx ACnADxAE, by Th. 9. and, alfo by 16.3. 

THEOREM XXII, 

If from any Point without a Circle, two Right Lines 

^ are drawn,* one touching the Circle, and the other 

cuting it ; that which touches the Circle is a mean 

Proportional, between the whole Secant and the 

external Segment. 

From any Point, A, draw A B, 
touching the Circle at B. 
And, from the fame Point draw AC, at 
plcafurc, cuting the Circle, inDandC. 

I fay, that AC is to AB, as ABtoAD. 

Join BC, and BD. 

Dim. 
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DIh, The Triangles ACB, ABD, are fimilar. - Th. 4. 
for, the Angle ACE = ABD; - - - 13. 3. 

ind BAC is comn-.on ; wherefore, ADB = ABC - 10. i. 
Therefore AC : AB : : AB ; A D. Q, E. D. 

And conf. ACx AD=AB D ■ by Cor. Th, 9; alfo by 1 6. 3. 



THEOREM XXIII. 

If two Circles touch one another, either internally or 
externally, and if two Right Lines be drawn, from 
or through the point of Contaft, cuting both 
Circles I thofe Lines will be cm proportionally, by 
the Circumferences of the Circles. 

In the Circles, ABC, ADE, and 
from, or through, the Point of Con- 
ta£l, A, draw AB and AC, cuting 
both Circutnferences, in the Points 
B,C, D, andE. 

IJay.tbatABistoAC.asADtoAE. 

Draw AF, a Tangent lo the Circles, 
*t the Point A; and join BC, and DC. 

^»ta. Then, the Angle ABC Is equal to ADE ; - Ax. 3. i. 
f'or they are each equal to the Angle FAC. - Th. 13. 3. 
And the Angle BAC (Fig. 1.) is common j 
In the fecond, BAC, DAE, are vertical, th. equal - 2.1. 
therefore, the Triangles, ABC, ADE, ajre fimilar, 
and, confcquenlly, AB : AD : : AC ; AE. - - Th. 4. 




Ss2 
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t ii E o k E M XXIV. 



if a Right Line be drawn perpendicular to the Dia- 
meter of a Circle, whether it be within or without 
the Circle, or touching the CircqnDfcrence, and if 
any Right Line be drawn, from the fartheft extreme 
of the Diameter, cuiing the Circumference arid the 
Perpendicular % that Line and the Diameter will 
be cut proportionally. 



Let the Right Line CD be per- 
pendicular to the Diameter AB. 

Draw AD, at pleafure, cuting 
the Circumference, in £, and the 
Perpendicular, in the Point D. 

I fay, that A B is to AE, as AD 
to AC. JoinEB: 



Dem. Then, becaufe A B is a Diarfieter, the AnglcAEB^ 
(being in a Semicircle) is a Right one J - - - 12.3. 
and ACD b 2i Right one (Con.J th. equal to AEB -Ax.9. 
and, the Angle DAC is common j conf. ADC^ABE-io.i. 
whef-efore, the Triangles AEB; ACD4ire finfiilar. - 4. 6. 
Therefore, as AB : AE : : AD : AC. Q, E. D. 




In Fig. 3. DB and AC arc the fame j confequently, AB 
is a mean Proportional between AE and AD. 



Cor. 



9 
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Cor. The Reflangle under any Line, AD, drawn from the 
extreme A, of the Diameter, to the Peipendicular, DC, 
and the part of it^ AE, within the Circle, is equal to the 
Reftangle under the Diameter, AB, and the whole, AC, 
of the Diameter produced to the Perpendicular, (Fig. i.) 
For, AE : AB : : AC : AD; th. they arc four proportionallLi-nes 
confequently, AExADziABxAG* . l Thi 9. 

K. B. In Fig. md, the ReSartgle under the Means, AB and 
' AC, is under the whole Diameter and a part of it. 

In Fig. 3rd, fiiice AE:AB: :AB: AD ; 

confi;4u^fitly^ the Redlangle under AD and A£, is ecjual 

• tb the Square of the Diameter, AB. - Cor, to 9. 

For, AD X ED =BDa (16.3:) C Theref^r^,! 

and, AB D + BD D = AD D (20. \.)\ as above. \ 



tHEORfiJVt XXV. 

if two Circles cut each other, and a Right Line 
be drawn cuting^ both Circles, it will be cut pro- 
portionally, by the Circumferences, and a Right 
Line joinitig the points of intferibftion of the Circles; 

. Jbirt thi Points, F and G, in <which the 
t«iroCircler,AFGandFBGi cut each other; 
and, let any Right Liiie, ABj cut both 
Cirtles, iind the Right Line FG^ in the 
Points A, C, D, E, and B. 

I fay^ the Line AB is dut pr6p6itionaIIy 
in thofe Points 5 viz. asAC:CD: :BE:ED.| 



DEM.For,intheCircleAFG,asAD:DF::DG":DE7 
And, in theCircleFBG, asDF:CD::DB:DGJ 
wherefore, - - as AD:CD::DB:DE - 
Therefore, as AD-CD;CD: :DB-DE:DE - 
Thatis; as AC:CD::EB:ED. Q^E. D. 




- 20. 

10.5. 
7S- 
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THEOREM XXVL 

If a Tangent to a Circle cuts any Diameter produced^ 
and a Perpendicular be drawn, from the Point o^ 
Conta^ to that Diameter ; the Segments of tt^, 
Diameter, intercepted between the Center and tt^ 
Perpendicular, the Circumference, and the Tanger^i 
are proportionals* i. e. the Radius is a mean Pro- 
portional betwixt the part, intercepted between 
the Center and the Perpendicular, and the Point in 
which the Tangent cuts the Diameter. 

Let any Tangent, AB, cut the 
Diameter, CD produced^ in B; 
and, let AF be perpendicular to CD; 
and E the Center. 

I fay, that EF, ED, and £B art 
^ in continual Proportion. 

Dem. For, becaufe EAB is a Right Angle, • C. 3. 8. 3* 
and, AF is perpendicular to £B ; • - Coo. 

the Triangles EAF, EAB are fimilar. - - - Tb.7* 

Wherefore, as EF : EA : : E A : EB. - • Cor. 2. 7 
But, £ A is equal to ED ; 

therefore, • as EF j^ ED : : ED : EB. - • . Ax. f 




TH 



BookVI. ELEMENTS oip GEOMETRY. 319 



THEOREM XXVII. 

The Squares of Chord Lines, drawn from one ex- 
treme of a Diameter, are in proportion to the Parts 
of the Diameter, intercepted between the Perpen- 
diculars, from the other extremes of the Chords, 
to the Diameter. 

AB and AC are two Chords, having a 
common extreme, A. 

. Draw a Diameter, AD, from the Point 
A ; and, from the other Extremes, B and 
C, of the Chords, draw the Perpendicu^ * 
lars BE and CF, to the Diameter," cutirig 
it inEandF. 

I fay, the Square of AB is to AC fquare, as A£ to AF. 

Draw BD and CD. 

Dem. Now, BE is a mean Proportional between AE & ED; 
alfo, CF is a Mean, between AF and FD - Cor. to 7.6, 
for ABD and ACD are Right Angles, - . - - 12. 3. 

. Wh.thcRea.AED=BED;alfoAFD=CFD-Cor.9.6. 
ButABa=BED+AEn;andACn.=CFD+AFa, 
conf.ABD=AED + AEn;andACn=AFD + AFa. 
But, AED, i.e. AExED + AEn=AExADj 1 
and AFD, i.e. AFxFD + AFn=AFxAD; ]" 3«2. 
wh, ABa=AExAD; and ACd^tAFx AD.Ax.3.1. 
. But, AE X AD : AF X AD : : AE : AF. - - Th. i. 
Therefore, AB D : AC D : : AE : AF. Q, E. D. 




THEO- 
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THEOREM XXVIII. 

If any Point, except the Center, be taken in a Diameter 
of a Circle, and if another Point (in the fame Dia- 
meter, produced, and on the fame fide of the Cencer) 
be taken -, the Diftance of which, from the Center, 
is a third Proportional, to the dlftancfe between the 
Center and the firft aflumed Point, and the Radius; 
then will two Right Lines, drawn from thoft PolntJ 
to any point in the Circumference, be in the fame 
Jiatio, as the internal and external adjoining Seg: 
merits of the Diameter. 

AfTomeanyPoint, A,intheDiameterCDi 
in which Diameter,' produced, tike the 
Point B (from the Center, E) a third Pro- 
pnrtional to EA and EC (Pr. 31.) and, (o 
any Point, F, in the Circumference, let 
two Right Lines, AF and BF, be drawn. 

I fay, that AF is to FB, as AC to CB. 

Dem. For, EA:ED (eq. EC) : :ED:EB - - - Con. 
wherefore, EA:EA + ED:: ED: ED + EB. - 6.5. 
i.e. EA:AD::ED:BD;conf.asEAiED::AD:BD-4.j. 
Now, EA: E0;:ED:EB; and EF = ED; 
wh. E A : EF : : EF : EB. - - - - Ax. 4. $■ 
therefore, the Triangles EFA, EFB arefimilar-Th.5.6. 
for,theAngleFEB is common, & theSides are proportioni!. 
Conf.AF:BF::EA:EF;i.e. : :EA:ED, oras AD;BDj 
that is, 35 AC to CB. q!. E. D. 

For,EA:EC(eqED)::EC:EB(i.e. asADtoBD)-Con. 
confcquently, EA : EC : : EC-EA : EB-EC ; 
that is, - a8EA;EC:: AC:CB. - - - . 3. 5. 
OtherwKc ; 
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Otherwife : 

Make EG equal EA, and draw CG. 

Then, becaufe EA,EF, are equal EG, EC, refpedively^ 
and the Angle at E is common, the Triangles AFE, ECG 
arc congruous; and CG =: AF. - - - 8. i. 
But, EA:EC::EC:EB (Hyp.) wh. EG:EC::EF:EB 
conf. EG:EC: :GF:CB (7.5.) wh.CG is paral.toBF-.2.6. 
and the Triangle ECG is fimilar to EBF - - - 5- 
But,GFzzAC (Ax. 7. i.) for EFizECj andEGzzEA; 
wherefore, as GF, i. c. AC, : CB, or, as EG : EC, 
or, EF : EB : : CG, i. c. AF, : CF. Q^ E. D. 

COROLLARY. A PROBLEM. 

If any Right Line, AB, be divided at plcafurc, in C; 

to defcribe a Circle 5 to any Point in the Circumference 

of which, if Right Lines are drawn, from each extreme 

of the given Line, they (hall have the fame Ratio to each 

other, as the Segments of the given Line, 

From the greater Segment, CB, take! 
the lefs, AC; i. e* make CD equal AC. 
Make AE a third Proportional, to BD 
«nd CD (equal AC) 
With the Radius EC, on the Center E, 
ttefcribe a Circle; 
and to any Point, F, in the Circumference, draw AF & BF, 

Then, AF is to BF as AC is to CB. - Theorem. 

Becaufe, EA:AC::AC (eq. CD) :DB - - C )n. 
Conf. EA:EA+AC(i.e.EC) : :AC:AC+DB (i.e CB) 
i. c, asEA:EC :: AC ;CB. - - Conv. 10 6. 5. 

T t T H E O- 
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THEOREM XXVin. 



If a Triangle be circumfcribed by a Circle, and, a 
Tangent to the Circle be drawn,, at any Angle of 
the Triangle -, and, if a Right Line be drawn from 
the adjacent Angle, parallel to the Tangent, cuung 
the oppofite Side; then, the Side between the 
Tangent and that Angle, will be a mean Propor- 
tional, between the oppofite Side, and that Segment 
which is contip;uou.s to the Tangent. 

Let AD be a Tangent to the Clrcli 
ABCE, at the Point A, (the Angle of =r 
Triangle, ABC, infcribed) and, let B] 
be drawn parallel to AD, cuting AC, inL 




-*• 



,1 V • f 



I fay, that AB is a mean Proportion:^^ \ 
between AE and AC. 



Dem. Now, B E is parallel to A D. - - C(^ xi. 
therefore, the Angle ABE z= BAD - - - 4. /. 
Buc,theAng.ACBz:::BAD(i3 3)conf.ABE~ACB-Ax. :2^i 
and, in the as, ABE, ABC, the Angle BAC is common, 
•wherefore, thofe Irianales arc fimilar. 
Therefore, as AK : AB : : AB : AC, - Th.4-. 6. 
confequentiy, AE, AB, and AC, are three Proportionals; 
and therefore, AB is a Mean. 

Cor. Hence it is manifeft, that, what is proved, in Cor. 2. 
of the 7th, in refpetSi of a right angled Triangle, is general; 
in every Scalene Triangle j on any Side of which, fimihf 
Triangles ari; conftrudlcd. c. g. 

4 i« 
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In the Triangle ABC, if ABD be made equal to the 
Angle C, and C B E equal A, the Angles A and C being 
common ; the Triangles ABD, EBC, are fimilar to the 
whole Triangle ABC - - - C. 2 4. 6. 
and confequently, to each other. - - Axiom. 

Wherefore, the fquare of AB is equal to a Rectangle, 
under the Side A C, and the Segment A D ; 
and, the fquare of £ C is equal to a Redangle under AC 
and EC, Cor. to Th. 9. 

For becaufe the Triangle A B D is fimilar to A B C ; 
AD: AB:: AB: AC; &, forihe fame reafon, EC. BC::BC: AC 
Wherefore, AB and BC are, each, a mean Proportional ; 
between the adjoining Segments of AC, and the whole, AC. 

If 'the Triangle be right angled (Fig. 2.) the two Seg- 
ments AD and £ C are equal to the whole A C (for the 
Points D and E coincide ; confequently, the two Squares 
of A B and BC are equal to the Square of AC. 



i. e. A B fquare is equal to the ReSangle AF, 



AF,7 



20. I. 



and, BC fquare is equal to the Redangle FC. 

In Fig. 3rd, the Angle at B being acute; confequently, 
the two Segments AD and EC are greater than the 
whole AC ; but they are, in each Cafe, fubje^ft to one 
general Demonftration. 

When the Angles are all equal, the Square of each 
Side is equal to the Square of the other j for the Triangle 
will be equilateral. 



Tt a 
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THEOREM XXX, 



If any Angle of a Triangle is bifeiElcd,and th? bifediflg 
Line cuts the oppofite Side ; the Reftanglc under 
the two Sides, containing that Angle, is equal to the 
Square of the bifefting Line, added to the Red- 
angle under the Segments of the oppofite Side. 

Alfo, the Sides of the Triangle, the bifefting Line, 
and thatLine produced till it cuts the Circumference 
of a circumfcribing Circle, are Proportionals. 

Bifea the Angle B, of the TrianglcABC, 
by the Right Line BE, cuting AC, in the 
Segments AE, EC. 

Then, the Rectangle under the Sides 
AEtand BC, is equal to the Square of BC9 
added to the Reitangle under AE and EC. 

2nd. About the Tiiangle ABC, defcribe a Circle, ABCD. 
Produce BE to D, and join AD. 
I fay, that A B is to BD as BE is to BC. 

Dem. For, the Triangles ABD, EEC are fimilar-Cor.2.4. 
becaufe, the Angles ABD, EBC are equal; - - Con. 
and, the Angle ADB is equal to ECB; - - 10. 3. 
V'herefore, - BAD is equal to BEC. - C. 5. 10. r. 
Th.A13:BD::BE:BC(4)conf.ABxBCrrBDxBE-9.6. 

But,nDBEz=DEB+liBD(3.2.)&DEB=AEC-i4-3' 
Wherefore, the ReaangleDBE~AEC + EBn -Ax.6.i. 
ponfequently, A B X BC = EB D + AE X EC. Q. E. D. 

The 2nd Part was proved in the fifth Line. 

THE- 
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THEOREM XXXI. 

t^ht Reftangle, under any two Sides of a Triangle, 
is equal to a Reftangle contained under the Per- 
pendicular to the other Side, from the oppofitc 
Angle, and the Diameter of a circumfcriBlng Circle, 



. Defcribc the Circle ABCD about 
the Triangle ABC. - - (4.4.) 
Draw the Diameter BDj and BF 
perpendicular to A C. 

Then, the Redangle under AB and 
£C, is equal to the R^£Ungle under BF 
and BD. Draw AD. . 



^^M. Now, the Angle ADBiz ACB; - - 10.3. 
^nd BAD is equal to BFC ; - - - - . Ax. 9. i. 
(for BFC is a R. Angle ( Con.) and BAD is Right - 12. 3 ) 
confequently, A ED is equal to FBC ; 
and the Triangles ABD, FBC are fimilar; 
wherefore, as FB : BC : : AB : BD j - - 4. 6. 
and therefore, FBxBD=:ABxBC. Q.E.D.- - 9.6. 

>J. B. If the Angle, ABC, was bifeded by the R. LineBD; 
the Reflangle under the Sides, AB, BC, is equal to 
^ Reftangic under the Diameter BD and the Segment BE, 

For, AB is to 3D, as BE is to ECj by the 30th. 




THE. 
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THEOREM XXXII. 

If all the Sides of a Trapezium are bifedted, and the 
Points of bifedtion, in contiguous Sides, are joined 
by Right Lines, the Quadrilateral formed by thofc 
Lines is a Parallelogram j and, it is equal to half 
the Trapezium. 

Alfo, the Sum of the fquares of the Diagonals, 
of the Trapezium, is double the Sum of the fquares 
, of the Diagonals of the Parallelogram. 
£^ 

Let the Sides of the Trapezium, 
A B C D, be bifeaed in the Points 
E, F, G, and H, and draw EF, FG, 
^ ^ GH, and EH. 

I fay, firft, that the Quadrilateral, 
£ F G H, is a Parallelogram. 

Dem. For,becaufe, in the Triangles ABC, ACD, the Sides 
AB, BC, and alfo AD, DC, are cut proportionally, 
in F and G, E and H, the Right Lines F G and EH 
are both parallel to the common Bafe AC ; and, for the 
fame reafon, the Lines GH and F£ are both parallel toBDi 
confequently, they are parallel between themfelvesi 
therefore, EFG H is a Parallelogram. (Def. 33. i.) 

Secondly. It is equal to half the Trapezium A BCD. 

For, in the Triangle ABC, becaufeFG is parallel to AC, 
and, becaufe AB and BC are bifeSed in F and G, 
IS I is alfo bifeded in K. - - - -> 2. 6. 

and, 




BookVLELEMENlS OP GEOMETRY. 327 

and, for the fame reafon AI and I C are bifeded in L & M; 
wherefore, LM is half AC ; and co'nfequently, the Pa- 
rallelogram LFGM (on half the Bafc AC, of the 
Triangle ABC, and half its Altitude) is equal to half 
the Triangle ABC - - Th. i8. i. and Pr. 20. 
for the fame reafon the Parallelogram L £ H M =: 
^ halfthe Triangle ADC. 
conf. the Par. LG + LH z: half the Tri. ABC + ADC, 
i. e. the Par. F FGH is equal to half the Trap. A BCD*. 

Thirdly. Having drawn the Diagonals, EG and FH* 

I fay, that AC fquare added to BD fquare, is double 
the fum of the Squares, of EG and FH. 

r 

For, the Squares of the Diagonals, EG and FH, are 
equal to the Squares of all the Sides £F, FG, GH, 
and EH. - - - - - Th. 14. 2. 
But £F and GH are each equal to half BD -, 1 
and FG, EH, are each equal half AC ; j 

wherefore, the foursquares; of EF, FG, GH, and EH, 
are equal to half the Squares of AC and BD - Cor. 4. 2* 
and, they are equal to the fquares of EG and FH - 2nd. 
Therefore, the Squares of AC and BD, are double the 
Squares of EG and FH. v 

This Propofition is, by Stone and fome others, given in the 
fecond Book ; confequently, there is a neceffity for a Lemma, 
previous to it ; which Lemma, is only a particular Cafe of the 
iecond Proportion of the fixth Book ; which cannot be made 
general without that Theorem. 

The third Part of which he makes a feparate Propofition, may 
be demonftrated in the fecond Book ; but I did not think it of 
coofequence enough to make another Propofition, 
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THEOREM XXXIIL 

In every Quadrilateral mfcribed in a Circle, the 
Reftangle contained under the Diagonals, is qual 
to two Redlangles under tlie oppofite Sides. 

In a Re£);ang1e the thing is manifefl: - 20. r. 

I^C In the Trapezium ABC D) draw tbt 
Diagonals A C and B D. 

I fay, the Reflangle, under AC and BD, 
is equal to the two RcfSlangles, under AB 
and CD, BC and AD. 

Make tlie Angle ABE equal to DBG. (Pr.4) 

Dem. Now,ABE=DBC(Con)theAngleBAC=zBDC-io.3 
wherefore, the Triangles ABE, DBC are fimilar-C.2.4'6» 
Wh.asAB:BD::AE:CD(4 6)&AB:AE::BD:CD.4.S. 
Therefore, AB X CD z: BD X AE - - - 9. 6. 

Again. The Triangle ABD is iiaiilar to EBC. 
For, the Angle ABDmEBC (becaure,AB£=:DBC(Con.) 
and the Angle EBD is common to both.) - Ax. 7. i» 
Alfo,theAng.BDA±:BCA(io.3.)conf.BAD=:BEC.ioi. 
Wherefore, as BC : BD : : EC : AD - - • 4. 6. 
confequcntly, BC X AD = BD X EC. - - - 9.6. 
But, - - ABxCDizBDxAE - proved above. 
andAE,ECziAC;wh.BDxAE+BDxEC=BpxACi 2 
Th.ABxCD+BCxADizBDxAC. Q^E. D. 1 Ax.3.1. 



T H EO- 
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THEOREM XXXIV. S.isEuclid. 

'he Diagonal of a regular Pentagon is to its Side, as 
a Line divided in extreme and mean Proportion. 

In the Pentagort A B C D E, 
let the two Diagonals, AD and BEy 
be drawn^ cuting each other in F. B 




Then, A D is to A B, or A E, 

as A E is to AD -- A £. \ 

\ 

Sm. The Triangles ABE, ADE, are congftidus - 8- 1« 
Por, A B, AE, and ED are equal, 
and the Angle B A E i= A E D, • - - 8. 4, 
Vrherefore, the Angle ABFrrAEFzrEAF -9.1. 

« 

conf. the Triangles ABE, AFE are fimilar. - 0.2.4.6. 

Therefore, as BE:AE::AE:AF, equal FE. ^ 4.6. 

But, AE = BF; for DEzzBC, and CDrz AB - Hyp. 

wherefore, BE is parallel to CD, and AD to BC-C.10.3* 

confequently, B C D F is a Parallelogram ; 

wherefore, B F=:CD (equal A B, equal AE). - 15.1. 

Therefore, as B E : B F : : B F : F E; 

i. e. as B £ : A E, or A B, : : A E : FE. 

and confequently, AB, or A£, &c. is equal to the greater 

Segment of B E, or AD, divided in extreme and mean 

Proportion. 

I 

pR. I. The Diagonal of a Pentagon is parallel to 
the oppofite Side. 

« • 

Two Diagonals, cuting each other, arc mutually di- 
vided in extreme and mean . Proportion, in the point 

■of intcifedion. 

Uu THE. 
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THEOREM XXXV. 




The Diameter or Perpendicular, of a i-e^ular Pcn^ 
tagon, is divided in extreme and mean Proportionj 

by 'a Diagonal cuting it at Right Angles. 

C " ■' 

] In the Pentagon A B C D E, let the 

? Diameter C F be drawn, and the Diagonal 

B D, cuting C P in G, perpendicularly, 

I fay, that C F is divided in extreme 
and mean Proportion, in G. 

Draw EH parallel to CF; alfp, the 
Diagonal BE, cuting the Perpendicular in I. 

Dem. Now, becaufe BE is parallel to CD, - G.l, 34* 
the Angle C B is equal' to D B E - - - 4- '• 
and,CBD 2: CDB (9. i.) wh.CBDziDBE - Ax. 3.1. 
But, the Angle CGBizBGl (Ax.9) wh. GIziGCiM. 
(for theTri.BCG, BIG are congruou§; BG being common) 
Now,finceEHispar.toFGCConO & AEtoBD; bythckft; 
FGHE is a Parallelogram; wherefore, EH =iFG- 15.1 • 
And, becaufe EH is par. to FG ; EH:IG: :BE:BI -4.6. 
(for the Triangles BGI, BHE are fimilar j by G. 3. 2.6 ) 
But, BE is to B I, as the greater Segment to the lefs* 
of a Line divided in extreme and mean Proportion^ - 34* 
(for,BI=BC)FG=:EH; al(b, GG == GI,-proved abovej 
wherefore, FG : GG : : B E : B I ; i. e. as B I : I E ; 
and therefore, CF is divided in extreme and mean Ratio, 
iu the Point G, where it is cut by the Diagonal BD. 

Cor. The Diagonal be, cuts, FG, the greater Segment of 
CF, in extreme and mean Proportion ; at I. 

ForBDispar.toAE;conf.theTri.C3BI,IEFarefimiIar; 

wherefore, as B I : IE : : G I : IF - - - - Th. 4- 
But, BI:1E; :BE:BI(eq.AB) therefore, FG:GI: :GI: IF. 
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Hence, if a Right Line be divided in extreme and mean Pro- 
portion, and from either extreme of th^ greater Segment 
the meafure of the Ufs is fet ofF, it will alfo be divided in 
the fame Ratio j and the lefier Segment of the firft, will be 
the greater Segment of the other, c. g. 

Let AB be divided in ex- ^ !,L__?-— — — ? 

treme & mean Proportion', in C. 

Then, if CD be made equal toCB, AC will be divided 
in the fame Ratio; and CD is the greater Segment. 

For, fince AB : AC :: AC : CB, (Hyp.) it wiil be, 
as AC:CB: :AB-AC: AC-CB,i.c.asAC:CB::CD:AD. 

\]fo. If to the whole Line, divided in e^^treme and mean 
Proportion, there be added the greater Segment j then, 
the whole compounded Line is divided in the fame Ratio, 
and the. greater Segment, of the firft, will be the leiTer. 

Let AC be divided in extreme and mean Proportion, inD. 
Then, if CB be made equal CD, CB will be the lefTer 
Segment of the whole, AB, divided in the fame Ratio. 

For, fince AC : CD : : CD : AD ; it will be 
asAC:CD::AC+CD:CD+ADii.e.asAC:CD::AB:AC. 

Hence, if either Segment be given, the other may be found. 

AD C E B 

Let AC, the greater Segment, be given. 

Divide A C in the Ratio required, in D. - (Pr. 35.) 
Produce AQ; make CB equal CD, 
and CB is the Segment fought. 

If C B, the lefTer Segment had been given. 
To find the greater ; divide C B as before, in E j 
make C D equal CB, and AD equal C E. 
T|ien, AC is the greater Segment required. 

Uua A Dc- 
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A Demonftration of HrtTe 33ra'~Problcm. 

FG is equal to CH (Con.)conf.FCis equaltoGH-Ax.6j. 
wherefore, the Rectangles CFG, GHC, are equal - Ax.B.2. 
But,AFxBFr:::CFxFG;alfo,AHxDH=GHxCH.C.i5.j 
confequently, the Redangles AFB,AHD, are equal- Ax.3.1. 
Wherefore, as AF:AH: :DH:BF, reciprocally - Ca.8^. 
But,asAF:AH::BF:BC(Th.4)wh.BF:BC::DH:BF.Ax.i3.$ 
Again. It has been (hewn(changingTermsjDH:BF::BF:BC 
alfo, thatBF:BC::AF:AH; i.e. asDCiDH. - Th.4. 
Therefore, the four Lines, PC, DH, BF, and BC arc in 
continual Ratio ; and confequently, DH and BF are two 
Means, between DC and BC j equal X & Z, by ConftruQion. 

A Demonftration of the 34th Problem. 

Firft, AH:BH::AB:BC; i.e. as AF:BG . - Th 4^ 

wherefore, AH : AB : : BH : BC - - - - 4 5- 

conf.AH-.AB(eq.BH):AB::BH-BC(eqCH):BC.7.S. 
wherefore, AB : BH : : BC : CH - - . 5. 5. 

confequently, AB + BH : BH : : BC + CH : CH, - 6. 5. 
i. e. AH:BH::BH:CH; and as CH : DH, &c. 
But, AH:BH: : AF: BG; and,BH:CH: :BG:CI, &c. - 4.6. 
and AH, BH, CH, &c. are in continual Ratio ; 
th.AF:BG:CI:DK,i.e.AB:BC:CD:DE,::AH:BH,&c.-H- 
But,AH:AF::BH:BG, &c. and AH is greater than A F. 
wherefore, DH is greater than DK, and EH than EL; 
confequently, EL may ftill be uken from EH, adinfinituni' 
th. AH is the wbble fum of infinite Proportionals, to X andZ. 
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BOOK VII. The XL of Euclid. 

> 

THE fevcnth Book, of thefe Elements, treats firft of the 
Elements or firft Principles of plane Solids, (i.e. Solids 
bounded by, or contained within Planes, only,) viz. of the ' 
Pofitions of RightLines, and of Planes, to Planes; of the 
Sections of Planes by Planes, and of Right Lines by Planes. 
Secondly, of folid Angles, generated by the interfe£lions 
of Planes ; their Conftru£iion and Principles inveftigated. 

Tbirdly,of Solids, contained within fix parallel Planes,only; 
their AfFeftions, Proportions, and Properties, are fearched 
out, on which is founded theTheory of Menfuration of Solids. 
The Do£lrine of Solids, contained in this Book and the 
following, is alfo of great ufe throughout the Mathematics ; 
fome of which have their very exiftence in it. The Science 
of reSilinearPerfpeflive is wholly founded on the Seflions of 
Planes by Planes, and, of Righc Lines cut by a Plane, and 
by parallel Planes ; infomuch that, without their afiiftahce, 
Pcrfpedtive would be a very imperfeS Science; which, to 
the immortal Fame of Dr. Brook Taylor, is now eftabliflied 
on the moft permanent Principles. 

Every Theorem, of the eleven firft, are more or lefs ^feful 
in Perfpedive ; the 5th and 7th are of great ufe ; which, 
with the 8th and grh contain the Eflence of it, in Theory 5 
as the loth and nth, of both Theory and Pradiice, 

To enumerate every branch of the Mathematics, inyrhich 
this fcventh Book is particularly ufeful, is needlefs, was it in 
my. power 5 the Reader may depend on it, that itsDo^^rine 
is, at. the fame time, entertaining, ^and of extenfive utility. 



^ — «.> K 
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DEFINITIONS. 

Dcf.I. ASOLIDis aBory, having length, breadih.ani 
thicknels; and is boundetl by Planes, or cuivd 
Surfaces, or both. As X. 

Dcf. U. A Plane (or Right Line) is parallel toanoilttr 
Plane, which, being produced infinitely, uoulJ 
never meet ; but, are every where, equi-diftiiil. 

As the Plane X, to the Plane Z ; 
or, the Right Line AB, to both X and Z. 

^ Def. HI. A Right Line is perpendicular to a PIhc, 
when it makes equal Angles with e?^ry Line driwn 
in the Plane, to or from that Point in which tin 
Line cuts, or would cut, the Plane. 

If AB makes Right Angles with the two Line, 
CD and EP, paffing through B, in which Point, 
AB cuts the Plane CEDE; and if the Lines, CD 
and EF, are both in that Plane ; AB is perpendi- 
cular to the Plane. 

ef. IV". A Plane, cuting another Plane, is ptr* 
pendicular to the other, when it does not incline 
to the other on either Side. 

If the Plane ABD cuts the Plane AED, inAD; 
and, if any Right Line, B C, drawn in out, 
be perpendicular to the other Plane (AED) 
Thofe Planes are perpendicular to each other. 

. J^.B.-Ii is ufual, to define perpendicular Planes, by Right Line* 
being drawn perpendicular to their common Seftion ; wbicli, I 
prefume. is taking for granted that their cominon Seflion is a Right 
Line, and which, being granted, there ivould be no occaSon after- 
wards to demonllraie it, in Propofilion 3rd. 

Let the young Geometrician take particular notice, that no 
regard is had to the pofitlon of the Plane, or Line, in refpefl of 
the Horizon, to which another Line or Plane is faid to be perpen- 
dicular, but only to their polition in refpe€t of each other, At, 
if they make Right Angles with each other, they are peipFodi- 
Colar, each to the other. 
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I>cf. V. If a Plane (or Right Line) be neither 
piralld nor perpendicular to another Plane, it is 
laid to incline to the other Plane. 

The inclination of one Plane to the other is 
the acute Angle ABC, made by the Seftion 
«f anothtr Plane.DEC; cuting both the inclined 
Planes, BE and BF, perpendicularly; i, e. at 
Right Angles. 

Alfo, the inclination of a Right Line, AB, to 
*Plane, BCD.is the Angli-ABC made by another 
Line; drawn in the Phne BCD, from the Point B, 
in which the inclined Line, AB, cuts the Plane; 
and paling through another Point, C, in which 
a Perpendicular, AC, from any Point, A, in the 
inclined Line, cuts the Phne. 
N". B. Two Planes have an equal inclination, to two 

'ther Planes when the Angles of dieir inclination ar« 

''l»-ial to one anoiher. 

'ef. VL A SOLID Angle is that which is made by 
»norc_ than two Plane Angles, applied clofc to 
«ach other, at the fame Point, fo, that two of 
%hem are not in the fame Plane. 

If the three plane Angles A, Bj and C, be 
Yarned over, they wKl form a folid Angle, at the 
Point where their Vertices meet each other, 
N. B, All thePlantAngiesforminga folid Angle are, 

Cksether, lefs than four Riglit Angles. (SeeTheorem 12.) 
Jf three Plane Angles, forin a folid Angle, any nvo 

»>uft be greater than the third; or, three, greater than 

*. tburth, &c. {Sec Theorem 13.) 

Def. VII. A PYRAMID is a Solid, contained 
by any number of Planes more than three ; of 
which, one (the Bafe) may have any number of 
Sides; all the other Planes are T>iangles, 
meeting in a common Vertex. *• ' ' 

As AB, or CD ; A and C are their Vertices } 
B and D are their Bafes. 
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N. B. Not !efs than four Plane* can form a Solid ; and rSit, 
Diuft nece^a.rily be a Pyramidt and the Planes are all Triangles. 

Therefoi'e a Pyramid may befaid to be the £rft of PianeSolidii 
tieverlbelers it Is not tlie limplelU 

Def. VIII. A PRISM is a SoilD, contained within any 
numbcrorPlanes more than fourjof which, twoare 
parallel^ equal, and fimilar Figures (of any numbtr 
of bidesl all the other Planes arc Parallelograms. 
As AB ; or CD. A and B, C and D are lh( 
fmilar and equal Planes ; the others, a b, be, &c. 
are all Parallelograms. 

Def. IX A PARALLELOPlPED is a Pbisu, 
bounded by Six Planes i of which, thcoppofite 
Planes are parallel. 

If the Plane ABCD be parallel toDEFG, 
ABDG to DCEF, and ADFG to BCED; tiw 
Solid, ACF, is a PAEAti-ELOPiPED. 

Def. X. A CUBE is a ParalLelopiped, whofe 
Planes arc all Squares. As A, B, C. 

Def. 'XI., Similar plain Solids are contained 
within an equaliiumber of plane Figures, Jimilailr 
lituated and fimilar one to another, refpedlrdy, 
in each Solid. 

The Angles are, alfo, neceflarily equal, each to 
the other, rcfpcflivcly. 

If the Plane a, be fimilar to A, b to B, and e 
toCj.aad if all the other Planes, of which each 
Solid is conArudcd, be alfo fimilar and fituate alike; 
then the Solid a b c is fimilar to A B C. 

All Cubes are fimilar Solids. 

All Solids, contained within an equal ntimbet 
of equilateral and equiangular Planes, are fimilar. 

• A Prifm may be concdved to be generated, by the diieft 
motion of any right lined Plane Figure ; always parallel to its firit 
polidon, but not in a continuation of the Plane of the Figure. 
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AXIOMS.. 

The firft Propornion of Euclid. 

)art of a Right Line is in the fame Plane. 

part of a Right Line cannot be in any 

anothei p;)rt of the Line ouiof that Plane. 

it was po^ible, a Right Line does not 
h a Plane in every Puini ; agreeable to 

Book ift. 

■t AB, of a Ri^ht Line, ABC, be in the Plane 
.vhole Line is iii the fame f hue; for, the two 
and B, are in the Plane ; and if any Point, 
in the Plane, ABD is not a RiehtLine; fee- 
iB ia a Segment of the Right Line AC. 

"wo Right Lines, being parallel, are in 
lane, i, e- a Plane, may pafs through both 



■, being parallel, are in ihePlincABCD. 

a Plane, ABEF, revolvingon AB asan Axis, 
:nce CD is pmllel to AB, it is parallel ro a 
ig through AB ; wherefore, the Perpendicii- 
I DP are equal (Def. 2.) and, confequentiv, 
jint C coincides wiih £, D will coincide with 
whole Line CD 11 in the Plane, ABCD. 

The fevcnth Propofition of Euclid. p 

Light Line;, being parallel, and cut by 
ghiLine, are all in the fame Plan^ 

lB be parallel to CD, they are in the Plane 
d) confcouently, the I'uiiits A and D, where 
em both, are in that Piaiie. 
re, fince there are two Points, A and D, of 
le AD, in a Plane, the whole Line Is in that 
I.) and, confequenily. AD is in the fame 
the two parallel Liiirs, AB and CD. 

f two or more Lines, not parallel, are in the fatnff 
tre both cut by another Right Line, it is alio in the fame 
them. Confequently, two Right Lines (AB and AD) 
other, are in the fame Plane. 

Xx Ax. IV. 




^ 
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Ax. IV, The fecond Propofition of Euclid. 

ThiCe Right Lines cuting each other (not in the 

fame Point) are all in the fame Plane ; wherefore, 

the three Sides of every right lined Triangle are 

in one Plane. 

For, the two Right Lines, AB and AC, arc in the fame 
Plane (3.) Cqnf. being both cut by another RightLinc, 
(AC) feeing, the two Points, A and C, are in the fame 
Plane, the whole Line, AC, is alfo in that Plane - Ax.i* 

Ax. V. Solids, contained within an equal number of 
Planes, which are equal and fimilar to each otheri 
two and two, (i. e. one in each Solid) refpedively$ 
and being fimihrly fituated, in refpcft of each other, 
and alfo of the whole; fuch Solids are equal ia 
every refpeS. As AC E and ace. 

If the Plane a b d e, be equal and fimilar to ABDE } 
a c, to AC, and cc to C!t; alfo afe, to AFE, and 
bed, to B C D ; then, the Solid a be d e f, is equal io 
every rcfpedl, to A B C D E F. 

The eleventh Book of Elements is, in general, lefs underftood 
, than any of the foregoing ; not owing to any deficiency or impcr- 
fedlion in the Demonftrations, but very much fo to the impcrfedtioE 
of the Diagrams. It very rarely happens (and which never, yet, 
has happened) that a Mathematician, who had ' engaged ia a 
Publication of the Elements cf Geometry, was alfo, a competent 
Draftsman, in Perfpedlive; for want of which, the Schemes, 
which are intended to reprefent Planes cuting Planes, &c. arc 
fo badly devifed, and worfe reprefented, that it is with the greateft 
difticulty a juft Idea of their meaning can be communicated; nor 
is it pofTible, unlefs the Pupil has very acute Talents, or is affifted 
in his ftudy of them, by fome Apparatus, or an able Tutor. 

I flatter myfelf that I have removed that difficulty, which has 
hitherto been the greateft impediment, to a clear inveftigation of 
the Dodlrine of Solids. Where it is neceffary, moveable Schejccs 
are adapted for the purpofe ; and, where they may be difpenfed 
with, the Diagrams are juftly, and perfpcftively, reprefented; fo 
that, the Student muft not always exped (as in Plane Geometry) 
that, Angles which are faid to be right, or Lines parallel, &c. are 
really fo, in the Diagram ; but, that they are, or would be fo, if 
fuch a Figure was really conllrudled, as the Diagram reprcfents. 
For, unlefs the Reader can conceive this, it will be very difficult 
for him to fuppofe one Line to be greater than another, when it is, 
abfolutely and evidently, lefs ; which, from the Premifes givea 
and the foregoing Elements, it is manifeft muft be greater. 



BookVII, ELEMENTS of GEOMETRY. 339 

Therefore it is, in fonie meafure, neceflary (by way of Poftulate) 
tDrequeft, that one Line be equal to another; or at right an?!es, 
ie. perpendicular to another Line, or Plane, Ice ; that two Right 
\ Liiei contain an Angle, equal to that which two other Lines con- 
Oin; which, in the Diagram, is, perhaps, either greater or lefs. 
Tliefc things mull be granted and underftocd to be fo, or no 
Dcmoaflration, of what is intended, can polfibly follow. 

I thought it necefTary to apprife the younj; Student of thefc 
pidiiBiDaries,- otberwife (without a Tutor) he would, frequently, 
MMrplejied and bewildered; and would, very probably, con- 
doie, that there muft be fomemiftake, or error in the Diagram^ 
fix it is not eafy, at firCl, to conceive, that one Line Ihould be per- 
pndicalar to another, when we fee and know, that the Angles 
tkq'make, are cot Right ones ; and, being acute, that another 
Aijle, apparently contained within the other, aaJ manitcilly Icfs, 
» » Right Angle ; i. c. underftood to be fo. 




THEOREM I. 3Euclid^ 

The common Section of two Planes is a Right Line. 

Let the two Planes, AB and CDj cot 
' each other, in £F. 

1 fay, that EF is a Right Line. 

3em. The Points E and F, and every o WPomt 1 
in the Line EF, arc in both Planes; for, the Line FG is 
in both Planess feeing it is their common SeiAion.-Ax.i, 
Therefore, it is a Right Line ; feeing that, a Plane agrees 
with a Right Line in every Point ; - - Def. 6. i. 
and, a curved Line cannot pofSbly be in two Planes. 

For, fuppofe the curve Line, EHF, drawn through the 
Points E and F, in thePlane ABC ; if it was their common 
Sedion, it muft alfo be in the Plane, C0{ and con- 

' ft<]uently it would not be a Plane, but a convex Surface. 

This Theorem night pa& for an Axiom, being fclf-evident. 
X X 2 T H £- 
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THEOREM II. 4Eucl/ti 

If a Right Line ftands at right angles, in the Point 
of interffdion of two Right Lines ; it will be per- 
pendicular to the Plane, in which chofc Lines aie. 

This might slfo pah for an Axiom; but there is a peculiai 
Demon ft ration, which cannot be difpeofed with. . 

Imagine ttie Right Line, AB, fixiuling it - 
right angles to the two Right Lines, CD 
and EF, in the Point B of their common . 
SeClion. 

Then, AB will be perpendicular to tk 
I'lane CEDF, in which the two Linu, 
CD and £F, ate (Ituated, • 

Mats BC equal to BD {at pleafure) and imagine BE, 
BF, alfo equal to BC, BD. 

AB flaniling perpendicular to them, imagine the Right 
Lines AC, AD, AE, and AF, drawn to any Point, A, in AB. 

Join CE and DF i and, through B, draw any Right 
Line, GH, at pleafure, cuting CE and FD, at G and Hi 
and draw AG, AH. 

Dem. Then, becaufe CB, ED, BE, and BF are all cquJ, 
and AB is common ; alfo, the Angles ABC, ABD, ABE, 
ABF, are all fuppofed Right, therefore equal ; thc^RigbC 
Liiics AC.AD.AE, and AF, are all equal. - - 8.1. 
wh. the Angle ACEzrAEC; and ADF=:AFD - 9.I- 
And, becaufe the Angle CBE = DBF(2. i.)andCB, 
BE are equal lefpeflivcly, to BD, BF; CE=FD-8.i. 
confequently, the Angle BCEzrBDF, - fame. 
Alfo, the Triangle CAE, being equilateral to FAD', 
they areconf. eguiangularj & the Angle AC£=ADF-7''* 
'2 Now, 
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Now, the Angle BCE=:BDF; and CBGziDBH - 2. i. 
mnd CBizBD; wh. the Triangle CBGrzDBH; 
iind, confequently, CG = DH, and BG 
Wherefore, in the Triangles CAG, DaH; AC, CG, arc 
r^fpetStively cqualto AD, DH, and contain equal Angles; 
confequently, AG is equal to AH. - - 8. i. 
wh.theTriangles,AGB, B AH,are equilateral, toeach other; 
(forBG, was proved, equal to BH, AG equal AH, and 
AB is common) confequently, the Angje ABGrzABH. 
Therefore, AB is perpendicular to GH - Def. 10. i. 
and, confequently, t,o every Right Line, drawn through B, 
in th^ Plane C £DFi and therefore, AB is perpendicular 
to the Plane, C ED F. Q. E. D, - - Def, 3, 

To affiil the Imagination, I have added. Fig. 2. in 
which, if the Plane CAD be turned up (on CD) perpend. 
and, the Triangle ABE alfo vertical, till AB, 
coincides with AB in the other; then, turning o(i 
'Triangles C A G, P A i/, till G and H fall on 6 an 
and turning back the Triang;le AB/*, till its Bafe . 
into the Right Line £ F ; in which portion may 
ffcn, what is reprefented in ?'igure i. 

The Line AB is perpendicular to the Plane CEDF. 

For, CB, BE, BD, and BF are equal; and con- 
fequently AC, AE, AD, and AF are equal ; alfo, AG 
is equal to AH, and the Angles ABG, A3H are Right; 
confequently AB is perpendicular to the Plane CEDF. 

Corollary, Propofition V. of Euclid. 

If three Right Lines meet in one Point, and a fourth flands 
at right angles to each, in that Point, the three j|l«ines arc 
in the fame Plane. 

If AB makes Right Angles with CB, and BE, and alfo 
with BG, they are necelTarily in the fame Plane - Def. 3. 

For, if ABG be lefs than a Right Angle, BG will be on 
this fide the Plane, CHF; and, if it exceeds a Right Angle, 
BG will fall en the other Side. But, ABG is a Right Angle. 
Therefore, BG is in the fame Plane with BC and BE. 

• Triangles are equilateral to one another, when the Sides of one 
;^c equal, refpecltivcly, to the Sides of the other. 
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THEOREM III. 



6 Euclid 




If two Right Lines be perpendicular to the fame 
Plane, they arc parallel to one another. 

This might well pafs for an Axiom ; for, it is evidently the two 
Jjines may be in the fame Plane^ which is thus peeved* 

' Let AB and CO be at right angles with 
the Plane B E F D. 

I fay, that AB is parallel to CD. 

Draw BD, through the points, B and D, 
in which the Linesj AB & CD,cut the Plane. 
Alfo, draw BE and DF, perpend, to BD. 

PeM. Because AB and CD are both perpendicular to the 
Plane BGD, they are at right angles with every Line in 
that Plane, drawn through the Points B & D, refpedively; 
therefore, to BE and DF (2.) and, confequently, they 
don't incline to the Plane BGD, on any Side - Def. 3. 
Wherefore, a Plane may pafs through both Linea - Def 4. 
But, the Angles ABD and CDB are Right - Def 3. 
Therefore, AB is parallel to CD - - - Th.4.1. 

If the Plane BACD be turned up perpendicular, to 
BGD, the thing is manifeft^ feeing, the Lines AB and CD, 
make Right Angles with BE and DF, refpeikively. 

-According to Euclid (AD being drawn) the three Lines, AD, 
BD, and CD, are proved to be at right Angles with DG, fup- 
pofed perpendicular to BD ; but, the procefs, though ftriftly true, 
appears very lanie and contradidlory in the Figure, 

Corollary. The 8th Propofition'of Euclid. 

If two Right Lines be parallel, and if one of them be at 
right angles with fome Plane, the other Line is alfo at 
right angles with the fame Plane. 

This, being the Converfe of the Theorem, is manifcft. 
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THEOREM IV. 9 Euclid. 

JR^ight Lines being parallel to the fame Right Line; 
which is not in the fame Plane with them, are parallel 
amongft themfelves ; i. e. each to the other. 

Let AB and CD be each parallel toEF; 
AB is parallel to CD. 



CL 



E 



F 

ane with 



In EF, take any Point, G, from which H. 
draw Right Lines, GH and G I, both at 
right angles with E F, and cuting the 
Lines AB and CD refpeflively. 

Dem. By the Premifcs, E F is not in the ume Pl 
AB and CD; therefore, raife up EF, out of the Plane, 
but parallel to it, till CD coincides with CjD, or any 
other Line, c d, parallel to E F. 

Then, becaufe GH and GI are at right angles with EF, 
EF is perpend, to aPlane paffing through thofeLincs -Th.2 
But AB and CD are both parallel to £F; 
wherefore, they are alfo at right angles with the Plane 
H G I, paffing through G H and G I - Cor. to Th. 3. 
Therefore, they are parallel between themfelvesj byTh.3. 

When the three Lines are all In the fame Plane, as in Theo. 5. 
Book I ft. it is manifeflly an Axiom; and, in this Cafe, it amounts 
to little more ; feeing that, a Plane may pafs through any two 
Right Lines, which are Parallel to one another. - - Ax. 2. 



(T^ 



D 
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THEOREM V. loEucE 

If two Right Lines, cuting or meeting each oilier, 

' be refpefitively parallel to two other Right Lints, 

slfo niieeting or cuting one another, though noiin 

the fame Plane with the firll, they Ihall con[aiii 

equal Arigl'-s. 

F ^.--^~1 LetthetwoRightLinej,"ABandBC,k 
" refpe^ivcly [tarallJ to DE and EFj vifc 

AB to DE, and fiC to £ F; and, fuppofi 
they are not In the fame Plane. 

I %, thcAngle ABC is equal toDEF. 

Take BA equal to EO, BC equal toEF, 
and draw the Right Lines AD, BE, &CF. 

Dem. fieczufe AB is equal and parallel to D£, - Hyp. 
AD is equal and parallel to BE - - Cor. toi5.l> 
an<], for the fame reafon, BE is equal and parallel toCFi 
wherefore, CF is equal and parallel to AD-Ax.3.iiiTh.f 
Join AC and DF, by Right Lines. _ 
Now, becaufe AD is equal and parallel to CF, 
AC is equal (and alfo parallel) to DF; as above. 
Then, in theTrianghs ABC, DEF,thc three Sides,A^, 
BC, and AC, of the one, are refpeftively equal to DE» 
EF, and DF of the other; 

wherefore, the Angles, of one, are alfo, refpe^ively, equit 
to the Angles of the other. - - - - 7. i. 
Therefore, the Angle ABC is equal to DEF; 
being oppofite equal Sides, AC and DF. Q; E. D. 

From the foregoing Theorems may be deduced the following 
Problemi. 

PROS- 
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PROBLEM I; II Euclid. 

^rom atr/ given Point* to draw a Right Lint perpm- 
Scular to a Pkne, in which that Point ts net fituated. 

Let A be t)ie given ^oint, and B Ed 
a Plane. 

In the Phne BEC, draw, atpleafurt, 
the Right Line BC, and, from A, 
draw the Right Line AD, perpend icu I ai 
to BC. - - - [Prob. 7O 

If AD be i^rpendicular to rhe Plane BE^r~nie'1^^|" 
Is already done ; but, if itKe not, proceed as fullows. 

From the Point D, draw DE, in the Plane BEC in- 
jietinite, alfo perpendicular tofiC; (Prob.6.) and from A, 
tlraw AE perpendicular to DE. (Prob. y.J 

I fay, that A£ is perpendicular to the Plane BEC. 

Through the PointE, draw FO. parallel to BC; (Pf.5.) 
ctmfe^uently, it is iA the fame Plane with BC. - Ax. 2. 
becaufe the Point £ is in the Plane. 

~)em. Now,becaufe AD& DE ate both perpendicular to BC^ 
BC is perp. to a Plane paffin'g through AD & DE -Th.a. 
But, FG is parallel to BC ; by ConHruaion ; 
wherefore, FG is alfo perpendicular to the Plane ADE. . 
Now, lince AE is perpendicular to FG» and, alfo to DE, 
itispcTp. tothePlaneinwhichthofeLinesare lituated - 2. 
■ Therefore, AE is perpendicular to the PlaneBEC- Q,E.D. 

" Profeflbr Simfon fays, from a Point given above the Plane. 

I am nut a little furprized at the ezprelfion, from one of )im ex- 
traordinary Sagacity ; becaufe, the fame thing holds true ho?vever 
the Plane he licualcd j or the Point in refpeft of the Plane, pro- 
vided it be not in the Plane. 

y y PRO- 
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PROfiLiEM II. 



1 2 Euclid. 



f 



From a Point given> in a Plane^ to draw a Right lint 

perpendicular to the Plane. 



^Lct A be the given Point, in the Plane AC 

Aflume any Point, B, out of the Plane; 
. and) from that Point, draw BC pcrpcndi- 
cplar to the Plane ; by the foregoing. 

Then, from the Point A, draw AD, pa- 
rallel to B C. - - (by Prob. 5. i.) 
AD is perpendicular to the Plane AC. 




Dem. Becaufe BC is perpendicular to the Plane - (Prob.i.) 
and AD is parallel to BC ; by Conflrudion ; 
AD is perpendicular to the Plane AC. - - Th.3. 

I believe, that the manual operation, of this Problensi 
would be eafier performed by two Right Angles. Thus 

Let A be the given Point, at which a Per- 
pendicular is required, to the Plane ACD. 

Apply a Right Angle, BAC, to the 
Point A, at pleafure, on AC ; and, in any 
Angle (CAD) apply another R.AngleBAD. 
i. e, raife up the two right angled Triangles 
. BAC, BAD, on AC and AD, till the Points, B, coincide. 
Then, AB is perpendicular to the Plane CAD. - lii.2. 

CoR. Hence it is manifeft, that there cannot be drawn two 
Lines, from the fame Point, perpendicular to a Plane, and 
on the fame Side. 

T H E 0. 




A 



■1 
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THEOREM VI. 14 Euclid. 

'lanes, to which the ■fame Right Line is pecpendi- 
cuUr, are parallel to one another. 

Let the Right Line AB. be perpen- 
dicular tQ both the Planes, CD and F£. ' 
2 fay, thofe Planes are parallel. 

Imagine a Plane, C D £ F, to pa& 
through theLineAB, cuiLng both planes, 
in CD, and EF; whichLines, necefla- 
rily pais through the Points A aad B, in which the Line 
AB cuts thofe Planes, rerpc^Hvely. - Ax. i. andTh. i. 

At the Points A and B, dia.v/A,G and BI, in the Planes 
CGDH and FIEK, perpendicular to CD and EF (Prob.6.) 
and produce them to H and K. 

pEM. Then, becaufe G H ^d I K: are perpendicular to CD 
ind EF, and thefe Lines are in the Plane CDEF; 
GH end IK are perpendicular to that Plane; - Th.2. 
{Becaufe, AB being perpendicular to both the Planes, 
CGDH and FIEK, it is perpen:dicutar to every Line 
drawn through the Points A and B i th.toGflSc IK) 
wherefore, they are parallel to one aaother ; - Th, g. 
and, confequently, the two Planes cannot meet; being 
produced, either way, towards G and I, H and K - Ax. i. 
Again. I>raw any other Right Line through A & B, 
in the Planes CGDH and FIEK, at right angles, with, 
or making e<]ual Angles, and inclined th^ fame way to- 
wards G H and IK ; as CD and FE. 

Then, becaufe the Angle GAD = 1BE, and AG is 
' parallel to 1 B j and thofe Lines are perpendicular lo A B; 
C D is parallel to EF. - - - . Ax. 10. r. 

and confequently, the Planes CGDH and £IFK cannot 
meet, being produced towards P and £, or V and C. 
^h. the Planes CGPH and FIEK are parallel - Def.?. 
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, THEOREM VU, isEuclii, 

If two Righp Lines, cuting or meeting e^ch other, be 
parallel to two other Right Lines, alfo meeting 
each tJther, not in the fame Plane with ttie fiffttwo-, 
Plflt^ palfing through each two Lines, refpe£ti«- 
^iy, are paraflel. 

Let, the Right Lines AB, and EC, 
meeting at B, be parallel, rerpeSivcly, lo 
D£ and £F, meeting at £^ and not in 
the Tanrie Plane with AB, and B C. I 

The Planes ACB, ElFE, drawn through 
thofe Lines, are parallel. 

From the Point 3 (in which AB meets BC.) ^P* 
BG perpendi9ular to the Plane DF£ (Pr. i. 7 J and, 
through the Ppmt G, in which BG ci(ts that Plane, 
draw. GH and GT, rerpeftively, i|ar»1I(J to EO 
andEF. (Ptoh. 5. i.) 

Pem. ThentfaecaufeBQis perpendicular tq the Plane pEF 
GH, and G^ make Right Angles with BG. - Th. 2. 
But, AB is parallel to GH, and BC to QI > - • S< 
(for, they arerefpedively parallel toEDandf)FJ 
And, BQH.BGl are Right Angles; - - Th.]. 
ponfequentljr, ABG and CpG are {tight Angles - 4. i. 
Iffhcrcfore, BG is perpendicular to the Plane ABQ; -2.7, 
and,confequcntIy,thePlaneACB is parallel toDFE, 7 , 
(u which the Lines AB, BC.andDE, EFare fituatfd. J ' 



T IJEt 
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THEOREM VIII. i6Euclia, . 

If two, or more. Planes, which arc parallel, be cut 
by another Plane ^ their common Sedions ^r? :'"■ 
paralleL * 

This Theorem might paf| for an Axipm, or be deduced from 
the 6th, B3 a borollary) but it ia eaiily demoaftrated. 

Let the Phn« ABC and DEG bi r/^^'^^-^,,,.^ 
pirallel j and, imagine a Plane, ABFq\ ' \ ^f^ 

oiting them, in AB and DE. ' Wl 

I fay, the Seaions, A B and D E, Vi 
pariUlel tp one anothpr* ' 

&KM. IfAB (being in the Ikme Plane, AfiFG,wiihQ£) 
be not patallcl to D E, they will meet, if produced, 
towards one extreme on the other. - - Dcf. 7. i. 
But, AB is in the Plane ABCj ana DE, in DEG-Th.r. 
And, the Plane A B C is parallel to D EG. r - H^p. 
Therefore, Hnce both Lines arc in the Plane ABFG> 
•nd are, slfo, refpaaively, in the Planes ABC, DEG. 
A B is parallel to DE ; feeing ihcy cannot go out of thofe 
Planes, and confeijuently can never m^et. - J^x. I> 



THEOREM IX. 1 8 Euclid. %^tr 

If a Right Line be perpendicular to a Plane ; every J.]^!^^ 

Plane, which palTes through that Line, is alfo per- 
pendicular to the Plane. 

Let AB tie perpendicular to the Plane CEDF, and let 
fny Plane CAD, orEAF^ pafs through the Line AB. 




n. 
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I fay, the Planes, C A D and E AF, m 
perpendicular to C E D F. 

D«M. Now, becaufe AB Is perpendkulit 
to the Plane C £ F (by Hypotbcfis} it 
does not incline to it on any Side-Def.j. 

But, the Line AB is in the Plane CADj 
and It IS alfo in the Plane £ A F; (by Suppofition}. 
confequcncly, thofe Planes do not incline, on cither Side, 
to the Plane C£ F; Teeing that, every Line, BC, BE, BD, 
and BF, make Right Angles with AB. - - - Th.i. 
Th. the Planes, C^D, EAF are perp. to CEF - Def^. 

Corollary I. The 19th Fropofition o£ Euclid. 

If two Planes, cuting each other> be perpendicular to 
the fame Plane ; their common Se^Ion is perpendiculv 
to that Plane. The Converfe. 

For, fmce the Planes CAD, ^AF, cutii^ eaph other in the 
Line AB, are perpendicular to the Plane CEF, AB is perpen- 
llicular to CEF. 

Becaufe, there cannot be drawn from the fame Point, B, on 
the fime fide of the Plane CEF, two Right Lines, perpendicular 
to the fame Plane. And AB is in both Planes - - Th. i. 

Therefore.AB, being in both Planes, CAD, EAF, ii peijen- 
dicuiar to the Plane CEF. • - -• Cor. to Prob. z. 

Corollary II. The 38th Propofition of Euclid. 

If from any Point in a Plane, which is perpendicular to 
another Plane, a Right Line be drawn, perpendicular to 
that other Plane; it will cut the other in the commoQ 
SeiSlion of the two Planes. 

For, fmce one Plane is perpendicular to the other (Hyp.) 
every Line drawn from any Point, in one, perpendicular to the 
other, V wholly in the firft Plane ; as AB. 

Confequently, fingc it cannot go out of that Plane, (Ax. 1.) 
it mult ncceffarijy cut the other Plane in (heir copunoD Sefiion. 

2 T H E O- 
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THEOREM X. - i7EocUd. 

tight- Lines, being cut by parallel Planes, arc cut 
proportionally^ 



Let the Right Lines, AE and CD, b« 
*ut by the Planes A C H, E G, and B D 
(being parallel between themfelves) in 
the Points A, E, B, and C, G, D. I -^ i J— 

Ifay,asAEistoEB,foiiCGtoGD ""^ 

« — ' 

Join the Points A and C, B and D , and, AD bein^ 
drawn diagonal- wife, cuting the Plane EG in F, draw £F 
and FG, joining the Points where they cut the PIane,£G. 

Dem. Then, becaufe AB, AD, and BD are three Right 
Lines, cuting one another, they are in the fame Pl^ne 
ABDi and ADC is alfo a Plane, by the fame - Ax.4. 

i^ow, fince the Planes BD and EG are parallel, and ' 
are both cut by the Plane ABD ; 
their common Seflioos, BD and EF arc parallel; | - 
and, for the fame reafon, AC is parallel to FG. j 
But, in the Triangle ABD, becaufe £F is parallel to BD, 
the Sides AB, AD are cut, as A£ : EB : : AF : FD - 2.6. 
And, becaufe FG is parallel to AC, as AF:FD::CG:GD. 
Therefore, as AE is to EB, fo is CG lo GD. - AX.13.S. 

Cor. Hence it is manifcft, that any Number of Right Lines* 
proceeding from one Point, are cut proportionally (from 
their common Point of Se^ion) by parallel Planes. 

For, fmce, D F : D A :: DG : DC; 2. 6, & 6. j. 
confequently, any other Right Line, DH, is cut in the 
fame Ratio, at H and I. 

THE- 
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T H E R E M Xi. 

If tvfb Right Lines afe perpendicular td a Phnfj 
(whether they arc on the fame Side, or on contraiy 
Sides,) and are both cut by another Right Line, 
•which alfo cuts the Plane i that Line will cut the 
Plane, fomewhere in a Right Line paffing throu^ 
the Points where the Perpendiculars cut the Plane; 
and, it will be cut in the fame Ratio, by thfe Plane, 
snd the Perpendiculars, as the Perpendiculars, by 
' that Line-, and the Right Lint^j joiniog or paffing 
through the Points where the Perpendiculars cut 
the Plane, will alfo be cut proportionally, by that 
■the Perpendiculars. 

Firft; let the two Lines AB and CD,(« 
the fame Side) be perpendicular tothePliM 
a B f } cuting it in the Poiiits B and D. 

From any Point A, in AS, draw aRigbt 
Line AC, cuting CD, in C, and product 
it, till it cuts the Flane at E. 

Then, a Right Line, £D, beitig t)ro- 
duced, will pafs through the fame Point, E ) and, they 
Will, both, be cut« in the Points A, C, £, and B, D, E, 
in the Ratio of the two Perpendiculars } vi2. ai AB toCD> 

Dem. For, becaufe AB and CD are both perpendicular to 
the fame Plane, they arc parallel. _ - - Th. 3. 
wherefore, AC and BD arc in the fame Plane. - Ax.j. 
And, becaufe the Points B and D arc in the Plane a Bf; 
the Right Line BD, is in that Plane - - Ax. i. 
(for it is the common Section of the two Planes) 
Conf. every Line (as AC) not parallel to BD, in the Plane 
AEB, will cut the other Plane, in the Interfedion of both. 
Th. AC produced, will cut thePlane a B f, in BDproduced. 
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and. Becaufe CD is parallel to AB^ the Sides EA, £B, of 
* the Triangle AEB, are cut proportionally. - - 2. 6. 

wh. as EC:CA: :ED:DB; conf. EC:EA: :ED:EB -6.5. 

i.c.EC:EC+CA::ED:ED+Dftiviz.asCD:AB.4.6. 

Again. Let FG (on^hc other Side of the Plane) be 
perpendicular to the fame Plane (a B f ) with AB; they are 
parallel (3.)which is evident, producing either; asFG, toH 

Then, if AF be drawn, cuting AB and FG, it will alfo 
cut the Plane a B f in the Line BG, joining the two Points^ 
fi and G, in which the Perpendiculars cut the Plane. 

And, they alfo, mutually, cut each other, in the pro* 
portion of A B to FG. 

Uem. Becaufe A B is parallel to F G» a Plane may pafs 
through them both. -..-.- Ax. 2. 
confequently, AF and BG are both in the fame Plane 
with AB and FG. - . - - Ax. 3 and 4. 
Wherefore, in theTrianglcs, E AB, EFG, the Angles at E 
being vertical, are equal (2. i.) the Angles at B and G 
are right (2. 7.) therefore equal - - Ax.io.i. 
the Angles at A & F, are conf. equal ; and alfo, by Th.4.1. 
Therefore, thofe Triangles are fimilar ; - - 4. 6. 
and therefore, as AB : FG : : AE : EF, and BE to EG. 

CiyR, Hence it is manifeft, that if a Right Line, aB, be 

' drawn, at pleafure, through the Point B, in the Plane a B f ; 

. and through G, if f G be drawn parallel to a B ; a B and 

f G being made equal to AB and FG, refpeftively, or in 

theRatioof AB toFG; then,aRight Line, drawn through 

a and f, will cut BG in the fame Point E, as before. 

For, becaufe a B is parallel to f G, the Triangles E aB, E f G, 
are fimilar; or, becaufe a B is parallel to fO^ a f and BG are cue 
proportionally, in R; - .^-.r • - * Cafe 3. 2. 6. 

And, becaufe the Triangles: ^re Sm^f^ a E : E-f ; : BE : EG, 
and, asaB:fG. - . . - '- . - 4.6. 

' But,aB:fG::AB:FG;conf.aE:Ef,andBE:EG,::AB:FG; 
And therefore, BG is cut in the fame Point (E) as before. 
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THEOREM XII. 21 Euclid 




Every folid Angle if contained under Plane Angles; 
whic^, taken together, are lefs than four Right 

Angles. 

Let A BCD E be a ScQion of tbePlaftw^ 
AFB, BFC, &c. forming a folid Angle, 
atF; I.e. let ABCDEbetheBafebfa. 
Pyramid, whofe Vertex is F j fuppofcd ta 
be elevated out ofthe Plane of the Bafc. 

Dim. Now, all the Angles AFB, BFC, &c. being inn 
Plane, are equal to four Right Angles. - - Cor.2.2.ir 
But, if F be fuppofed elevated out of that Plane, equal to 
FG, and perpendicular to AF, BF, &c. and AG, or BG, 
drawn, AG is longer than AF - - - ia.1. 

For the fame reafon, all the Right Lines, from eack 
Angle, A, B,&c. of the Bafe, to the Vertex, at F, elevated 
perpendicularly, at F (eq.FG) are longer thanBF,CF,&c. 

But, if two Sides of a Triangle be, refpe£lively, greater 

ithan two Sides of another Triangle, and the remaining 

Sides are equal, they fhall contain a Jefs Angle - 14. i. 

Therefore, the Angles of theTriangles AFB, BFC, &c 
ieing confidered as raifed out of the Plane 'ABODE, are 
kfs, refpeflively, than thofe Angles in the Plane; which, 
being equal to fourRight Angles, confequently, the Angles- 
elevated out of the Plane, are lefs than four Right Angles. 

If theTriangles AGF,BGF, be turned up, on AF &BFr 
till FG, in one, eoineide with FG in the other; and from 
the Point G, fo elevated, (FG being perpend, to the Plant^ 
ABD) if Right Lines are drawn to all the other Angles, 
C,D, and £; each two will contain a lefs Angle than thofe 
on the Plane, to which jthey are oppofitc, (.a3 AGB tha» 
4FB) and are, together^ left than four Right Apglcs. 
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THEOREM XIII. 20 & 22 Euclid. 




«any two, of three given Plane Angles, be greater than 

^Hc third, and the Lines containing the Angles all 

^>ial •, and if thofe three Angles are, together, lefs 

^O.sn four Right Angles, they will form a folid Angle; 

^*^d rfirec Right Lines, joining the extremes of the 

^<3^ual Sides, will form a Triangle. 

Let ABC, ABD, and EBC be three 
*^*anc Angles; of which, any two are 
fe^ater than the remaining Angle ; 
^^d» the Sides, AB, BC, BD, and BE are 
"^ll equal 5 alfo, the three Angles, to- 
gether, are lefs than four Right Angles. 

Then, a folid Angle may be formed of thofe thret 
Angles, ABC, &c. alfo, of the three Lines, AC, AD, 
and EC, a Triangle may be formed. 

*^^M. Turn over the Triangles AFB and B G C (equal 
ABD and EBC) till the two Sides BF and BG coincide. 

Becaufe they are lefs than four Right Angles (the dd« 

^ (ciency being the Angle FBG) it is manifeft they will 

form a foli'l Angle, at B, their common Vertex ; the two 

leffer Angles, ABF,CBG, being together greater than ABC. 

For, it is evident, if they were lefe^ as AB/*, CBG^ 
the Sides liF and BG would not meet each other; and. 
conf. with ABC, they cannot form a folid Angle, ^at B. 

Therefore, a folid Angle formed of three Plane Anglety. 
jany two are, together, greater than the third, Q. E. D. 

Z z 2 Or, 



*. 
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Or, a foIM Angle formed of any number of Plane Anglei, 
any one muft be lefs than all the others, added togethec. 

Nothwithftanding, ifSF and BG be equal to AB &BC 

rerpeflively, although theAngles(ABi^,CBG) are,together, 

, lefs than ABC, AFMCG, together, arc greater than AC; 1 

, and confequently, a ^rJangle may be fcirmed of tbetbrec i 

.Lines AC, AFanflCG; and therefore, of AC, AD, 

and EC; which are greater than AF and AG - 13. i. 

. N.B. The laftprtoftliit Theorem, which (accordingtoEu^) 
Teems to imply,' tbat, utilefs two ofihe Plane Angles aie^eatcr 
than the third, a Ttiangle cannot be ' formed of the three Bine), 
joining the extremes of equal Sidea ; whereaa, the contrary isnia- 
nifeA. It appeals however, to me, of fo little cODfcqneoce, n 
notworthyof being made a diftinft Theorem, of itfelf. ^ 

N. B. s. To make a Solid Angle of three given Plane Anglei, 
(theijrdProp. ofEudid) is to place then fo, togetber, thaithe 
Vertices.of all the three, meet in onePotet; 'and, the Sides, which 
contain the plane Angles, coincide) two and two in wie Line, 

a» in the Figure. (feeDefn. 6.) 

With this Problem, Euclid's Commentators take up more 
than four Pages j but, fo'^ what purpofe I can't devifc. 



THEOREM XIY. 24 Euclid. 

If a Solid be contained within Gx Planes, of which 
■ , two and two are parallel ; the oppofite Planes arc 
Parallelograms, equal and fimilar. 

^^-^_ ^- Let ABE G be a parallelopiped. 

The oppofite Planes ABCD, DEFG; 

BLED, and AD F G ; alfo, ABDG, 

^nd DCEF, are, refpcflively, equal 

_^ 7 ■*id fimilar. 

1^ % ,• <. Dim. 
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Pem. The Planes, AC, G£, being parallel, and both cut 

by the Plaiies BG^ and CF, which are alfo parallel; their 

Sections, AB and DG, QD and £F, are parallel amongft 

, jthemfelves. - ^ -i - - - Th. 8, 

Bat, they are alfo cut by the parallel Planes, BE and AF f 

their Se^ons, AD, BC, D£, and FG, are conf. parallel. 

Therefore, the Figures formed by thofe Sections are 

Paralklogms* feeing tbeir oppofitf Sides are paralIel-Def.33 

2nd^ iBeditife AB is {)arallel to GD, ai)d AD to GF, and 
are in parallel Planes, the Angle BAD is equal to DGF; 
wh, the Qppofite Angle?, BCD and D£F, are equa1-i5.i« 
But AB =: Cb, and alfo to DG j and DG = EF-fame. 

- conf* they are all^qual amongft themfelves. - Ax. 3. |« 

: Alfo, AD, BC, D£, and GF ar^ jcqual amongft themfelves; 
jtberefore, the Parallelogram ABCD;r:D£FG,and fimilar ^. 

. ^IfOy. BE = AF, ^d BG to CF, and refpedively fimilar*. 



t 

V 



THEOREM XV. 25 Euclid. 

If a Parallelopiped be cut in two Parts, by a Planc^ 
parallel to any two of its Planes; the two Solids 
will have that Proportion to each other, as theirs 
. pafes (on which they are fuppofed to ftand ) 
!• c. as thQ Parts of any Plane cut by the otherj 
pr^ as the Segments of the Sides. 

This Theorem is manifefWy an Axiom. 

For, iince the Sedlions made by parallel Planes are equal, every 
where, which is manifell, feeing iht dppofite Planes are equal and 
Similar ; confequentlyy if each Part be ^gain cut, into Parts, by 

(parallel Sedions, which are equal amongft themfelves ^as in Fig. i.) 
be Dempnftration follow$ from the 9th Axiom of the 5 th Book. 

'"•■'••' ' • Or, 
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Or, being incommenfurBble, theymaybe divi<Ied into aneqnd 
Number ofParts, (Fig. i.) and dcmotilfaated as ThcDiem ift. 

If the Safe (AKMC) or Sides (AC.orDF) are bifcaed, ibess 
Parallel opiped is bifeAed;; acdTonfequently, In whatem Sttic:^ 
one it divided) (by a FUite SEfiL) the oilier is the &ine. 




Dbm. Let the Safe AM, or any other Plane, AF> be cat b^ 
aRight Line, panVte) to its Sides, AK or AD; and imagine 
a Plane (BU) to pa& tjirough BEor BK, paraUeltoAS; 
then, AE:EC,or AL:LC::AB^BC. - - Th.i.*, 
And, feeing the oppofite Planes, DGIF and GM, are equa/ 
and fimitar, to A K M C, and AF, refpe^ively ; and an 
all cut by the Plane BEliL, parallel to AG apdCIi 
confequcntly, the Solid A G HB: BHIC :: AE ;BF, 
or, AL:BM, i.e. as ABlBC. 

N. B. The two followiag Propofitioni, 26^ and a7th of 
Euclid, are Problems ; which, I do not conceive to be at aU>l^ 
ceffary, or elementary. 

To make Solids, is rather a mecTianfcal Procefs than gw"*- 
tfical i 'lit Tufficient, for the purpo& of Demon ftration, to mppofe 
that one folid Angle, or one Solid is equal to another ; ''■^i 
an attempt to make them really fo,"' on a Plane, is Inconliftflj 
uulefs it be to delineate them, perfpc^fliyely fo. 



TH^ 
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THEOREM XVI. 28 Euclid. 

If a ParaUelopipcd be cut by a Plane, paffing through 
the Diagonals of two oppofite Plaxus, it will be 
cut in two equal Parts. 

Let ABDFbea Paralldopiped.and ^w~ ^^ 
ACiFHjDtagonalaoflheoppofilcPlaim, illlilir 
ABCDandEFGH. ||i|| 

Then, bccaufe AF and CH are both ' 1| i ■ ^ 

parallel to BG, they are parallel be- Jwli||" '" ,>^i 
tween tbeinrelves (Th. 4..) wherefore, ■ ^'Si'^'ll^ JMiII 
AF and CH are in the fame Plane - Ax. 3. ' F 

I fay, the Paralleloptped, A B D F, > bifefled by the 
Plane ACHF. 

Dim. For, the Triangle ABC=ADC; FGH=:FEH -rs- 1. 
And the parallelogram ABCD is equal toEFGH-Th.r*. 
(wh. the Triangles are all equal amongft themfdves.) 
But. the Parallelogram BF=CE, fc AEpBH;- Th.14. 
alfo. tbeTriangIca ABC, and FG H ; ADC, and FEH 
are e^ual to one another • . ■- - - above, 
wherefore, the Prifm F B C is .equal to CEF - Ax. 5.. 
(For, they are contained within the fame number of Planes 
which are equal, and fimilar to each other, refpciSlively) 
Therefore, the Plane, ACHF, paffing through oppofite 
Diagonals,(ACandFH) bHeSs the ParaUelopipcd, ABDP. 

Otherwife. 

By the parallel motion of the Parallelogram ABCD 
along the Right Lines A F, D E, &c. the ParaUelopipcd is 
fiippofed to be generated, (fee Note, D^f. 8.) 

Wherefore, fince the Triangles, ABC, ACD, are equal. 
Mid the Prifm, FBC, CEF, are defcribed in equal Time, 
■bat »i by the iame notion of both together, confcquently, 
tbey aic equal. 4 
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The DeJinition of a Prirm, as it is gifen by molt Aothon, it 
Tbmewhat obfcure und unfatisfaflory; and, wc are left to imigine, 
that any. one of the Planes maybe its Bafe; we may as reafonayj 
conclude, that any Plane of a Pyramid may be its Bafe, but it it 
never Aippofed fi>, unlefs they are all Triangles ; nor in a FtiTm, 
'except they are all Paratlelogrsms, 

For, to luppofe the two equal, fimilar, and parallel Plun, in 
a Prifm, Triangles or Poligons, and any other Plane to be ut 
Bafe, is inconfifteiU. 

Hence, the ^othtPrDpofitiDn of Eudid, which, in reality, iibol 
s Corollary to this Theorem, is an abfurd Propofitioo- 

Becaufe, I. do not conceive, that, unlefs a Prifm be alio a 
'Parallelepiped, it) Bafe can be a ParalHogram. 



THEOREM XVII. 29,3o,&3i EucE 

Parallelopipeds having the fame Bafe, • or equal 
Bafes, and the fame AJtitudcj are equal lO 
_ one another. 

Pr j ~j^-/ r^^^^ 1 Firft i let the two Parallelopipeds, AHFC 

Wj^^^^m and A I FC, have the fame Bafe, A BCDi 

yylj-^^r and, let their oppofitc Faces have a common 

V' -\ ~ ■"' Side, GH. 

J? \ 

''•^ 1 ., I fay, the Parallelopiped A i C is equal 

— — \ to AKGC. 



• By the Bale, of a Solid, literally, is underilood the Plane 
or Face, on which it is fuppofed to reft ; but, it is not al»ayj 
coiifidered fo, in Geometry, 

When any two Faces of Parallelopipeds, are in one Plane, or 
in parallel I'lanes ; whether they coincide with each other, en> 
tirely, or are apart, and diilijifl from each other (no regard being 
had to the pofition of the Plane they are in) the Top, in fuch Cale, 
ii fometimed called the Bafe. 

N. B. P:ir»lletopipeds, having the fame Altitude, are fuppofed 
to be contained between the fame parallel Planes ; i^ e. iwoofthrif 
oppiifite Planes, in each Solid, are in tbelame Plane; er,tlMtther( 
is the fame perpendicular dillancc between them. 
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Dem. The Pznllelopiped AHFC, being cut by a Plan?, 
' CGHD, through the oppofite Diagonals, DH and CG, 

is cut into two equal Parts C AG = DFH. - Th.i6. 

And, tor the fattie rearon, the Plane AHGB bife^s the 

PandleJopipedAIGCj inAIKGequal ADCG. 

But, ADCG + DFB — ADCG + A I KG - Ax.6.i. 

Therefore, the Parallelepiped AHFC = AIGC. Q;E.D, 

Secondly- Let the Parallelopipeds, 
AHFC and AM KC, have the 
ftine Safe, ABCD; their oppofite 
Faces, EFGH and IKLM, are 
in the fame Plane, and have not 
a common Side. ( ^ 

AMKCis equal toAHFC. 

Let the fpace, GHIK, between 
the upper Faces, be equ^l to the 
Bafe ABCD; conr.equal toEFGH, equal IKtM.Th,t4. 

pEU. The Parallelepiped AHFC is equal to AIGC; -proved, 
and, for the fame reafon, A I G C is equal to A M K C. 
Th. the Parallelopiped AMKC is equal to AHFC-Ax.3.1, 

A^un. Suppofe the Tpace, GHIK, be either greater or 
left than EFGH. 

The Triangles, AMH, DIE, are congruous; - y. i.' 

(for AM is equal to DI,MH=IE, and AH^DEj byis.i.) 

And theSides,AB,DC.EF,GH,IK,&LM,are equal -14. 

thePar.AG=DF;ABLM=IKCDj&EFKI=MLGH; 

• eoftf. the Solid AGLM is equal to DFKI. - Ax. 5, 

Now, iftheSoIi(I,aIKGb[conimon to both}be taken away, 

AMKb is equal loDaGCv - . Ax.7.1. 

' And, if the common Solid A'b CD be added, to both; 

thePanllclopiped, AMKC, is equal to AHFC ■ Ax.6.r. 

3 A The 
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The fecond Part, viz. when they have equal Bzfes only, and 
have not one cooimon tobotb, is readily proved. 

Let the Bafes, ABCD, of ihe 
Paialldopiped AHFC, be equal to 
Bafe NOPCL, of the Parallelo- 
piped NMKP (and ftmilai) 

Thcn,theParaIlelopiped,AHFC, 
is equal toNMKP. 

Let them be fo fituated, that the 
I Planes AE, and NI, arc in the fame 
Kplane, DEMNj and draw AM, 
DI, BL, and CK. 

Dcm. Now, becaufe MI is parallel to AD, and LIC toBC, 
and alfo equal, AMID andBLKC areParallelgms-CiS-i. 
And, for the fame reafon, AMLB andDIKC weParalle- 
lograms} and they are, alfo, parallel and iimilar,refpedivdy; 
wherefore, AMKC is a Parallelepiped. - - Def. 9. 
(For, AM is parallel to D I, and M L to I K ; 
whcrefote,the Angle AMLziDIK, £ic. - Th. 5.) 
But, the Parallelopiped AHFC has the fame Bafe with 
AM KC| and they are conuined within parallel Planes; 
wherefore, they are equal Paralielopipeds. - - proved. 
Alfo, the Parallelopiped NMKP, has the fame Bafe with 
AMFCC (i.e. the Plane or Face IKLM is common tobotb.) 
confequently, they are equal Parallelepipeds. - fame. 
But, the Parallelepiped AMKC is, alfo, equal to AHFC. 
Therefore, the Par. NMKP, is equal to AHFC - Ax.3.1. 

After the Proofs already given, it may, by fome, be thoDght 
unneceffary to add more ; but, there are other Cafes, in which 
there is abundantly more room to difpute the Aflertion, than in 
the preceding;, and, as this Theorem it very efTeDtial, it camioc 
be too much enforced. 



Case II. 
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- AsE II. When no more than two Faces of the Paralle- 
Jopipeds (i. e. two in each) arc in the fame paralltl Planes. 

Let AGHD and FHIL be 
Parallelepipeds ; whofe Bafes, 
-AB C D and I K L M, are equal, 
And in the fame Plane ; and the 
Top, E KG H, common to both; 
but have no otherPianecommon, I 

I fay, that the Parallelopiped 
AGHD, is equal to FHIL. 

Produce AD and BC, I M and KL, (being in the fame 
Plane] they will cut each other, tn NOPQ, which is s 
Parallelogram i equal and Jimilarto ABCD, and IKLM. 

^EM. Becaufe EFGH a common to both Parallelopipeds, 
and becaufe the oppofite Planes are equal and fimilar, 
AC is fimilar to LI ; and, being fimilarly pofited, IK, LM, 
are parallel to AD and EC; and IM, KIL, to AB and DC; 
therefore, NOP Q_, being between the fame Parallels, is 
confequently equal and fimilar to AC, & LI - 4..&18.I. 
andconfequently, to EFGHj and alfo fimilarly fttuatcd. ' 

Jein EO, FP, GQ, and H N. 

Then, PFHN is a Parallelopiped; which, being equal 
to each of the other, AGHD and FHIL (part ift) 
they are confequently equal between themfelves - Ax. 3.1, 

Alfo; iftheParallclopipcds, ASFD and FHIL, have 
their Bafes equal; and have no Face common ; being be- 
tween the fame parallel Planes, AG I aodRGE, they 
are equal Parallelopipcds. 

This is evident, from the foregoing} each being equal 
K> PFHN, 

3 A 2 Cash III. 
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Case III, When the Parailclopipeds have no Face ci 
nor fimilar Figures. 

! Let the Parallelepipeds AOMD 
and E M K G, be between the ftmc 
parallel Planes, A R H and N Q,I ; 
confeijiiently, they have equal Al- 
titude j and, let the Safe, ABCD, 
be equal to the Bafc, E F G H, of 
the oiher, which are not finuiar 
Figures. 

1 fay, the Parallelopiped, EMKG, is equal to AOMD. 

Dem. Let rhc Side NM, of one, and ML of the other, 
b? fo placed, at the common Angle M, that N M L it 
a Right Line. 

Compleat the Parallelopiped, DMKTj having a 
common Side, D M, with AOMD. 
The Parallelopiped DMKT is equal to EMKG-Cafe and. 
(For they have the fame Altitude, and IMLKi^ common) 

Produce KI and TU,PM& CD, meeting atXandV. 
Draw LY and SZ, parallel to MX and DV, cuting IK 
and T U, at Y and Z. Join VX and YZ. 

Then the Parallelopiped VM Y Z = UMKT - ift. 
conf. the Parallelopiped, VMYZ=HMKG - Ax. 3.1. 

ProduceOPand YL, BCand ZS, meeting at Q.and R} J 
and, joining Q_R, there is formed a Parallelopiped DPQSj 
equiangular to both the Paratlelopipeds, AOMD and 
VMYZ ; conf. they are equiangular amongft tbemfelvcs. 

Now, the Parallelogram IMLK=:NOPM - Hyp. 

XMLY (equal IMLK 18. i.) is equal toNOPM - Ax.j-iJ 

confequently, (the Angle PIVIN being equal XML - 

as NM:ML::XM:MP. - - - 

4 ' 
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But, theParalUIopiped AOMD : DPLS : : NM = ML 7 
• And, theParallelopiped VMYZ : DPLS : : XM rMPj ) *^- 

i. e. as NM : ML. - - . - above. 

Wherefore, the two Parallelopipeds, AOMD and 

V M Y Z, have an equal Ratio to D PL S; 

^nd therefore they are equal. - - - Ax. 4. 5. 

3ut, the Parallelopiped H M KG =: VMYZ - aboy?. 
- Therefore, H M K G, is equal to A O M Q. ,f' . . 

. ■•.4. ...v...''' 






d!oROLLARY I. The 33rd Proposition of Euclid^ 

o" ■ 
Parallelopipeds having equal Altitudes, have that Ratio 

to each other as their Safes. 

Fofy fince by this Theorem, |dl Parallelopipeds, having equal 
^ales aod equal Altitudes are equal; and, by the 15 th, if a Parallel- 
opiped be cut in tw^, by a Plane, parallel to its Planes, the two 
nits have that proportion to each other as their Bafes ; confe- 
quently, all Parallelopipeds, having equal Altitudes, are to each 
other as their Bafes. 

CoB^. II. Parallelopipeds, having equal Bafes, have that 
Ratio to each other a^ their Altitudes. 

For, having equal Bafes and equal Altitudes, t)i^ are equal; 
confequently, if tne Altitude of one, be half, or a third part, &c. 
pf another; or, in whatever Ratio the Altitude of one Par^lo- 
piped is to the other, whofe Bales are equal^ they are in that 
proportion, to each other, as their Altitudes. 



THE. 
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THEOREM XVIII. ^sEucli,^. 

The Proportion of fimilar Parallcloplpeds, to Oi-ae 
another, is the triplicate Ratio of their correlponc:3- 
ing Sides. 

Let ADK and a c J be fimilar ParalJeJc=^" 
^ pipedsj in which, let AB, a b, EC, b«=^' 
and BD, bd be correfponding Sides, i — ^ 
each Solid. 

Then the Proportion, which the Soli^ ■ 
ADK has to acd, is the triplicate Rau^^ ° 
of AB to a b, BC to b c, or BD to b d. 

In the Solid ADK, produce the Sides, AB, CB, & DB — ■ 

- Make BE equal to ab,^^ equal be, andBG equal bd ^^i 

■^raw EH and FH, refpeflively, parallel to BF and BE^=i 

and coniplcat the Parallelopipeds GH, DH, and AFD ; 

■ equiangular to A D K. 

X)em. Becaufe B H is a Parallelogram (by Conftruflior-Bj 
and the Angle EBF = ABC, (2.1.) (EBG = ABD, an*/ 
FBG = CBD)alfoBE=ab,andBFtobcjBHisequW i 
and alfo fimilaj- to a c j for, a c is fimilar to AC; by Hyp. J 
And, for the fame reafon, GE, is equal and fimilar 

- to ad (which is fimilar to AD) alfo, FG Is equal and 
fimilar to cd (fimilar to CD) confequently, the ParalleJ- 
opiped,GH,is equal and fimilar tpacd (fimilar to AKD) 

Now, AB:ab::BC:bc, andasBDis tobd.Def.11.7. 
and, the Parallelopipcd G H is equal and fimilar to a c d ; 
BE=ab, &c. wh. as AB:BE::CB:BF, and DB:BG. 
But, the Parallelopipeds, AFD and DFH, haveequil 
Altitudci with ADK. 

wh. they have that Proportion to each other as their Bafesi 
i. e. the Solid ADK : AFD ; : Par. AC -. AFji.e.asCBtoBF -j Cor.i. 
3iid,theSolidAFD:DFH;:Par.AF:FEii.e.asABtoBEt of 17. 
alfo, - - DFH:GEH::Par.Dii:EGii.e.asDBtoBGj&i.6. 
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wherefore, theParaUelopipedADK:AFD:DFH:GEH-ff 
in continual Ratio. (rorthcRatioofCBtoBF, AB toBE, 
and of DB to BG, is the fame, by Hypothcfif. ) 
Therefore, the Ratio of ADK to acd (equal GH) is 
triplicate of ADK to AFDj i.e. ofCB toBF(eq. be) 
of AB to BE (cq. ab) or, of DB to BG (cq- b d)-Def.i2.5. 

THEOREM XIX. 34 Euclid. 

The Bafes and Altitudes, of equal P^rallelopipeds, ire 
^ reciprocally proportional. 

This Theorem will admit of as many Cafes ia the 17A ; but 
■ue general Cafe, being clearly demonftrated, willibe fulficient. 

I/etABD and F£H be equal Paralleloptpeds. 

Ifthe Baft of one be equal to the Bafe of the other, their Alti- 
tudes are alfo equal (Th. 17.} becaufe the Parallelopipeds are equals 
by Hypothelis. Let them be unequal. 

Then as the Bafe AD is to FG, 11, 
fo is £ F to C F, their Altitudes. 

Let them be fo placed together, 
thattheAngleC,oftheone, touches _^ 
the Side £ F, of the other. 

Produce the Plane, BC, to H s parallel to FG; 
and, through C, let £F be dr^wn, perpendicular to their 
Bafcs, AD, FG (which are fuppofed to be in the fame 
Plane) £F and CF ate the Altitudes of the Parallelopipeds. 

Dem. Then, ABD:FCG: :ADlFG, their Bafes - Cor.1.17 
And, - F£G:FCG: :£F:CF,theirAltitudes-Cor.2.i7 
But, - ABD is equal to F£G j by Hypothefis. 
Therefore, - ABD : FCG, i. e. AD : FG : : EF : CF 
i. e. as the Bafe AD, of one, is to FG of the other; 
fo is EF the Altitude, of the laft, to CF of the firft. 
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THEOREM XX 




Parallelopipeds, whofc folid Angles are equal, iavc 
that Pfoportion, to one another, which is com- 
pounded of the Ratio of their Sides. 

Let ADK and BIH be equiangular 
Fantllelopipeds ; and let them be lb 
' placed together, at the equal AnglesB, 
that, the Side AB of the one, is in tbc 
fameRight'Line with BE, of the other, 
andCB with BF;confequentI/,thetwo 
Sides BO and BGaroinoDeRigiitLJne. 
(It is not material which PlaDe,EF, 
G£, or GF, is made the Bafe.) 

On EF, and BD, compleat the Parallelepiped D F I. 

Take any Right Line,V, at pteafure ; and make X to,V 
asBEtoABi and as BF is toCB, fo make Yto X; 
alfo, as 6G is to BD; make Z to Y. - (Prob. 32 ) 

Then, asV is to Z, fo is the Parallelepiped, ADK to BH. 

Dem. The Soltds, ADK and DFI, have equal AltEtuda. 
wherefore, they are to each other as AC to EF} -C.1.17, 
that is, as the Ratio which is compounded of AB to BE, 
and CB toBF; i. e. as V to Y. - - Th.ii.6. 
And,theSoIidDFIi3toBH,a!>thePar.D£isto£G 
that is, as DBisto EG, L e. asY to Z. - 11. 6. 
But, ADK:DFI::V:Y,andDFI BH: : Y: Z -Con. 
Therefore, the Solid ADK : BH : :V:Z - - Th. 9. j. 
i. e. in the compounded Ratio of AB to BE, CB to BF, 
and DB to BG. 

' THE O- 
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THEOREM XXI. 

(n folid Angles contained by three Plane Angles, two 
and two of which (i. e. one in each) being equal, 
rcfpeftivel}'; thofc Planes, which contain the equal 
Angles, have equal Inclination to on e ano ther. 

Let B and F be two folid Angles, 
'teach contained by three Plane Angles 
■Viz. ABC equal to EFG, ABD equal to 
'1:FH, and CBD equal to GFH. 

fay.the inclination of ABD,orCBD, 
,Xo ABC, is equal to the inclination of 
tFH, or GFH, to EFG ; alfo, the in- 
clination of ABD to CBD is the fame, as EFH to GFFl. 
InAB lake any Point, A, at pleafure, and take EF equal 
AB; and, in the Planes ABC, ABD; EFG, EFK, 
draw AC and AD, EG and EH, at right Angles with AB 
«nd EF, refpetaively, and join the Points, C and D, 
'■€ and H, by Right Lines. 

M. TheAngleABC=EFG(Hyp.)2ndBAC=FEG-Con. 

andAB=EF; wh.lheTrianglesACB.EGFare congruous; 

AC is equal to EG, and EC is equal to FG. - Th.ii. i. 

Alfo, theAngleABD=EFH(Hyp.)fcBAD=FEH -Con. 

wherefore (feeing AB=EF) BD=FH,andADtoEH-fame 

And, becaufe BC,BD, are refpeaively equal to FG.FH, 
and the Angle CBD is equal to GFH; CD = GH - 8. i 
Laftly, becaufe the Triangle ACD is equilateral to EGH. 
Acy arc alfo equiangular; and,theAngleCAD=GEH-7.i 
But, thofe Angles are the Inclination of the Planes, 
ABO to ABC, and EFH to EFG. - - Def. 5. 
fTherefore they have equal Inclination. Q. E. D. 

After the fame manner, it may be proved that any other 
piro have equal inclination; therefore, Sic. 
^ 3B Cor. 
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Cor. Solid Angles, contained by three Plane Angles, each, 
of which, two and two [one in each) are equal, refpcc- 
tively, are equal to one another. 

Secaufe the Planes have equal Inclination to each other, 
rerpeflively (by the Theorem) Therefore the Anglis 
are equal. * 



THEOREM XXII. 



If from equal folid Angles, in equiangular Parallelo- 
pipeds (which are not right angled) Perpendiculars 
be drawn, fmiilarly, i. e. to equiangular Planes; 
the Perpendiculars (i. e. their Altitudes) will be 
proportional to the Sides, which are inclined to the 
Planes on which the Perpendiculars fail. 

This Theorem, though very different, apparently, is the fame, 
in Subitance, as the 35thof Euclid. 

LetBFG, b f g be equiangular Paral- 
felopipeds, and let the Angle A be equal 
to a; confequently, B is equal to b. 

From the equal Angles A, a, let the 
Perpendiculars AC, a c, be drawn to equi< 
angular Planes (their Bafes) containing 
the equal Angles E B G, cbg; cuting 
them at C and c. 

I fay, that, as AB is to a b, fo is AC to a c. 
Through C and c, draw CD and c d, perpendicular to 
BE and b e, refpeflivcly ; and join AD and ad. 

" ProfelTor Simfon lays (Prop. B.) "and alike fituated" making 
ttiat a Condition of their equality ; whereas, it is not; for, it is 
iinpolftble, that three Plane Anjjles, equal refpeflively to three 
other Plane Angles (containing a folid Angle) can he fo placed, 
in forming a folid' Angle; which will not be equal to the other. 

For, they mull neceffarily have the famt Inclination each to the 
other, r.'ijc;tively, however Ilcustcd. 
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Dem. Becaufe AC is perpendicular to the Plane EG - Con. 

the Plane, CAD, pafling through AC, is perp. to EG-Th.9 

and, fpr the fame reafon, c a d is perpendicular to c g. 

But, CD is perpendicular to BE; and cd to be,' - Con. 

wh.BE is perpendicular to the Plane CAD, and be to cad; 

conf. AD is perpendicular to BE, and ad to be. - Th.2. 
Then, in the Triangles BAD, bad, the Angles ADB, 
a d b are right, therefore equal - - - Ax. lO.t. 
and the Angle ABDzzabd, (Hyp) conf.BADzzbad-io I 
and therefore, as AB : AD :: ab : ad - - Th.4.6. 
But, the Angle ACD zz acd (becaufe, AC is perpen- 
dicular to the Plane EG, and a c to eg, ACD , a c d arc 
Right Angles) and, the Angle ADCziadc, - 21 
for, AD C is the Inclination of the Plane AE to EG; 
and, a d c is the Inclination of the Plane ae to eg.-Def.5. 
wherefore, the Triangles DAC, d ac are fimilar; 
and, therefore as AC : AD : : ac : ad. - - Th.4.6. 
But, AD:AB::ad:ab (above) Th.AC:AB: lacrab-g 5. 
and, by alternation, AC : a c : : AB : : a b. Q^ E. D. 
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If three Right Lines are Proportionals j a Parallelo- 
piped defcribed, or conftrufted under all three, 
for its SideS) is equal to an equiangular Parallelo- 
piped, wl>ofe Sides are each equal to the Mean. 

If the Parallelopipeds be right angled, that which is conflrufled 
tnder the Mean is a Cube. 

Let the three Right Lines X, Y, and Z, be Propor- 
tionals i as X is to Y, fo let Y be to Z. 

^382 And, 



H 



■I • 



.J 
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And.Iet ACD be aParalleloprpcJ, whoft 
Side AB is equal 10 X, BC equal to'V, 
and BD equal to %.* 

Alfo, let EGH be a Parallclopipcd equ/. 
angular to ACD. 

Then, it the Sides EF, FG, and FH, 
arc each equal to Yj * 
the Parallelopiped ACD is equal to EGE 

Dem. Bccaufe, X:Y::Y:Z, the ReaangleundcrXandZ, 
is equal to the Square of Y, i.e.XxZ— Yo - Cor.5.6_ 
But, Parallelograms, haviiigequal Angles, are in the fame 
Ratio as Rectangles, whofe Sides are equal to the Sid»of 
the Parallelograms, re'pedtively, - - C. 2.ii<6 
wherefore, the Parallclograni AD is equal to EH. 
But, BC:= FG ; and conf. their Altitudes are equal - % 
Therefore, the Parallelopiped ACD is equal to EGH. 
For they have equal Bales, and equal Altitudes. 



* In thofc Cafes, the Figures being but reprcfentatiops of 
Solids, 00 a Plane ; if the Lines, BD, and FH, were made equal 
to Z, and Y, refpeflivelj', they couM not poffibly have that ap- 
pearance, but thpy would appear much greater ; becaule they are 
fiippofed to tecede, from the Planes of the Faces t AC and EG. 

Therefore, they are fuppnfed to be equal, only ; which is the 
fame thing, and holds equally true, in the Dcmonilratioii. If one 
tc, the other is a neceli^ry Confcqiiencc. 

Note. As the Ratio, betweeii two fi m liar Plane Flgo res, is 
difcovered-by a third Proportional, fo between Solids, a fourth 
determines it. 

Alfo, to defcribe plane Figures, in any given Ratio, it B 
Proportional is found; fo in refpefl of Solids, two MeaiA I 
lequifitB (fee Prob, 33. or P. 332. B. 6.) \_ 

Foi\ fince the Ratio between fimilar SoHds is triplicate of their" 
correfpoiiaiiig Sides; confequently, fiiiceAg :DH; BF : AD-S 
and, tf ihel^stio of two fimilar Solids be as AB to AD, 
AB and DH are in the Ratio of their correfponding Sides. 

Hence, fimilar Solids nay be conflrufled in any RattO/| 

THE< 
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I£ four Right Lines are Proportionals; finiilar Par 
rallelopipeds, and fimilarly conftrufted on each 
X-ine, are alfo Proportionals. 

Let A, B, C, and D be Propor- 
tionals; as A is toB, fo let C be to D. 

And let the Parallelopipeds V, X> 
Y) and Z, be fimilarly conftru£ted> 
on A, B, C, and D. 

I fay, that, as V is to X, fo is Y to Z.' __ 

pEM. LetEandFbefo taken,as A:B:E:F-H-1 . 

Andj let G and H be taken, as C:D:G:H-H- ^ "^*^'30 
Then* the Parallclopiped V : X : : A : F 7 
And the Parallelopiped Y : Z : : C : H J ' 
But,asA:B::C:D| wherefore, a8B:£::D:G; and^ 
aaE:F::G:H; (Ax.i3.5)conf. as A:F::C:H- Th.9.5. 
'yhercforp, as the Parallelopiped V : X : : Y : Z. Q; E. D, 

It is not neceflary that the Parallelopipeds Y and Z (hould 
be fimilar to V and X ; for, if V be fimilar to X* and Y to Zy 
^e Demonftration is evidently the fame. 

Or, if y be not fimilar to X, nor Y to Z ; 

but, let V be fimilar to Y, and X to Z; it ftill holds true. 

For, fince A:B::C:p, foA:C::B:D - - Th.4.5. 
COnfequently, fimilar Parallelopipeds, conftruded onA and C^ 
find others, not fimilar to theip, on B and D, will flill bp 
{Proportionals. 

For, fince the Parallelopipeds, on A and C, B and D^are^ 
as V:X::Y:Z, fimilar; fo V:Y: :X:Z, not fimilar. 
The fame holds true, in fimilar Solids of any kind. 
'• •■■■■■ ELE- 
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BOOK VIII. The XII. of Euclid. 

AS the laft Book, or Sedion, treats only of Plane Solidir, 
and determines their Proportions, their Propcrt/ej 
and Relation to each other; fo, in this, the Dodrine of 
Solids, bounded by regular curved Surfaces, as the Cylinder, 
Cone, and Sphere, are confidered ; the Solution of which li 
trueiy admirable. 

It muft appear, to all who confider it, before they have 
gone through this Book (or fome other on the Subjefl], 
a matter not merely of diiEculty, but of abfolute impoffibiiity, 
to afcertain the true Meafure or Area of the Surface, rouch 
lefs of the folid Contents of a Sphere ; to reduce fuch a 
Solid to right angled and cubical Meafure, with any degree 
of certainty, feems to be beyond the power of Act, 6r the 
reach of finite knowledge. 

And yet, nothing more is requifite thereto, than the true 
meafure of its Diameter, which may be acquired; at leaft of 
any Sphere formed or conftru£led by Man. In refped of 
the Earth itfelf, its Diameter can only be obtained by its 
Circumference. It is poilible, by various means, to come 
fomewhat near the truth, but it is beyond human abilities to 
afcertain it, with any degree of abfolute certainty. 

How much lefs, then, are we able to come at the true 
Diftances, by which, the magnitudes of diftant Planets are 
reduced to the fame Scale of Proportion ; viz. by the known 

meafurQ 
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meafure of the Earth. For, if the one cannot be had, with 
certainty, how much more incorre£l muft be the other, 
having no other Data to build on \ 

Although the many ingenious contrivances, by Inftru- 
ments curioufly conftruSed for that purpofe, are worthy of 
the greateft praife, and redound highly tathe Fame of their 
feveral Inventors ; and notwithftanding all other means, 
by Tranfits, &c. may ftill approch nearer to the truth, or, 
at lelft, evince and prove the imperfections of all human 
Inventions, for the purpofe ; we muft (or may as well) 
remain fatisfied, that we have acquired fo much, as to an- 
fwer various great and notable purpofes, in Trigonometry, 
Navigation, &c \ but, that we fhall never be able, by any 
means, to come at the Truth is moft certain. 

The Affinity between the Pyramid and thePrifm, and 
the Proportion one bears to the other, are, in the iirfi: 
place, determined ; by means of which, the Proportion 
between the Cone and Cylinder, is alfo determined. 

Laftly, of the Sphere; fhewing the Proportion it alfo 
has to a Cylinder and Cone; as given by Archimedes; 
for, on that Head, Euclid is totally filent; the 12th Book 
only determines the Ratio one Sphere has to another, in 
the laft Theorem. To obtain which, he has two Problems, . 
lytTi and i8th; the latter, the moft prolix of the ^hole'; 
containing, in four or five full Pages, the moft tedious de- 
fcription of the ConftruSion of a Solid, which is not of any 
other ufe, whatever ; and previous to it, Profeflbr Simfon 
alfo gives a preparatory Lemma. . . j; ; " 

The manner, in which the Ratio of one Sphere to another 
is here inveftigated, and deduced from the 9th, is, at ortc^e, 
the moft folid and convincing; and alfo (hews how the 
quantity of every Sphere is afcertained, which the other does 
jiot; and therefore, what it does is of little ufe. 

D E F I- 
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DEFINITIONS. 

For the Definition of a Pyramid, lee Dcf. 7thoftbe7llf; 
which, notwithftanding it is not nfed there, is the fir4 of 
Plane Solids (having the leaft number of Faces) andui 
Prifra (Drf. 8th) includes all Parallclopipeds whatever, it 
could not be dilJMnfed with, thovgh but of little ufcit 
that Book. * 

It remains, only, to define fiich Soli js as are bounded bj 
curved Surfaces. 




D£F. I. A CYLINDER is a Solid, having two pt- 
rallel Plane Surfaces, which are equal Cirda) 
and an uniform convex Surface, bounded, in length, 
by (he circular Planes, and returning into itlclf in 
width, without bounds. As AB, or JB. 

Def. II. The Bases, of a Ctlikdes, are the 
two circular Planes ; A and B. 

Def. III. The Axb, of a Cyundbr, is a Right 
j Line paffing through the Centers of its Bifesi 
! AsAB, or^5. 



N. B. A Cylinder may be conceived to ^e. < cncnted 
by theDirefl motion of a Circle (as A, or^) along b 
Am, always parallel to itfelf.' 

Let the Circle A, or A, be fuppofed to be applied, at 
its Center, to the Right Line AB, or AB; and being 
moved, parallel to its firfl pofition, at A or A, to B or J; 
the Line AB or AB, being tlways in its Center; it tnll, 
in that motion, have defcribed the Cylinder AB or^it. 



If any Right Line 
nting the Circumfere 



, or d J] be drawn '» the Circle, 
cBtinz the Circumference, at a, or b, a or i ; and, whillt the Circle 
defoibed the Cylinder (the Right'Line ab, or a j, being sJwayi 
parallel to its firll polition) the Point a' or b, « or h, will defcribe 
a Right Line, ac, or bd, which is a Side of the Cylinder, 

4 Def. IV, 
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1>Elt. IV. A Right Cylinder is one, whofe 
V^xe, AB, is perpeadicuUr to the Planes of its 
:£afes, A and B. 

K ■ A Right Cylinder rosy be conceived to be gene- 

E Tatcd by the revolution of a riglit angkd Parallelo- 

c gram, or Reaanglc (CABD) on one Side (BD) 

wluch remains fixed ; and is therefore called its Axe, 

or Axis ; on which the RcAangle revolves, and on 

which die Solid, revolving, viould appear at reft. 

' ^he two Sides, AB and CD, being equal, defcrlbc 

. the equal Bafe-i^ whilft AC defcribei its Surface. 

V. An OBLIQUE CvLiKDEft, is when its 
t AxXy is inclined to the Bales, (Cce Fig. 2) 

E>KF. VI. A CONE is a Sotio, having but 
• .one Plane Surface, which is a Circle; and a 
convex Surface, returning into itfelf; conti- 
nually varying, in convexity, from the Circle p£_ 
which bounds it, till it terminates in 3 Point. 
AsACD, ocJCD. 

Pep. VII. The Base, of a Cose, is the circu- 
t lar Plane CD, or CZ). 

btr. Via. The Vertex, of a Cone, is the 
Point A or J. 

pEP. IX. The Axe, of a Cone, is the Rights, 
Line AB, or jfB; from the Vertex A, or yf, 
to the Center B, or S, of its Bafe. 

N. B. A Cone may be conceived to be generated thus. ■ 

If CD or CD be a Circle, and any Point, A, or ji, be taken 
out of its Plane ; then, if a Right Line AB, or AB, be applied 
from the Point h,atA, to any Point C, or C; and being fixed, at 
A, or A, let it be revolved around the circumierence of the Circle; 
in which rcvolurion, it will dcfcribe the Cone A C D, or .rf C />. 

DSF. 
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Def. X. A Right Cone is when' the Axe (AB,) iJ 

perpendicular to the Phnc of its Bafe. 

A Righi Cone may be conceived to be geneisied 
by tbei-evolmion of a right angled Triangle, ABC, ^ 
oil either Side containing the Right Angle, a» AB.^. 
which remain! fixed ; and is therefore called its Ax^ 
or Axis, on H'hicb it revolves. 

The other Side, BC. defcribes the Bafe, in its re^^a* 
volution; whilft the Hypothenufe, AC, defctibc^ 
the Surface of the Cone, and prefcribea its Bou^. 

Every Seflion, by a Plane, through the Axe o^^^ 
Right Cone, is an Ifofceles Triangic, as CAO. 
CD is lia Bafe J and a Right Line, AC, or \.j/ 
from the Vertex to any Point in the Ciicuuitetcjjcc. 
of its Bafe, is a Side of the Cone. 

Def. XI. A Scalene or oblique Cone ii 
when the Axe, AB, inclines Co the Bafe, CD. 

Every Seftion of an oblique Cone, through its Akc, 
!i a Scalene Triangle; except in one pofition, when 
the Axe is at right angles with the Line of Sethon 
with theBafe; andis, therefore, called a ScalcneCone, 

When the Diameter of its Bafe, CD, is equal to 
the (horteft Side v?Z) ; the SeSion, C^D, through 
that Side, perpendicular to the Bafe, is sn Ifofcelet 
Triangle, and AC, the longeft Side, is its Bife; 
neverthelefs C^i) is called a Scalene Cone. 



Def. XIL A SPHERE is a Solid, bounds 
by one uniform convex Surface, which has i 
Bounds. 

As the Circle is bounded by one Line, 
Circumference, To the Sphere i$ bounded 1 
one Surface. 



Def. XIII. The Cekter of 3 Sphere is t] 
middle Point of the Solid j which is eqtialld 
<lillant, every way, from its Surface. As C, j 



wADB, \ \' 
rhilfttha \\ 
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Def. XIV. The Diametek, of a Sphere, is ^ 

anjr Right Line paffing through tts Center, uid 
terminated by ita Surface. As A B. / / 

N. B. A Sphere may be conceived 
oerated, by the revolution of a Semicircle , 
on its Diameter AB, which remaini fixed whilft 
Semicircum&rence revolve* i and, in i» revolutioD, 
delcnlxs, or rather prefcribes, the Bounds of the 
Sphere. 

^Tbe Diameter, AB, being at reft, on which if 
'die Sphere revolved, it would appear at reft, is 
tkerdore called an Axs, or Axii m the Sphere. 



PEf. ^V, >V Secubht, of a Sphere, is anjr 
portion, cut off by a Plane. As ACB. 
Its Bafej AB, is a Circle, made by the Sediion. 

pEF. Xyi. A Hemisphere is a Se^ent of a 
Sphere. When the Plane of the fe&ion pafles 
through itaCenter,each Segment is a Hemifphere. 
As ADB, and AEB, made by the Plane AB. 

p^F. XVII. Similar Cyl^nprrs^ and Cohes, 
are fuch as have their Axes, anil the Diameter* 
of their Bafes Proportionals. 

If they are fcalcne or oblique i Sections 
through the Axes of Cylinders, perpendicular 
to their Bafes, or equally inclined to their Bzfet, 
are limilar Parallelograms } asABCD, abed; 
^nd, in Cooes, they are fimilar Triangles | 
as ABC, mbc 

AH Spheres aie Coular I0 one another. 








1C2 



THE. 
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THEOREM I. 

If dTyramid be cut in two parts, by a Plaije parallel 
to its Bale; the leflcr Pyramid, made by that SeBm, 
■jvill be fimilar to the whole Pyramid, 

Firft J let A be the Vertex, and, BCD 
the Baft 6f a triangnlar Pyramid } ABCD. 

Let FGH be a Se<3toa made by a Plinc, 
parallel to BCD. 

I fay, the Pyramid, AFGH, isiimilil 
to the Pyramid ABCD. 

pEM. Becaufe the Planes BCD, FGH are parallel, and tbcjr 
are both cat by the Plane BAC, the Seaioni, FG and 
B C, are parallel ;■ for the fame reafon, the Sc^iom GH 
and CD, FH and BD are parallel. - - Th.S.7. 
Wh. AF:FB::AG:GC, andasAH:HD - - a.6. 
conf.AF:AB:;AG:AC,&c.(6.5.)i.e.asFG:BC,&c-4.6. 
and confequently, the Triangle A F G is flmilar to ABC, 
AGH to ACD, and AFH to ABDj 
alfo, the Safe, FGH, to the Bafe, BCD; 
Therefore, the Pyramid A FGH is fimilar to ABCD. 

After the fame mimner, the Pyramid Afgh maybe 
proved fimilar to either of the other. 

Agaiq, ^t CBDD be the Bafe of 3 quadranguhtr Py.. 
ramid, and, let GFHI be a Sc£iion, ganltel.to the Baje. 

It may be desonSrated, in the fame manner, that each 
Triangle AFG, AGI, &c. is fimilar to ABC, ACE, &c. 
alfo, FGH is fimilar to BCD, andGHI to CDS} 
confequently, GFHI is fimilar to CBDE. - 13,6. 

Wherefore, fmce aPyramid,whofc Bafe is aPoligon of 
^y number of Sides, may be divided, by diagonal Sedions, 
ifito triangular Pyramids, the fame Demonftration viU 
hol^ true in every Pyramid whatever* 
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THEOREM II, 

pyramids, having equal Bafes and equal Alucudes, 
arc equal, (Sec the laft Figure.) 

Firfti let the Pyramids ABCDand 

CADE have triangular Bafes, BCD 

and CDE, and a common Vertex, A; 

confequently, they have equal Altitude^ 

I fay, they are equal Pyramids. '>^?« 

Let there be made feveral Seflii '° ' "" "' 

GFHI, gfhi, parallel to the Bafes, 

B CD, CDE, which are in one Plane, 

pEM. Then, becaufe they are both cut by a Plan?, parallel 
to their Bafes, and the Bafe BCD = CDE ; FGH = GHL 
For, FGH is fimilar to BCD, and GUI to CDEi -Th.i. 
and each has that Ratio to the other, refpedively, which 

1 isduplicateof ACtoAG; i.e. ofCDtoGH - 12.6. 
After the fame manner, the Seition fgh, may be proved 
equal to g h i ; and conf. every Seflion, made by Planes 
par. toCBDE, will be equal, each to the other, refpeflively. 
Therefore, the Prifm BAG D is equal to CADE. 

For, the Seftions being equal, everj- where ( conf- if each Py- 
^mid be conceived to be compofed of an infinite number of Tri- 
'Imgular Prifros, whofe height (or ihkknefa) sre all equal, and the 
[JeaS that can be conceived, laid on one another, as at BCD, CDE, 
being each eq. to the contiguous one, the whole is eq. to the whole. 

Again. Suppofe the Bafes of the Pyramids to be different 
Figure, as ABC and DEF G ; their Vertices, H and I, 
I (>cing equally diftant from the Plane of their Bafes (A K F) 
fequemly, every Sei£iion, a be, or air, and defg or dgfg 
{made by the Planes X and Z, parallel toAKF) being Jnthc 
fameRatio,eachtotheothcr,refpe£lively,a3 theBafes,arcequal. 
Jhcrefoic, th« Pyramid AH B C is equal to DEIFG. 
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THEOREM III. 

Every Prifm, having a triangular Bafe, may be divided, 

into three Pyramids, having triangular Bafcs, which 

. are equal to one amthei 





. Firftj let ACF be a Prlfm, whofe Safe AfiF, ui 

conrequentljr CED, are right angled Ifofceles Triaoglei, 

Let the Planes, ABCD and ADEF, be S,quare»,and 

■ BAF, CDE, Right Angles ; conC BCLF is a Reaangle, 

under the Side of a Square and its Diagonal (BCandCE}> 

Draw, AEi BE, and SD (Diagonals in each Face) and 

Imagine Planes to pafs thro'. A£ & BE, BD&BE-AX.4.7. 

The Pyramids, ABEF, AEDB, and BCED, made by 

the Se^ions of thofe Planes, are equal and fimilar. 

Dem. The Triangle ADE — AEF, and AQB — BCD- is-i 
But, ABCD and ADEF are Squares (bjrSupporition) 

■ and, they have a com Side, APiwh. they are equal-Ax-B.} 
Alfo,BAFisaR.AngIeCSup.)conf.CDEi8aRt onci-5.7. 
wh. the Tri's, AFB, CED, ADB, BCD, ADE, and AEF 
are all equal,, and fimilar to one another - 8. i. 
But, AEB and BED (the Planes of the Seaions) are each 
common to two Pyramids ; and they are equal and fimilar 
toeach other, and alfo to C£B,BEF. . .7.1. 
For, AE and BD are each equal to C'E and B F J being all 
Diagonals ; alfo, AB, 0E,CB, and EF are Sides of equal 
Squares, therefore equal ; and BE is common to them all. 
Wherefore, each Pyramid, ABEF, AEDB, and BCED, 
being contained by an equal number of Planes, equal and 
fimilar to each other, refpeaively, are equal. - Ax. 5. 7. 
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For two Angles in each Pyramid, at A, C, D, and F, are contained 
by twoR.Angleseach,andhalfaR. Angle; asAFE, BFE,&AFBi 

The remaining two, in each, meeting at B and £, are each con- 
tainodbytwo half right Angles, (AEF,BEF,&c.) and anAngleAEB, 
equal DBE, (each common to two Pyramids) each equal CEB^ 
or EBF; being contained by the Diagonal of a Square, (C £) and 
the Hypothenufe (BE) of a right angled Triangle, under the Side 
and Diagonal^ BC, and CE. 

and. Let ABCE be a triangular Prifm | L e. whefe Bafes, 
ADE and BCF, are Triangles ; fuppofe thetn Scalene, 
and the Sides AB, &c. of the other Faces, not perpendi- 
cular to them ; the Prifm is conC oblique in every refped. 
The Prifm ABCE, may be divided into three eq. Pyramids. 

DrawtheDiagonals,BE,BD,&£C; and fuppofe aPlanc 
to pafs thro\B£&BD, and, another, thro'. BE&EC- Ax.4.7 

The Prifm will be divided into three Pyramids | 
ABDE, BCEF, and BECD. 

I fay, thofe Pyramids are equal to one another. 

Dem. The Pyramids, ABDE and BCEF, have equal anjJ 
fimilarBafes,AD£ &BCF, and equal Altitudes; Def.8.7. 
Confequently,everySection,made by parallelPlanes,at equal 
diftances from their Bafes, are equal, and alfo fimilar; 
Therefore, the Pyramids are equal. - - Th. 2. 

Again. Suppofethe Pyr. BCEF (eq.ABDE) taken away; 
^thcFace BC£ is common to the Pyramid BECD (fee Fig.3) 
TJhen, in thePyramids ABDE, BECD j becaufe ABCD is 
a Parallelogram (Def. 7.) it is divided by the Diagonal, BD, 
into congruous Triangles, ABD and BCD. - 15.1. 
Let them be confidered as the Bafes of the two Pyramids ; 
E being their com. Vertex, they have, conf. equal Altitude; 
wb. every Section,paraIlel to ABCD,wilI be equal, and alfo 
fimilar; and confequently, the Pyramids are equal -Th.2. 

If ABDE be fuppofed removed (Fig.a.) then the Pyra- 
mids BCEF, & BECD are equal ; for their Baf^s CEF,& 
CEDareequal(i5.i.) and B is their common Vertex; 
Therefore, they are all eqiul to one another. Q^ £. D. 
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THEOREM IV. 

Every Prifm is triple of a Pyramid, having equal 
Bafes, and equal Altitudesj) 




1 Firft. Let the PrifiS ACHF be a Cube. 
^ Then, a Plane drawn through the oppofiteDiagonalJ' 
CE and BF, will cut the Cube into two equal trianguliT 
FrJfms; whofe Faces FD and AC, &c. are Squares, and 
the Angles BAF, CDE, CHE, and EGF, are R. Angles- 
Draw, AE, EB, and DB; dividing the hither Pri% 
ABCEF, into three equal and fimilar Pyramids ABEF( 
AEDB and BCED, fas in Cafe ift of the 3rd.) 

Alfo, draw EG. B E F G is a Pyramid, equal 11 
(imilar to ABEF; and the Prifm ACHF is triple of tl 
Pyramid ABEFG. 

Dem. For, the Bafc BFG is equal and fimilar to ABF-isii 
and the Face BEG is congruous with AEB ; - Ax. 7. 1, 
(for EG bifccts the Square FH, and AE bifecis FI^ 
But, BEF is common; and BEG, AEB are congruous -7.I 
(for, EG is equal to AB, EG=AE, and BE is commofl 
wh. the Solid, BEFG, is contained within four :rianguli 
Planes, equal and fimilar to thofeof AEBFj 
and confequently, ihey are equal Pyramids. - Ax. 5. 7 
But, the triangular Pyramid, AEBF, is equal one thin 
of the Prifm, ABCEF; and BEFG is equal one ihifl 

•f BHF, equal CAE Cor. 

4 Thcrcfoit 
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Therefore, the quadrangular Pyramid, ABEFG, is equal 
one third of the Cube ACE ; or, the Cube triple of the 
l^yramid, on the fame Bafe, ABGF, and having the 
Tanne Altitude, EF, . 

*^ j. After the fame manned, as in Cafe 11. of the laftj 
«very tWahgulay* Prifm may be proved triple of a Pyramid, 
having the fame, or an equal Bafe and AUitude. 

Wherefore, fihce every Prifmi having a quadrangular 
Bafe, inay be divided into two triangular Prifms; and each 
triangular Prifm, into three equal Pyramids having trian- 
gular Bafes ; cohf. a Pyramid on the whole quadrangular 
Bafe of the Prifm^ aild having equal Altitude, is equal one 
third of the t^rifm, or the Prifm triple of the Pyramid. 

^rd. Let the Bafe, AlHEDi of the Prifm, AKFD, be a Pen- 
tagon ; and let the Diagonals, GG,CK,DH,DI, be drawn. 

Then, becaufe CD is parallel to AB and EFj and, GH 
is parallel to E F, and IK to A13 - * Def. 33. 
DC 1^ parallel to 1 K and G H. - - Th. 4. 7. 
wh. Planes may pafs through DC&GH,DC&1K- Ax.2. 
and conf. the Prifrti, AKFD, will be divided into three 
triangulrir Prifms, by the Planes, DC KI andDCGHj 
Viz. AKD, KDG, and DGE. 

Draw the Diagonals B D, D F, DG, and DKj 
BDFGK is a Pyramid having the fameBjfe, BCFGK, 
and Altitude as the Piifm. 

But, BDCK is a Pyramid, having the fame Bafe, 
BCK, and Altitude, as the Prifm AKD; 
AKD is therefore triple of the Pyramid, BDCK. 
For, the fame reafon, KIDHG is triple of.ihcPyr. KDGC; 
and the Prifm DGE is triple of; the Pyramid CDFG. 
But, the Pyramid BDFGK is cqu'al to the three Pyramids 
BDCK, KDGC, and CDFG ; and the Prifm AKFD is 
equal to the three Prifms AKD, KIDFIG, and DGE. 
Th. the Prifm AKFD is triple ihePyr. BDFGK. CLt.D. 

3D THE. 
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Theorem v. 

Every Cone is equal to the third part of a Cylihderi 
having equal Bafes and equal Altitudes. 




Let theCircIe A C E be confidcreil as the Safe of a 
Cylinder or Cone ; and, let a regular Poligoiii ABCDEP'i 
of any number cif Sides be infcribed ; it is manifcfi, that 
the Poligon is lefs than ihe Cii;cle. 

Let the Arks, AGB, Sic. be bifeaed, as at G ; and 
draw AG and BG, &c. This Poligon will be greater than 
the firft, but it is alb lefs than the Circle. 

Wherefore, it is evident, that, the more the Sides of the 
Poligon are multiplied, the nearer it approaches to the 
Circle, till the difference i; lefs than any alBgnable Q^ian- 
tity whatever. The difference is the Segment3AG,GB,8;c. 

And, by the fame reafoning, every Poligon, circum- 
fcribed, will be greater than il;ie Circle; confcquentiv, 
they will at laft end in the Circle ; i. e. the Perimeter of 
the Poligon, in the Circumference of the Circle, and their 
Areas will be equal, or the ditference will be Icis thaa 
any other Quantity. 

Let A G K D be a Cylinder whofe Safe is A D j and 
agd a Cone, whofe B'lfe, ad, is equal to the Bafe AD, 
of the Cylinder; and let them alfo have equal Attitudes. 

I fay, the Cylinder AGICD, is triple of the Cone, agd. 
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*^^ ^^^. Let there be regular Poligons, of any number of Sides, 
fcribed; asABCDEF, and abcdef, whofe Sides 
S, BC, &c. ab, be, &c. are equal ; 
)nfequently, they are equal Poligons. 
Let a Prifm be conftruded on the Poligon, ABCDEF, 
^hofe Sides AG, BH, CI, &c. are in the Surface of the 
^^jlinder; and from every Angle of the Poligon, a b d, 
^^ there be drawn Right Lines a g, b g, &c. 

Then, a b g d c is a Pyramid, whofe Bafe is equal to 
^heBafe of thePrifm (byConftrudion); and, having equal 
JVkitudes, thePrifm, AMKC, infcribed in the Cylinder* 
is triple of the Pyramid, infcribed in the Cone. - Th. 4* 

Again* Let the Arks AB, BC, &c. be bifeded, at N 
and Oi and let a Prifm be infcribed, having twice the 
number of Sides. 

Alfo, let the Pyramid, infcribed in the Cone, have the 
fame number of Sides, as the Prifm ; their Bafes are equal; 
itnd, confequently, the Prifm is triple of the Pyramid - 4, 

And fo it muft always be ; till, by multiplying the Sides 
of the Prifm, its Surface will be the fame as the Surface of 
the Cylinder, and the Surface of the Pyramid as the Cone; 
(he Bafes of the Prifm and Pyramid will be the fame as 
(he Bafes of the Cylinder and Cone. 

But, they are equal, and they have equal Altitudes. 

Therefore, the Cylinder is triple of the Cone ; or, the 
(Pone tqual to one third of the Cylinder. Q. £. D. 
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T H E O R E M VI. 

Prifms, or Pyramids, having equal Altitudes, luvc 
that Ratio to each other, as their Bafcs. 

Firft. Let the Prifms have quadrangular ^afes. 

If ihey arc ParalielopTpeds, it U already proved - Cor. 1. 17.7. 

For, every Parallelopiped (is a Prifm ; Dei. 7. 7.) may be di- , 
vided, by a Plane paffing ihrouah its oppofitc Diagonals, into (wo 
equal and fimibr triangular Prilim ; confeijuemly their Safes and 
Altitudes are equal. ... - - Tb. 16. 7. 

And it is manifeft, that if the Safe of one be double, or triple, 
of the other, feeing they have equal Altitudes, they are as their 
Safes; i.e. the Prifm, whofeBafe is double or triple of the othen 
Bafe, is double nr triple of the other Prifm ; and confequenily, 
whatever ratio one Bafe has to the" other, the Prifm 1 have ne- 
ceflarily the fame. (For, whether the Bafes be fimilar Fig^tei 
or not, being equal, it is the fame; as it is proved, in Cafe thejnl 
of the [7th, being P;irallelopipeds.) 

Alfo, if theirBafea be cqiia., they are as iheirAltiiudes-Cor, j.17. 
and, if the Prifms are equal, their Bafes and Altitudes reciprocate, 
[Th. 19.) Confequenlly, every triangular Prifm is to another, of 
equal Altitude, in the fame ratio as their Bafes; feeing, tbey art 
each half a Parjlleiopiped or Prifm, «hofc Bafe is double theBafc 
of the tr ang !ar Pnln d having equal Altitudes. 

Let the PiiTms AFD and 
EG KM have equal Altitudes; 
I be one on a triangular Bafe, ibc 
other pentagonal. 

Let the Diagonals G L, GO, 
HM, and HN be drawn, between 
pppofite Angles in the equal 
Pentagons J and imagine PlanfJ 
OGHN, and GLMH, drawn 
through Ihofe Diagoiials, dividing the Prifm, EGKM, 
into three triangular Prifms, EGN, NGM, and MGI. 

QzM. Then ; becaufe the triangular Prifms, AFD and 
EGN, have equal Altitudes, they have that Ratio to each 
other, as their Bafes A D E to E H N. - proved above. 
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i. e. thePrlfm AFDrEGN: : ADEtEHN 1 

And, the Prifm AFDiNGM : : ADE:NHM Itheir Bafes, 

^Ifo, thePrifm AFD:MGI::ADE!MflI J 
Wh.astheBafeADE-.EHN+NHM+MHI 7 
•foisthePiifm AFD:EGN + NGM + MGIi ' ^' ^' 
i.e.as theBafeADE: EHIMN : : thePrifm AFD: EGKM, 

2nd. Becaufe the Prifm AFD is triple the Pyramid AGED; 
andthePrifmEGKM is triple of the Pyramid NEGIM-4. . 
Airo,asBareADE:EHIMN,::thePrifmAFD:EGKM 
conf.asBareADE:EHIMN,:;thePyr,AC£D;NEGlM 

Cor. I. Cylinders, having equal Altitudes, have the fame 
Ratio to each other as their Bafes. 

For, limilar Poligons, infcribed in Circles, are, to each other, as 
the Sc^uares of their Diameters. - - . Th. 14. 6. 

And it has been proved, that all Prifms, having equal Altitudes, 
are in the Ratio of their Bafes, to each other; confequently. 
Cylinders are to each other in the fame Ratio, 

Becaufe, every Cylinder, whether it be right or oblique, is 
equal to a Prifm, whofe Bafe is the fame, or equal to the 
Bafe of the Cylinder; i. e. having its Sides multiplied continually 
till it end? in the Surface of the Cylinder; and its Bafe, in the 
Bafe of the Cylinder, 

Cor. 2. Cones, having equal Altitudesjj ^e to each other, 
in the Ratio of their Bafes. 

Becaufe, a Cone is equal to ope third of. a Cylinder, having . 
^qual Bafes and Altitudes ; and Cylinders are in that Ratio to each 
other ^ therefore Cones have the fame Ratio as Cylinders. 

CoR. 3. Prifms and Pyramid?, haying equal Bafe§, are to 
each other as their Altitudes. ^ 

Becaufe Parallel opipeds are Prifms ; and it has been proved, 
that Parallelepipeds are to each other in that Ratio; and conie- 
quentjy, all Prifms, having equal Bafes, are as their Altitudes. 

pOR. 4.. Cylinders and Cpnes, having equal Bafes, are to 
each other as their Altitudes, 

Becaufe, there Is the fame Ratio between Cylinders and Cones, 
as between Prifms and Pyramids, having equal Bafes. Xherefore, c^c. 

2 ^ 
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THEOREM Vir. 

Similar Prifms and Pyramids are, to one anocherj in tl 
triplicate Ratio of their correfponding Sides. * 



In rerpeft of Prifms (being alfo Parallelopipeds) this proper i^ 
is already proved (in Theo. i8th of the ytli) and confequentl^ 
in Prifms having triangular Bafes; feeing, every fuch Prifm is half 
a Parallelopiped, who?^ Bafe is double of the Prifm and iaviag 
equal Altitudes. 




I.ct the Pentagonal Prifms A K D, a Ic d be fimilai. 

Take any Right Line, V i and as a b is to A B, 
mate X to V; and as X is to V, fo make Y to 
alfo, as Y is to X, or X to V, make Z to Y. 

I fay, that, as V is to Z, fo is the Prifm AKD to alil 

Let them be divided by diagonal Planes, BK, KC, bl 
kc, paffing through the oppolite Diagonah; dividing 
Ptifms into three triangular Prifms, each. 



• I cannot conceive the reafon, why Euclid confines thU 
portion, and the following, to Pyramids only ; mid, to fuch, i 
3s have trianeulat Bafes ; feeing that, it holds equally in 
Prifms; and alfo in Pyramids, having polig6ual Bafes, of any kj 
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DeM. The Poligons ABCDE, abcde, are fimilar - Hyp. 
wh. the Triangles ABE, a b e, &c. are fimilar. - 13. 6. 
and conf. the Prifms AKB, akb, &c. are fimilar- Ax. 1 1.7 
(For, as AB:ab, or as BC:bc, t :BG:bg, andGK:gk ; 
confequently, the diagonal Planes, BK and bk, KG 
and kc, are fimilar), 

Wherefore, fince each triangular Prifm is equal to half 
a Parallelopiped, whofe Bafe is doi^ble of the triangular 
I^rifm, and Altitudes equal (above) they have that ratio to 
each other, which is triplicate of their correfponding Sides^ 
i. e. as V to Z. (Ax. 8. 5.) - - - Th. ig. 74 
ButthePrifmAKB:akb::BK:C:bkc,andasCK;D:ckd. 
Wh.as AKB : akb : : AKB+BKC+CKD :akb+bkc+ckd.* 
i.e. as the Prifm A K B : akb :: thePrifm AKD :akd. 
But,AKB:akb::V:Z,Th.thePrifmAKD:akd::V:Z.t 

2nd. Let the Pyramids ABCD, abed be fimilar. (Fig. 2.) 
The Pyramids ABCD, abed, being fimilar, are each equal 
to the third part of a Prifm on the fame Bafe and Altitude* 
But, Qutantities are in the fame Ratio, to each other^ 
as their Equimultiples or equal Parts. - * Ax.8.5* 
and the triples of thePyramids ABCD, abed, are as V to Z, 
therefore, the Pyramid AB C D : a b cd ; : V : Z. Q^ E. D. 

w 

Colt. Similar Cylinders are, to one another, in the triplicate 
Ratio of their Diameters or Sides. 

for, they are in the fame Ratio, to each other, aK fimilar Prifmf 
infcribed ; or, as Prifms, whofe Bafes are equal to the Bafes of the 
CylinderS| and having equal Altitudes. 

CoR. 2- Similar Cones are, to each other, in the triplicate 
Ratio of the Diameters of their Bafes, or of their Axes. 

Becaafe aCone is equal to the third part of a Cylinder, on equal 
Bafes and Altitudes. . 

• By Theo. 2nd of the 5 th. t By Axiom 13 of the 15th. 

T H E O- 
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THEOREM VIII. 

Equal Prifius, or Pyramids, have their Bales ^^ 
Altitudes reciprocally proportional. 

If the Piifms are ParalleJoprpft,) 
it is already proved. - - J 9.7. 

Let the triangular Ptiim AKC 
be equal to the quadrangular Pri/'m 
KLG i whofe Bafes, ACD, FGHI, 
are in the fame Plane; 10 which, ' 

Draw the Perpendicular BF- 
B F and EF are their AliicuJes. 

I fay, the Bafe, ADC, is to the Bafe, F G H 1, ai 
EF is to BF. 

Let the Pljne of the Top, L E, be produced, cming 
the triangular Prifm, at EMN. 

Dem. TheP.ifm AMC:AKC::EF:BF, their Altitudes. 
And - - - AMC:FLG::ADC:FGHf,theirBaf«. 
But, the Prifm FLG is equal to AKC; by Hypothefis, 
confequemly, AMC : FLG : ; EF : BF, i.c.asADC : FGW 
Therefore, as ADC :FGHI : : EF : BF. Q, E. D. 

and. Draw the Diagonal) A B, DBi EG, EH, and EI. 

The Pyramid ABCD is equal to one third of AKC -4. 
And, the Pyramid FGEH1= one third part of FLG. 
BuijQuarnities are in the fame Ratio as theirEquimuliipIcs; 
wherefore, the the Pyramid ABCD is equal toFGEHI. 

But, they have the fame Bafes and Altitudes, as the 
Pfifms, AKC and FLG. 

Th. their Bafes and Altitudes are teciptocally proponional. 

CoR. 



ookVm. ELEMENTS of GEOMETRY. 393 

OR. Equal Cylinders, or Cones, have their Bafes and Al- 
titudes reciprocally Proportional. 

Becaufe, Cylinders arc equal to Prifms whofe Bafee 
and Altitudes are equal ; and Cones to Pyramids. 



In thefe eight Theorems, and their Corollaries, with the 
Corollary to the next, is contained the whole of Euclid's 
1 2th Book; thofe which follow, are fele£l Theorems from 
Archimedes ; which fhews how the furface of the Sphere may 
be afcertained : alfo, of any Segment, or Portion of its Surface^ 
intercepted between parallel Circles, with great accuracy. 

The next Theorem, which is not from Archimedes, 
fiiews, in a brief and elegant manner, the Ratio between 
the Sphere and a circumfcribing Cylinder ; and confequently, 
if the quantity of the Cylinder be known, or attainable, the 
quantity of the Sphere may alfo be obtained. According to 
Archimedes, it is determined by the Cone, in the 17th of 
this Book; which, though perfe6^1y true, is not fo brief; and 
though perhaps more geometrical, yet not more convidlive 
and fatisfadory. 

In the following is contained all that is really ufeful or 
iraluable, in refpedt of the Cylinder, Cone, and Sphere, nor 
as it poffible, I think, to obtain the Area of the Surface of 
a Sphere in a more concife manner. 

In fhort, without the following Theory, I cannot but 
think the Doftrine of Solids imperfeft ; feeing that, the 
Quantity of a Sphere, the moft pcrfed Solid, cannot, by 
Euclid, be obtained, in refpe£t either of its Superficies or 
ibiid Contents ; for want of which. Artificers are frequently 
at a lofs, in meafuring a Dome or other fpherical Objed. 
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THEOREM IX. 



M 



V 



E^^ery Sphere is equal to two thirds of a circu 
fcribing Cylinder ; i. e. of a Cylinder whofe D 
meter and Altitude are equal, each to the Diame-rj^ 
of the Sphere. 

Let AB be the Diameter of a Sphere ; hikSt AB, at C. 

OnC, defcribe the Semicircle AKB; 
and, on A B, conftrudt the Redarigle 
AEDB, circumfcribing it, and drawAD. 
Then (AB remaining fixed) imagine 
them all revolved about AB, as an Axis; 
the Semicircle, AKB will defcribe a 
Sphere, AKBL, {Def. 14.) 

TheRedtangle, AEDB,vi^ill defcribe 
a Right Cylinder, DE MN, containing 
the Sphere (Def. 4.) and, the right- 
inglcd^Tfiangle, ADB, will generate a Right Cone, 
"~D75J^, (Def. 10) whofe Bafe, DN, is the fame as the 
Cylinder, and equal to the Diameter of the Sphere. 

The Cone, DAN, is equal to one third part of 
the Cylinder. ----- Th. 5. 
I fay, that the Sphere, AKBL, is equal to the re- 
maining two thirds. 

Draw CD; and FG (at pleafure) parallel toCK; 
cuting CD at H, and the Circumference of the Sphere 
at 1; and draw CL 

Dem. In theRt. angledTri. CFI, CI Q izCF Q +FI D - 20.1 
and, the Areas of Circles are as the Squares of their 
Diameters. - - - - - C. i. 14. 6. 
wherefore, a Circle, defcribed on C T, is equal to two 
Circles, on CFandFI. 
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Now, in the revolution of the Square CKDB, there 
will be dcfcribed the Cylinder KDNL; the Ark B IK 
will defcribe a Hemifphere; and, CD will defcribe the 
Surface of a Right Cone, D C N ; alfo, the Points G, 
H, and I, will defcribe Circles, with the feveral Radii 
FG, FH, and FI ; FG is equal to CI (equal CK) 
and F H is equal to C F. - - - - 9.1. 
(for, the Angle CFH is Right, and the Angles FCH, 
F H C, are half Right 5 feeing that, the Diagonal, CD, 
bifefts the Angles BCK, KDB) ' 

Wherefore, the Circle defcribed by F H (equal C F) 
is equal to the difference between the Circles (lefcribed 
. byFG (equal CI) and F I. 
Confequently, the Circle, defcribed by FH, is equal to 
the Annulus or Ring, defcribed by G I; 
and, confequently, every Scftion (F G or fg) of the 
Cone DCN, by a Plane parallel to its Bafe, is equal 
to a Sedion of the concave Solid, remaining when the 
Sphere is fuppofed to be taken out of the Cylinder, 

Wherefore, the Cone, DCN, is equal to the Solid 
defcribed by the mixed Triangle K i IB D. 

But, the Cone, DCN zi one third of theCylinder KDNL 
conf.the concave Solid (taking away the Hemifphere,KBL, 
out of the Cylinder, KDNL) is equal to one third of that 
Cylinder ; and confequently, the Hemifphere, KBL, i$ 
equal to two thirds of the Cylinder. 

But, the Cone, DCN, is half the Cone DAN j and, the 
Cylinder, DKLN, is half the Cylinder DEMN ; C. 4.6. 
alfo, the Sphere, AKBL, is double the Hemifphere, KBL» 
Therefore, the Sphere AKBL, whofeDiameter,ABorKL, 
is equal to the Diameter and Altitude of the Cylinder, 
DEMN, is equal to two thirds of the Cylinder. Q. E.D, 

Corollary. The i8th Propofition, of Euclid. 

Spheres have that Proportion to one another^ whicJi 
is triplicate of their Diameters % 



THEOREM X- 
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But, a Triangle, under the Perimeter and C B, is to a 
Triangle under the fame Perimeter &BE, asCB is toBE-i.6 
conf. thePoligon is to the Surface of thiPrifm, as CB:BE. 
But, CB to BE is duplicate of CB to FG - Dcf.i2.s. 
wherefore, the Poligoil X is to the Superficies of the Prifirt^ 
in the Duplicate ratio of CB to FG. 

But, the Pollgon X is to Z in the Duplicate ratio of their 
Sides, or Perpendiculars, CB to FG, i. e. as CB to BE. 
wh. the Poligon X has the fame Ratio toZ, as X has to the 
Superficies of the Prifm, AD 1 conf. they are cquaI-Ax.5.5 

After the fame manner, it may be proved that the Super- 
ficies of any other Prifm, whofe Faces being multiplied 
infinitely, till theyend in theSurface of theCylindei*,AD, 
is equal to the Poligon crrcumfcribing the Circle, Z, whofe 
Sides being multiplied, end at lafi in the Circle. 

Therefore, the Circle, Z, whofe Radius is a Mean, be* 
tweenAB&BD, is equal to the Surface of the Cylind6r,AD. 

Cor. I. The Superficies of a Right Cylinder is to its Bafe, 

as the Side of the Cylinder to the fourth part of the 

Diameter of the Bafe, 

Fof the Superficies of the Cylinder is equal to the Circle, 
whofe Radius isFG; and that Circle, is to the Bafe of the, 
Cylinder in the duplicate ratio of F G to C B ; i. e. of B E 
toCB; i.e. of BD to half CB. 

Cor. 2I The Superficies of a Cylinder whofe Side is equal to 
the Diameter of its Bafe, is equal to four times the Area* of 
the Bafe ; conf. if the Side be a fourth part of the Dia- 
- meter the cylindrical Superficies, and the Bafe are equal. 

CoR. 3. The Superficies of a Right Cylinder is equal to 
a Rectangle, under its Circumference and Side. 

Cor. 4* Cylindrical Surfaces, of equal height, af^ to each 
other as the Diameters of their Bafes; and, having equal 
]Ba(es, they are as their Altitudes. 

CoR. 5. The Surfaces of fimilaf Cylinders have that ftartto 
between them -, which is duplicate of their Diameters. 
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THEOREM XI. 

A Circle, whofe Radius is a mean Proportions^ 
between the Side of. a. Right Cone and the Radii::L__j 
of the Bafc, is equal to the Superficies of the Con__ <. 

Let ABD be a Right Cone, the Diameter 
of whofe Bafe is AD, and C its Center, 

Take FG, a mean Proportional betwefn 

the Side, BD, and the Radius CD (equal 

BEandCEjandonFGdercribeaCircle. 

Let regular Poiigons (Xand Z] be ai- 

cumfcribed about the Bale of the Cone 

and the Circle, whofe Radius is FG, of 

the fame kind ; and fuppofe a Pyramid, on the Poligon X 

circumfcribing the Circle. , 

Dem. Bccaufe CE : FG :: FG : BE; by Hypothefis. 
C E to B E is duplicate of CE to FG. - Def. la. 5. 
But, as C E is to B E, fo is the Triangle, whofe Altitude 
js C E, and its Bafe, the Perimeter of the Poligon X, to 
the Triangle under B E and the fame Perimeter. -Th.i.6. 
Alfo. as CE is toBE fo is the Triangle under CE and 
the Perimeter of the Poligon X, to a Triangle, under FG 
and the Perimeter of Z. - - Th. 6. and 12. 6." 
But, a Triangle, under CE and the Perimeter of X, is 
equal to tbe'Poligon X; and, the Triangle under FG and 
the Perimeter of Z is equal to that Poligon; alfo, the 
Triangle under BE and the Perimeter of X, is equal to 
the Superficies of the Pyramid.* 

* This alfo follows from tbe i8lh of the firA Book of Elements, 
and Ax. i. 1. (Sec the Reference to tbe laft}. 

Wherefore, 
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Wherefore, the Poligon X has the fame Ratio to the 
Poligon Z, and to the Superficies of the Pyramid; confe-- 
quently, the Poligon Z is equal to the Superficies of the 
Pyramid. ------ Ax. 5. 5, 

After the fame manner it may he proved, that the Su- 
perficies of any other Pyramid (whofe Bafe is a regular 
Poligon, fimilar, to one circumfcribing the Circle, whofe 
Radius is F G, till by multiplying the Sides, equally, the 
Perimeters, of both, fall into the Circumferencea^of the 
Circles, and the Superficies of the Pyramid into the Cone) 
is equal to the Poligon Z ; confequently, the Superficies 
of the Cone is equal to the Circle whofe Radius is FG, a 
mean Proportional between the Side BD & the Radius CD. 

CoR. I. The Superficies of a Right Cone is to its Bafe, as 
the Side of the Cone to the Radius of the Bafe. 

For, they are, refpeftively, equal to Triangles, whofe Bales 
are equal to the Circumference of the Bafe, and Altitudes equal 
toBD and CD refpedtively ; confequently, they are to each 
other, as BE to CE. ------ i.6. 

Cor. 2. The Superficies of a Right Cone is equal to a 
Triangle, whofe Bafe is equal to the Circupnference of 
the Bafe of the Cone, and its Altitude equal t6 a Side of 
the Cone. 

Hence it ismanifeft, that the Surfaces of Right Cones 
have all the fame Properties as Triangles* 

If their Sides be equal, they are, to each other, as the 
Diameters of their Bafes ; and having equal Bafes, they are 
as their Sides; or as their Axes. 

If they are fimilar, the Ratio between their Surfaces is 
duplicate of their Sides, or Diameters of their Bafes. 

If they are equal, their Sides and Diameters are reci- 
procally Proportional* 

Cor. 3, 
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Cor. 3. The S jperficiei of a Right Cylinder, if to a Right 
Cone, having .equal Bafes and Altitudes, as the Side of 
the Cylinder, to half the Side of the Cone. 

For, the SupciGcies of the Cone it to its Bale, tiB the Side to 
the Radius ; or, as half the Side to half the Raiiui. And the 
Superficies of the Cylinder, to its Bafe, is as the Side to half 
tbe Radius ; therefore, the Surface of the Cone U to the Soi^ 
pf the Cylinder, as the Side of the Cylinder 10 h*!f rhe Side of 
the Cone. 

Cor. if. An Equilateral Cone,, i. e. whofe Side iscqual to the 
Diameter of its Bafa, has it Superficies d'ouble of its BaTc; 
and if the Vertex be right angled, tbe Ratio is u the 
Diagonal of a Squate to its Side. 



THEOREM XII. 

If a Right Cone be cut by a Hane, parallel to 
its Bafe ■, a Circle whofe Radius is a mean Pro- 
portional, between part of the Side (betwixt the 
Bafe and the Se<5lion) and the Radius of that Seftion 
added to the Radius of the Bafe, is equal to the 
conical Superficies, which is between the -Seftion 
and the Bafe. 




Let EAF be a Right Cone; and let Dj oe a~Scction, 
parallel to the Safe, 6 F. 

Take GH a mean Proportional, between AB, and BC i 
and GI a Mean between AD and DE; on which, 
defcribe Circles, X and Z. 

4 The 



ook VIII. ELEMENTS of GEOMETRY. 401. 

The Circle X, on GH^ is equal to the whole S'jperficies; 
and, that onGIz= to the Surface of the Cone, DAJ- 11. 
and, ABxBCz:ADxDE,4.DBxBC, + DBxDE.* 

Take GK a Mean, between DB and DE 4. EC ; on 
which, defcribe a Circle 5 let it be called Y. 

I fay, that Circle (Y) is equal to the conical Super- 
fices B D J F^ between the parallel Circles. 

I)em. Becaufe GH is a Mean, between AB, & BC - by Con. 
the Square ofGHizABxBCi i.e. to theRea.ABcdi 1 
For the fame reafon,GIn—ADxDE; i.e.toADea j ^* 
And, becaufe GK is aMean, betwixt BD and DE+BC; 
GKd =:BDxBC, + BDXDE5 (equal Bf+Be) 
i. e. to a Rectangle under B D and DE -f BC. 
Confequently, GHd =:GIn +GKn. 
(Becaufe, the Rectangle equal to GH Square, is equal to 
two Rectangles, which are refpedively equal to the two 
Squares, of GI and G K) 

But, Circles are to each 9ther, as the Squares of their 
Diameters, and confequently as their Radii - C.i. 14. 6« 
And the Circle X is equal to the whole conical Surface 5 
alfo, the Circle Z is equal to the Surface DAJ. 
Therefore, the Circle Y (being equal to the DifFerencc 
between the two, X and Z) is equal to the Superficies 
B D F J; between the Sedion, DJ, apd the Bafe, 



• This is deducible from the fecond Book of Elements ; having 
brmed a Conllrudlion. 

Let ABc d be a Re6tanc[lc, under AB and B C ; Ac being 
i-awn, and Df parallel to B c, cuting it at e ; and a b (through c) 
ar.illcl to AB. 

Then, the whole, B d (equal AB xBC)=D a (equal AD x DE) 
[-BF (equal BDxBC)+cd (equal BDxDE, i. e. B e, 19. 1.) 



3F THE^ 
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THEOREM XIII. 

« 

If a regular Poligon, having an equal number of Sides, 
be infcribed in a Circle, and if a Diameter (which 
is alfo a Diagonal of the Poligon) be drawn, and 
another Diagonal, from either extreme of the Dia- 
meter to the adjacent Angle; theReftangle, under 
the Diameter and that Chord, is equal to a Reft- 
angle under a Side of the Poligon and all the 
parallel thords, joining two and two contiguous 

Angles. 

In the Circle AGF, defcribe a regular 
Oaagon, ACE.GBHFDj draw the Dia- 
meter AE(,. and the Diagonal BC; alfo^ 
drawCD, EF, andGH. 

I fay, the &e£langle, upder AB and BC, 
is equal to a Redangle under AC (or ADj 
and C P, added to E F, added to ,G H. 

Joia D E apd F Q- 

Dem. BecaufeCEizDF, and EG to FH, the Chords 
CD, E F, and G H, are all parallel - Cor. to 10.3. 
And, for the fame reafon, AC, DE, FG, & HB are parallel; 
conf. the Triangles ACT, IDK, KEL, &c. are fimllar. 
Wh. Al:IC::IK:ID,::KL:LE,::LM:LF,&c.-Th.4.6. 
i.e. as AI:IC :: AB:CD + EF + GH, - 2.5. 
for, the Diameter, A B, zz Al + IK + KL, &c. 
and CD+EF + GHz=CI + lD+EL, &c.-Ax. i.i. 

But,asAl:IC; :AC:CB(7.6)forACBisaR.Angle*i2.3! 
Confequently, AC:CB: : AB:CD+EF+GH -'AX.13.S. 
Therefore, ACxCD+EF+GHziCBxAB - Th.g.6. 

CoR. Hence it is manifefl", that if in any Segment of a Circle, 
as GAH, a Poligon be infcribed, on GH, whofe Sides arc 
equal, and equal in Number; a Rectangle, under the 
Chord CB and AN (part of a Diameter, perpendicular to 
GH) is equal to a Re6tangre under a Side AC, and the 
Chords, CD + EF + GN, half the.Bafe. ^ 
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tHEOREM XIV. 

t f a regular Poligon be infcribed in a Circle, (as in 
the foregoing Theorem) and Chord Lines be drawh, 
fas there delcribed); a Circle, whofe Radius is a 
mean Proportional between the Diameter ( AB) and 
the Chord CB, is equal to all the conical Superficies 
defcribed by the revolution of the Poligon, on the 
Diameter or Axis, AB. 

The fameConftruflion remaining^ as in the former Figure. 
Find X a mean Propoitional between A C and CI; 
alfo Y, a Mean, between CE and C I added to E L. 

w 

Dem. Now, AC, CE.EG, &GB are equal, by Conftruaion. 
And, aUxBC = ACXCD+EF+GH (Th.13.) i. e. ta 

ACxCI,+CExCI+EL,+EGxEL+GN,+GBxQ>f 

Find Z, a mean Proportional between AB aacj j|IC;^ 
the Square of Z is equal to the Squares of X autf:1i?fia^n 
twice; i. c. to ACxCD, +CExEF, +EGxGH j'lj. 
On X and Y defcribe Circles i the Circle X is equal to the 
Surface of the Cone DAC, - - - Th. 1 1. 
andjtheCircIeY is equal to the conical Surface ECDF- 12. 

But, Circles are in the fame Ratio as the Squares of 
th^ir Diameters, (C. 1. 14. 6.) wherefore, a Circle, de- 
fcribed on Z, is equal to X and Y, taken twice. 

Bur, the Cone DAC-GBM; and ECDF = EGHF ; 
for, CD is equal to GH, and CE to EG, ^'c. 
Therefore, a Circle (Z) whole Radius is a mean Propor- 
tional between AB and BC, is equal to all the conical 
Superficies, defcribed by tfic revolution of ACEGB, on AB. 

[iOR. After the fame manner it maybe proved, that a Circle, 
whofe Radius is a mean Proportional between CB & AN, 
is equal to all the conical Superficies defcribed by ACEG 
on AN, in the Segment GA^l. 






• t . 
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THEOREM XV. 

The Surface of a Sphere is quadruple of the greatcft 
Circle, made by a Scftion through its Center; 
i. e. to a Circle whofe Radius is equal to the Dia- 
meter of the Sphere. 

Let ADBK hs a Circle, the Seaion of a Sphere 
through its Center. 

Let there be infa-ibed a regular Poligon, 
having an even oumbei; of Steles ; draw the 
Diameter, AB, and the Diagonal BC, to iht 
adjacent Angle. 

Iniagiue the Circle ADBK, with the Po- 
ligon, revolved on AB; the Circle will gejie- 
rate a Sphere (NB. Def. 14.) and the Sides of 
the Poligon AC, CD, &c. will generate Right 
conical Surfaces, infcribed in the Sphere. 

AC and EB ivill defcribc equal Cones (for 
they are equal, and equally inclined to the Axe 
K _ AB); CD and DE will alfo defcribe equal 

Surfaces; for they ate equal, and CH is equal to EI. 

The whole conical Superficies, is lefs than the Superficies of 
the Sphere; for the Arks, AFC, CGD, &c. are greater than 
the Chords AC, CD, &cc ; alfo, a mean Proportional, between 
AB and EC, is lefs than the Diameter, AB. 

Let the Arks, AC, CD, &c. be bifefted, at F and G ; and 
draw AF, FC, &c. 

It is oianifeft, that the conical Surfaces,, defcrlbed by (he 
revolution of AFCGD, will be greater than thofe defcribed by 
AC, CI) ; bat they are lefs than the Surface of a Hemifphere, 
defcribed by the Ark ACD ; and, a mean Proportional between 
AB and BF, is greater than a Mean, between AB and BC, 
but it is alfo lefa^han the Diameter AB. 

By the fame reafoning, j. e. by multiplying the Sides of the 
infcribed PoUgon, the Superficies of Cones, infcribed in the 
Sphere, will, at 1 aft, end in the Surface of the Sphere ; when 
the Side?, of the Poligon end in the Circumference of the Circle. 
For. if AF be hifefted, at O, the Chords AO, OF diviaiebiit 
very little from the Arks they fubtend ; and a mean Proportional 
between -AB and BO, will differ very little from the Diameter 
AB; andconfequeQiIy.it will at la& be the fame as the Diameter. 
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C^£M. But, a Circle, whofe Radius is equal to a Mean, 
between AB and BF, or between AB and BO, is equal 
to all the conical Superficies, defcribed bv the revolution 
of the Poligon, whofe Sides are equal to AF or AO-Th. 14. 

Confequently, a Circle whofeRadius is equal to theDia- 
meter, AB, is equal to the Surface of a Sphere, defcribed 
by the revolution of the Semicircle ADB. 

But, Circles are to each other, or amongft themfelves, as 
Squares of their Diameters^ ^ - - Cor. i. 14. &• 
and the Square of any Right Line is equal to four times 
the Square of half that Line, - - Cor. to 4* 2. 
Conf. a Circle whofe Radius is equal to tbc £^iameter of 
another, is quadruple, i. e. equal to four times that Circle. 

Th. the Superficies of a Sphere is equal, to four great 
Circles, equal, in Diameter, to the Diameter of the Sphere, 

CoR. The Superficies of the Segment of a Spherels equal to 
four Circles, whofe Diameter is a Right Line drawn from 
the middle Point in its Surface (i. e. the Point where a 
Perpendicular, from the Center of its Bafe, cuts it) to the 
Circumference of its Bafe. 

For, by the preceding, it is proved, that the conical Super- 
ficies, in every Segment, is equal to a Circle, whofe Radius is 
equal to a mean Proportional, between the Chords CB, FB, or 
O^ and AI, the Altitude of the Segment EAL, 



■4 



Draw A£. 



Let DAE be a Segment, and AG its Axis. 

Then, becaufe all the conical Surfaces, de- 
scribed by AF, FC, &c. is equal to a Circle, 
whofe Radius is a mean Proportional be* 
tween AG and BF; conf. bymultiplying the 
Sides ofthePoligon,BF will coincide with AB. 

But, AE is a Mean Proportional between 
AB and AG. - - - Cor. 2. 7. 6. 
Confequently, a Circle, whofe Radius is AE, 
is equal to the fphericalSurfacc, defcribed by 
the revolution of DAE. 



C0R.2. TheSuperficies of a Right Cylinder, whofeDiameter 
and Altitude are equal, each to the Diameter of a Sphere, 
is equal to the Superficies of the Sphere. 

For, the cylindrical Surface, being equal to a Circle whole 
Radius is a mean Proportional between its Side and Diameter, 
which are in this Cafe equal (Theo. 10.) is equal to four times 
its Bafe, i. e. to a great Circle of the Sphere. 

But, the Surface of the Sphere is alfo equal to four fuch Circles. 
Therefore, the cylindrical Surface is equid to thefpherical-Ax.j. r 
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T H E O P. Z M XVI. 

if a Sphere be inlcribed in a Cylinder, and being t»»g 
cut by Planes, parallel to the Baies of the Cylintfoj 
cacli Segment cf the Iphcrical Surface will be cqiijj 
to the pcriion of the cylindricali intercepted bc^ 
tween the fame parallel Planes. 

LetlhcSptiere, AEBF, be circuafcribfJ 

by the CylJrukr GIKH, and let them W 

' both cut by th; Phnea CD, EF, paralW 19 

the. B.ifcs,'GH. IK, of the Cylinder. 

I fay, the fjThei-ical Surface NAO, Q 
•^N/vOK, is equal lo tile cylindrical Surfart. 
ICDK.orlErKi alfo.ihefpbericalSurfeM 
NEK), h equal H> the cyl. Surface, CEFK 
Let AB, be ihe Axe of (he Cylinder, afc* 
^ Sphere; andki thcDiameteisCD.EF.h 

e Cylinder, be drawn, cuting the Axe perpendiculam, 
Ht h and M, and the Sui fjce of the Sphere at N and (^ 
E and F. Draw AN, NB, and AE, tE. 

Dfm. Thenbecaur^ ANC is a Right Angle (12. 3.) AT? 
,1 mean Prppnriional beiweeil AL and AB; i. e. bciwe 
CI and CD. - - - - - C. 2.7.1 
Alfo, bccaufe AEB is a Right Angle, AE is a Mean, I 
tween AM and AB, i. c, between El and EF. - faO^^ 

But, the Circle, wbofe Radius (AN) is a mean Prop^ 
liotial. between CI and CU, is etjual to the cylindiic{ 
Superficies, ICDK. (10.) And, it is equal to theSuperfic 
of the fpherical Segmtiir NAO. Therefore, theSupejfic 
of the two Segments, of the Cylinder and Sphere, arc eqid 

After the fame manner it may he proved, that the Si 
petlieies IEFK,of the Cylinder, is equal to the Surface,' 
the Segment, KNAOF. 

Conf. the Surface of the Cylinder, CEFD, between ti 
paj-allel Circles, CD andEF, is equal to the Segment oft! 
fpherica! Surface, NEFO,betwcen the fame parallel PlatH 

And, it is alfo manifeft, tJtat the remaining Superfici* 
EGQHK, of theCylinder, is equal to EBF of the Spt " 

From ibis and rhe foregoing moft excellent Theorems, 1 
duceda certain Rule for afcertaininj; the true AreaoftheS 
face of any Segment of a Sphere or other Portion, ContaL 
between parallel Circles. 



vs. 



AW 

ciwd 
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ion. The Segments of a Tpherica] Surface, intercepted be- 
twecn parallel Circles, have [he fame Ratio, between them- 
felves, as the Segments of the Axc, or Diameter (AB) 
cut by thcfePlane^. 

For, each Segment, or pordnn of the fphcrical SurfMcc, NAO, 
NEFO, imd EBF, is rcfpcifiively equal to the corrcfponding 
portion of the Cylinder, 11), CF, andEK; and thole Ponion* 
are, to each other, a; IC to CE, 10 EG. i.e. as AL;LM;MB; 
fonfequently, the Surfaces, NAO, NEFO, and EBF, ^te to 
each other, as AL, LM, and IVlB. 



THEOREM XVIf. 




A Sphere is equal, in its folid Contents, to a Cone, 
whofc Bafe is equal to the Surface of the Sphere, 
and its Altitude to the Radius. 

Imagine the Sphere ADF circumfcribed 
by any regular Body wh:itever ; and, from 
every Angle of the circumfcriblng folid fup- 
pofe Kight Lines, AC, EC, &c. drawn to 
the Center, C; there will be formed as many 
Pyramids, as the Solid has Faces, whofe com- 
mon Vertex is at the Center of the Sphere; 
which, together, is greater than the Sphere. 

Imagine further, that every Angle, A, B, 
E,&c. of ihia Solid, be cot off by a Plane, 
touching the Sphere, and perpendicular to 
the Right Line from the Angle cut oif. It is e' 
will be formed another regular folid, contaii 
tODching every Face ; which Solid is lefs than the Hrft, but it 
IS greater than the Sphere ; and, by dr.iiving Lines from every 
Angle, as before, there will be formed as many Pyramids as 
this Solid hns Faces. 

By proceeding thi\s, etd mftitltiim. It is manifeft that the ex- 
terior Surfaces of this Solid, which conftirutc all the Bnles of 
the innumerable Pyramid^, mull, atlaft, end in the Surface of 
the Sphere; and canfequl-iitly, the Pyraniids, or whole Solid, is 
the fame as the Sphere ; or, the difference lefs than any given 
Qoaatity. 

Then, let B E F be a Circle, and C its Center. If the 
Radius EC be equal to the Diameter of the Sphere, the 
Circle DFF is equal to the Surface of the Sphere -I'h.is. 



vidcnt, tiint there 
aining the Spher 
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Make AC (perpendicular) cqua"^^ 
its Radius, and imagine the R^^^ 
angled TriangleABC revolved arovayjj 
the Hypothenufe, AB, will defcr/& 
the Surface of a Cone, BADF. 

I fay, the Cone is equal to the Sphere, 



Dbm. For, becaufe the Bafe of the Cone is equal totbe 
Surface of the Sphere, it may be divided into as many 
plane Figures, as the circumfcribing Solid has Faces^ 
each equal, refpe£tively, to the other. 
Confequently, if Right Lines be drawn from every Angle 
ofthofe Figures, to the Vertex (as at G) there will be 
formed as many Pyramids, as the Solid has Faces. 

But, they are, refpe£tively, equal to them, by Hypo- 
thefis; and they have, alfo, equal Altitudes ; i. e. the Ra- 
dius of the Sphere. Conf. each Pyramid is equal to its 
correfponding one in the Solid ; and, conf. all the Pyramidi 
contained in the one are equal to the other. But, CoBei 
and Pyramids, whofe Bafes are equal to one another, are 
equal. Th. the Cone, BADF, is equal to the Sphere ADF. 

CoR. I. Seniors of Spheres, * are equal to Cones, whofe 
Bafes are equal to the fpherical Superficies of th^ Se&orS| 
and the Altitude of the Cone to the Radius of the Sphere. 

For, fincethe whole Sphere is equal to a Cone, whofe Btfc 
IS equal to the whole Surface, and Altitude to the Radius; conf. 
a Cone having the fame Altitude will be to the other, as the Bafe 
of one to the Bafe of the other; i. e. as the portion of the fpherical 
Surface to the whole; and, conf. the Sedor is equal to fuch a Cone. 

CoR. 2. A Hemifphere is double of a Cone, having the 
fame Bafe and Altitude. 

For, becaufe the Surface of a Sphere is equal 'to four large 
Circles ; the Surface of the Hemifphere is double its Bafe. 

But, a Cone whofe Bafe is equal to the fpherical Superfidet 
of the Hemifphere, and equal Altitude, is equal to the Hemi- 
fphere ; confequently, if the Bafe of the Cone be equal to the 
Bafe of the Hemifphere, it will be half the Hemifphere. 

Cor. 3. A Segment of a Sphere is equal. to the Difference 
between a SeSor, whofe fpherical Superficies is the Surface 
of the Segment, and a Right Cone^ whofe Bafe is equal to 
theBareoftheSegment,&itsSide,totheRadiusoftheSpherc. 

• By Seftor of a Sphere is to 1^ underftood, a Portion contain- 
ing a Segment, and a Right Cone on the Bafe of the Segment 
whofe Side is the Radius of the Sphere. 
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ON THE THEORY 



OF MENSURATION. 



MENSURATION ot SUPERFICIES. 

I 

THE whole Theory of Menfuration of Siipcrficies, confifti 
in finding ^ Rfeftangle equal to the given Figure. 

InTheo. 17, Book ift. it id deriionftrated, that every Triangle 
is equal to half & Parallelogram > on the fame Bafe and Altitude; 
and, in T*heo. i8th. is fhewn and demonftratcd, that, all Paral- 
lelograms or Triangles, having the fame or equal Bafes and the 
fame Altitude^ are equal.' Confequently, fiuce Rectangles arc 
Parallelograms (Def. 53 and 44) and it is, there, fully demon- 
ftratcd that they are, all equal, having equal Bafes (i» e* having 
any two Sides equal) and the perpehdicular diftance between thofe 
Sides and the oppofite alfo equal, it is evident, that the mea- 
fure of one is alfo the meafure of the other. And, becaufe Tri- 
angles on cqu^l Bafes with Parallelograms, and being of equal 
height are equal half fuch Parallelograms, the Area of a Triangle 
is readily obtained* 

Hence is deduced the general Rule (well known to all Surveyors 
or Artificers, concerned in meafuring fuperficies) for finding the 
Area of any triangular plane Figure j which is, to multiply tie 
Bafe, i. e. any one Side, by half its height, from that Side, or 
half its Bafe by the whole height; the reafon for which is, in 
thofe Theorems, clearly accounted for; and, in that confifts the 
whole of fuperficial Menfuration. 
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In Prob. 20th is fhewn how to conftrud aRdflangle, ec(ual to* 
Triangle, on thofe Principles; and in the 22nd it is further ex- 
tended to a Trapezium ; or to any Qgadrila^^ral, wliatevery k- 
gular or irregular. 

The 2 1 ft (hews how to conftru£t a ParallclogramV under any 
Angle, equal td a RCflangle, on the fanre Bafef and confequent^ 
ly, by changing the Prcmifes, a Re6ianglc may be fornitd equal 
to any Parallelogram whatever. 

If the conftrucflion of thofe Figures be well uhderllood ; pradi- 
cal menfuration is eafily attained ; which coniifts (as I have ob- 
ferved above) in finding a Rcflangle, i. e. in knowing 'how to 
take the dimenfions of the two Sides of a Re^ngle^ equal to 
any giveri figure ; for, the multiplication of arty two Numben 
being applied to mcafure, always denotes, or prodaces the Afta 
of, a Redlangle under fuch dimenfions ; which I ihall, in the firil 
place, endeavour to make clear and intelligible. 

. Moft People, at the firfl thought on ihcfe matte/s, imaglue, 
that if iN^o Figures (of any fpecies whatever) have equal Circuit, 
i. e, if the meafure of all the ficfes, of each Figure, in one funi, 
be the fame, they have equal Areas ; than which, nothing is more 
falfe, as will be fiiacfe appear. 

A Circle contains the greateft Area of any PlaAe Figure, iav- 
Jng an equal Circumference or Perimeter. If a Circle be deprcf- 
fcd, though ever fo little, it becomes elliptical ; in which Ca/e, 
It fofes of its dimenfions ; and the more it is deprefled', i. e. tSc 
more exccntric an Ellipfis, having an equal Periphery, or Cir- 
' cumference witi a Circle, the lefs is its Area to that of the 
Circle. Confequcntly, if a cylindrical VeiJel be' bulged, or it 
its Sides are depreifed till it becomes elliptical, 'it lofes of its raca- 
fure ; and the more the Sides are deprefied, the more it-Iofes ; be- 
caufe it is evident, that, if they afe preffed quite flat, it lofcs tbr 
whole internal Area. 

So likewife, of right lined Figures ; tlic ihore the Sides arc 
multiplied, and the nearer it approaches, in figure, to a Circle, 
the greater area it contains. Confequently, regular Poligons, of 
a greater number of Sides, contain a greater Area, than thofe of 
fewer Sides and having equal Perimeters J. 

Hence 
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Hence it Is plain, that 4 Reftangle contains a greater Area than 
xny other Quadrilateral whatever; it" the meafurc of their Sidei, 
in o/ie Sum, be equal. But, a Snuare, which is the moft perfect 
Redlangle, contains a lefs Area ihaji a regular Pentagon j and a 
pentagon contains lefs than a Hexagon; a Hexagon lels than* 
Heptagon, and fo on to a Circle , whole Perimeters are iill equal ; 
Jo that the Square and Circle, whofe Perimeter and Circumference 
are equal, differ greatly in Area, as ihallbe illui' rated hereafter to 
demonAraiion. 

Now fiuce, in Mcnfuration, a Reflangic is the ft:indard or cri- 
terion, bj- which the Area of all Pbne Figures, as. well as all 
other fjiperficial Contents, are aftcrtained; I ihal!, in ihe firft 
place, fhew, and account for, the methods ot taking the dimcn. 
fioas of various Figures j wljich mcafures, bci:ig inuliiplied into 
each other, will give the tru£ Area ; each Figure being equal to a 
ReAangle iindei thofe Dimenfions. 

)t The area of a. Square is obtained, by multiplying the meaTure 
of one Side into itfelf. e, g. ^.^ 

Let the Side of the S<juare ABCD be five 
feet ; the roeafure of a Foot being repiefented 
breach fmalldivifion on its Side, as i,Z)3i4,5> 
Now, if from thefe divifions, lines are drawJi, 
both ways, parallel to the $\dti ; it will be 
divided into as many tefs Squares, as the Side 
inuliiplie4 by itfelf produces; vii, j times 5, 
cgual i5 ; which, is the number of final( 
Squares contained in [he large Square, ABCD ; each fntall fquare '. 
a, b, c, &e, ieing fuppofed one Foot, on each Side, is, therefore, 
called a fquare Foot. So, the Square A E, containing three 'feet 
on each Side, is a Square Yard ; its Area is nine fquare Feet. 

But, when a Reflangle meafures more, or is longer, on one 
Side than the other; then, either Side multiplied by the other, 
not oppofitc, gives its Area or fuperficial Meafure. Whereas, in 
a Square, the Sides are all equal; and consequently, the meafure 
of one is alfo the meafure of any other ; therefore, the Side is 
did to be maltiplied into itfelf, to produce its Area, 

a 2 2. If 
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THE THEORY 

2. If Ac Reaangic ABCD meafures 8 T^^i 
on one Side (AD) and 5 Feet on the a..^^ 
(AB) theoppofilc Sides arc the fame (i;^ ,, • 
and if Lines are drawn through the ^jj^j^ 
fions (as in the Square) parallel to the S/ifc, 
it will be divided ipto 5 times 8, equal ^o; 
the number of fquare Feet, contained inibe 
Reaangle. 

Hence, it is evident, that, in Menfuration, any two Nmabm 
denotiiig Mtafure, tn Inches, Feet, Yards, Ice. being multiplied 
ioto each other, gives the area of a Rectangle order ibefe Dimep- 
iions, in fquare Inches, Feet, &c. and confequently, all multi- 
plication of Meafure, denotes the Figure, under fuch dinieofionJ, 
to be right angkd, Wherefure, the multiplication of Line?, in 
Geometry, implies a Reftangle conftrufted on two Lines. 
3. To any Point, E (in BC) let AE, DE be drawn, forming! 
Triangle, AED. 
It is obvious, that the Triangle AED contains fcveral whole 
■nd entire Squares, F, F, &c. and fomc Pentagons, as a, aj fome 
Trapezia, as bb, and fome Triangles, as cc. Set. 

Now, it would be no eafy matter to afcertaia how many entir^ 
Squares all thofe irregular Figures are equal to; for there are but 
12, entire, 4 Pentagons, 3 Trapezin, and y Triangles. 

But, fince (by Th. 1 7) we have full conviflion, that the Triangle 
AED is equal to half the RcSangle ABCD i ^nd the Reaangle 
ABCD contains 4q fmall Squares { confequcntly, all thofe irregu- 
lar Figures are equal to 8 Squatc j which, added to the 1 2 entire 
ones, make jo, the true Area of the Triangle AED. 
^ Next, I will Ihew, that two Parallelograms, may have the Sui^ 

S^ iP ^^^'" Sides equal, and differ greatly in Area. 
- V . .^- ■ ^ . T^g p(.fl ABCD," and Par. AEFD, 

have their Sides, AD, BC, and EF, equalj 
for, AD is common to both J confequcntly, 
BC and EF, being both equal to AD 
(ij. I.) are equal to each other - Ax. 5. 
AB = AE, Knd DC=DF(N. B. 1, Def.io'.) 
and conf. A8+BC+CD+AD is eqnal 
ioAE-{-EF+FDf AD. "' 
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fint, the Area of the Par. AEFD is not equal to the Arei of 
%he ReA. ABCD. For, if AE be multiplied into AD, It will pro< 
dace an Area equzl lo the ReO. ABCD, becaufe, AB=AE. 

Bur, the Par. AEFD is equal to the Reifl. AGHD only. 
i'or, it it demonftrable, that, the Triangle AGE=DHF. - 7.1, 
Confetiuently, if DHF be taken away, and ite equal, AGE, bo 
added, the Reftangle AGHD is equ.il to AEFD. 

Again, if AE be produced to I, and DF to K (inBC produced) 
Then, the Parallelogram AIKD is equal to the Reft. ABCD. 
For, the Triangle ABI=DCK.; wherefore, taking away DCK, 
and adding an equal, ABI, the thing is manifeft, 

Now, if ihc Reflangle ABCD be fuppofed to be depreffed, to 
AEFD, it ia evident that it has loft of its dimenfions, conliderably j 
and jf it be deprefled lower, to cf, it ftill lofes more; notwich- 
(banding the Perimeter, AcfD, remains the fame, equal ABCD. 
Confcquently, ABCD, contains a greater Area than any other 
Parallelogram, having an equal Bafe, and equal Perimeter. 

Therefore, it ABCD be deprefled, ». e. if the Angles src not 
Right ones, it will contain a lefs Area ; for, if A B and CD de- 
viate ever fo little from a Perpendicular, B C muft neccfikiily fall 
lower. Confei-iuently, its Altitude being lefs, and the Bafe re. 
niaining the fame, its Area is lefs. - - -" Cor. 1.6. 

i. It may fecm flrange, to fomc, that a Square Ihould contain a 
greater Area than any other Reflangle, having equal Penmeten. 
Suppofe the Reftangle ABCD to meafure, J^ 



e Side (AD) 8 feet, and on the other 
Bide (AB) 6 feet ; its Area is 8 x 6=48 ; and 
its Perimeter is 8+8+6+6=28. 

Let a Square, AEFH, be defcribed on AH^' 
equal 7 feet. Then, the meafure of its Sides, ' 
in one fum, is 7x4, or 4 times 7=18, the 
fame as the Rcfl^ngle, 

Now, the Heftangle ABGH is common to both t^e Sqfinre, 
AEFH, and the Rcflangle ABCD. 

But the Reflangle, BEFG, which is the remaining part of the 
Square, contains 7 fmull fquarcs ; whereas, the Rcftangle DCGH, 



Uie 



g part of ilje R&Sangle, ABCD, ccntaini but fix. 
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Tha area of the Stiuarc is 7x7) or 7 limei 7=49, whe^T-^ 
tie area of the Reftanglc is but 6 x 6=48 ; one 49th part lefs^ ^ 
its Area, than the Square; which is accounied for by the jr^ 
gure; and from the I ith Theorem, Book ;th. 

Hence, it is plain, that a Sqaare is the moft perfeft of Ef<5l- 
angles, or other Parallelograms ; as a Circle, of all Plane Figures- 
And, fince no other Figure, but Rcftangles, can anfwer t|ie pa''" 
pofes of Meiifuration, in producing jhe [rue Area i it is certaidJ J 
moft confiftcnt, that all fuperficial Meafure fhould be rcducfd to * 
ftandaid meafure bjr the moA pcricA of Reftanglet, a Sqoaie. 

^6. In the Parallelogram AEFD, let AE be di- 
vided into the fame e(]ual parts as AB «»t 
AD; and if, through thofe divilions, LinO 
are drawn parallel to the Sides, AD an<i 
AE, it will be divided into as many leflt^r 
Parallelograms as the Reflangle, ABC£>» 
contains Squares. 

But, thofe lelTer ?aulle;ogramg are Rhombufes (Def. 36) eacb 
Ixing in the fame Ratio to a Square, of an equal Perimeter, as 
the whole Parallelogram AEFD to the Redangle ABCD; amfe-r 
(juently, they do not afcertain its Area. 

The Area, therefore, of a Parallelogram (except itbeaRrft — 
angle) is not obtained by the meafure of its two Sides, AD, AE » 
or DF, but by the meafure of one Side, as AD, only, tai i^^ 
perpendicular Altitude, DH; which, being multiplied togeiher'* 
produce the Area of a Reft. AGHD [ to which, the Par. AEFC^ » 
if equal ; as It is evident from the Figure. 

The Par. AEFD= AGHD, and is deficient of the Reft. ABO^^" -^ 

by the Reflangle GBCH, equal one fixth part ot ABCD (1. 6 ■ - 

GB being one fixth part of AB. 

N. E. Either Side of a Parallelogram may be taken, in order C^ * 
obtain its Area, but not both^ imkfs it be a Reftangle. 

If DF be taken, then, the perpendicular diltaoce hetiwer * 
that Side and its oppofiie, AE, will -Ifo give ths true Area. 

7. TJH*^ 
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Jr. The Area of regular Poligons is readily obtained. 

The gcner'al Rale for meafuring Poligons is, to multiply half 
the Perimeter, i. e^ half the Sum of all the Sides, by a Perpen- 
dicular from the Center to any Side.; which implies, that a 
Pe^angle of thofe Dimenfions is equal to the Poligon ; the truth 
of which I fhall endeavour to make appear ; as follows. 

Let ABDEFGH be a regular Hepta- 
gon, whofe Center is C. 

Draw AC, BC, &c. dividing it into 
feven equal, Ifofceles Triangles. 

Draw a Right Line, af, indefinite; in 
tvhick, take a b, b d, &c. each equal to 
a Side of the Poligon ; and, on the Bafes 
a.b, bd,, &c conftrudl the Triangles^ 
acb, bid, dke, and ehf, equal and 
iimilar to the Triangle ACB in the Polig( 

And, if a Right Line, c h, be drawn through their Vertices, it / 
will be parallel to af (C.18.1.) and, there will be conilru^ted three </ 
more Triangles cbJ, &c. equal and fimilar to the otlyjf^ ■and^conj^*'^// 
fequently, the Trapezium, a ch f, is equal to the Heptagon AG£B: 
for, it contains feven Triangles, equal to thoie in the Poligon. 

Draw ci perpendicular to ab; the Triangle acb being Ifo- 
fceles, the Bafe, a b, and confequently, the Triangle, acb, Is 
bifedled, by the Perpendicular ci. - - - C. 3i9; 1. 
Produce ch; and, make hg equal ai and draw fg, which 
Will be parallel to ci, and alfo equal. - - - i(;:i» 
wherefore, the Tri. f gh, is equal to the Tri. a ci, - 7. i. 
confequently, the Reftangle i c g f is fequal to the Trap, ac h f ; 
(which was made equal to the Poligon.) - - Ax. 6 and j. 

But, the Side if, equal eg, of the Redl. icgf, is equal to 
IBDEF, half the Perimeter of the Poligon ; and c i, equal gf, 
. the other Side of the Redangle, is equal to CI, a Perpendicular 
of the Poligon ; by Conftru6tion. 

Confequently, half the Sum of the Sides, AB, BD, &c. (equal 

!f) multiplied by the Perpendicular CI (equal ci) gives. the Area 

•f the Heptagon ABDEFGH. 

Which, Rule, holds good for all regular Poligons whatever. 

8. From 
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8. From what bas been advabced^ concemiog Poligons, we «=iC^ 
with certainty infer» that a Triangle whofe Bafe is equal to t 
Circumference of a Circle, and its Altitude eqaal to the R 
dins, is equal to that Circle ; and confequently^ half the Ci 
cumferencc multiplied by the Radius gives the Area of a Circl 
for it is equal to a Rectangle* under the {emi-Circumferen 
and the Radius. 

Alfo, every Poligon, circumfcribing a Circle, is equal to 
Triangle, whofe Bafe is equal to the meafurc of all the Side 
in one Sum, and its Altitude equal to the Radius of the 

. fcribed Circle. ' 

■'E / 

The Pentagon ABDEF, it is evident, 

lefs, in its Area^ than the CircumfcriDii}^ 

Circle ; by the five Segments AGB, BD, &cr 

Bifea the Ark AGB and draw CO, whii 

■ will be perpendicular to AB ; and draw 

Chords AG, QB, Which are the Sides of 

Decagon I infcrib^d in the fame Circle ; and, I 

the Side AG be bifoaed, and CK drawn, L ^ 

will be;perpendicular to AG. - Cof. 3.9.C- -^ 

.The kwo Sides AG, GB, of the Dcca^n, arc greater than tik^ 

. Side AB, of the Pentagon (13. i.) apd, the Perpendicular CK, o' 

the Decagon, is greater than the Perpendicular CH, of the Pcnta- 

.gop f for, C^ is longer than GH ' - * * C. 2. 12. i# 

And CK is longer than. CN ; confeqjuently, the Area of tbc 

pecagon, whofe Perimeter is letl times AG or GB, and its Pcr- 

pcndicuUr is CK, muft be greater than the Pentagon, whofe Pc« 

rimeter is five times AB, and it3. Perpendicular is CH. 

The difference is five Ifofcelcs Triangles, equal ABG ; whofe 

, Bafe is AB, the Side of the Pentagon, and the equal Legs or 

Sides, AG, and GB,. are the Sides of the Decagon. 

Again^ the Atea of the Decagon is lefs than the Circle, by tb 
ten Segments AIG, GB, &c. 

CK, produced, bifedls the Ark AIG at I ; draw the Cha 
AI and IG; which are the Sides of a Poligon of twent}' Si' 
whofe Perpendicular is CO. 
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This Poligoti is greater thrtn the Decagon, by ten Ifofcelci * 
Triangles, equal AGI, in the Segment AG or GB; and it is iliil 
lefs than the Circle by twenty Segments A I or IG. , 

9. From all Which, it is clear, that every Poligon, iiifcribed in a 
CrrcFe, is lefs than the Circle^ by as many Segments as the Po- 
ligon has Sides ; aftd confequently, every Poligon, circiim 
fcribed, is greater than the Circle. 

But, the greater th6 number of Sides of the Poligon, the nearer 
It is to the Area of the Circle, i. ie. to the Circle itfelf; and con- 
fequently, itmuft at laft end in the Circle; that is, the Perimeter 
of the Poligon, will be equal to the Citcumference of the Circle, 
^hd the Perpend iculat* (from the Center) to the Radius; 

For, if A I be again bife6led in L; the Sides AL, LI, of h 
' Triangle, in the Segment AI, are greater than the Chord A I, 
which is the Bafe of that Triangle ; yet, they are lefs than the 
Arks of the Segments ALj Li ; but they mufl, at lal}, by mul- 
tiplying them, end in the Circumference. 

So likewiie-, the Perpendicular Cli, of the Pentagon, is hh 
than CK^ the Perpendiculai* of the Decagon, which is alfo lefs 
than the Perpendicular COj of the Vigintagon. And, if AL is 
again bifeded, and a Perpendicular drawn to the Chord AL, it 
will be greater than the Perpendicuiar CO ; and will at laft be 
equal to the Radius of the Circle. ^ 

Wherefore, the Circle being conceived to be formed of an infi- 
nite number of ifofcelcs Triangles, whofc common Vertex is the 
Ccntet-, and whofe Bafes are in the Circumference, ^nd which 
Tare, altogether, equal to it; confequently, a Rectangle under the 
Semi-circumference and the radius of the Circle ; or, under half 
the Perimeter of the innumerable fided Poligon (equal to the Cir- 
cumference) and its Perpendicular (equal the Radius) is equal to 
the Circlei 

And confequently, a Triangle whofe Bafe is equal to the Cir- 
cumference, and its Altitude equal to the Radius, is alfo equal 
to the Circle ; for every Triangle is equal to half a Redangle of 
the fame Bafe and Altitude (17. i.) Therefore the Triangle, is 

b equal 
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equal toa Reftangic under half ils Bafe, and the Altitude. Hence, 
the Rule for meafuring a Cit'cle is, to multiply half the Circum- 
ference by the Radius. 

From hence it is clear, that, nf all Fignres which have an equal 
Perimeter or Circumference; i. e. whofe Bounds are equal to the 
fame Right Line; a Circle contains the greateft Area. 
10. I have already (hewn, that a Square contains a greater Area 

than any other RciSangle, having an equal Perimeter, or the 

meafure of all their Sides equal. 1 will nest ihew, how much 

it i^ Icfs than a Circle, having equal circuit. 

Suppofe the Sides of the Square, ABCD, be each equal ta a 
fourth part of the Circumference of the Circle, GHj then the 
four Sides are equal to the whole Cireuinfcrence. 

The .^rea of the Circle i* greater than the Area of the Square 



From what has been (aid, concern- 
ing PoHgoaa and Circles, it is cvideoti 
that the Circle, GH, is equal to » 
R&Sangie, iwooppoiite Sides of which, 
ate equal to the Circumference; the 
other are each equal to the Radius EG. 
But, the Sijuare is equal to a Rcft- 
sngle, two oppofite Sides being equal. 
each to two fides of the Square, t. e. 
' equal half the circumference of the 
' Circle; and the other two Sides, each 
equal to the Perpendicular, EF, only; which, being con fidcrably 
left than the Radius EG J confequently, a Reflangle, aegd, whofe 
Sides ae, d g, are each equal half the Circumference, GH (equsl 
ae, cf, of the Rcftangle aefc) and the Side eg (equal ad) 
J5 equal the Radius, EG (but, the Sides ac, ef, each equal the 
Perpendicular EF, only} will have a greater Area than the Reel- 
angle aefc; and the difference is the Re^angle cfgd. 

The Circumference of a Circle is to its Diameter, nearly, ai 
11 is to 7 ; which, is near enough, for meafuring any Circle that 
can be formed. But more cxa£i, the Diameter being iij, th^M 
Circumference will be 355. In both, the Circumference 
much ; the lafi, by lUUe iuoic than ouc five millionth part of il 
Diameter. 
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Suppofe tfaeoy by the laft, the Diameter, GH, to be 17, the 

ICircimiieTeiice will be jSiA* ^^ nea^. The Side of the Square, 

ABCD, being a fourth part of the Circumference, is 13935, the 

Perpendicular, EF, half the Side, is 6,675 > ^°^ ^^^ Radius of 

the Circle EG, is 8,5 ; the Area of each is as follows. 

AB4-BC= 26,7 J half the Circumference 26,7 
X by EF= 6,675 ( X by the Radius, EG, = 8,5 



1335 1335 

1869 2136 

x6o2 



1602 Area of the 226,95 Circle 
— ^— 178,2225 
Area 1 7812225 of the Square 

difference 48,7275 

A regular Pentagon, having the fame Perimeter as the Square, 
is greater than the Square, but it is lefs than the Circle ; alfo a 
Hexagon, is flill greater than a Pentagon, of equal Perimeter. A 
Heptagop, is flill greater than a Hexagon; and an Odtagon, 
greater than a Heptagon ; fo that, the more the Sides are multi- 
plied, the nearer it approaches to the Circle ; for, the Perimeter 
of the Poligon, by multiplying, will end, or fall, at lafl, into the 
Circumference of the Circle* 

f I, From what has been advanced, it is manifefl that the whole 
theory of Menfuration, of Superficies, conMs in finding the 
£des of a Rectangle, equal to the given Figure ; iince the 
Multiplication of any two meafures (into each other, or one by 
the other) denotes a Redtangle of thofe dinienfions. 

Having (hewn how tl\e ipcafures of Plane Figures, from a 
£quare to a Circle, are taken, fo as to produce their Areas ; I 
ihall, in the next pl^ce, account for the multiplication itfelf, by 
which, the true Area is afcertained. 

Suppofe, then, a Rectangle ABCD, whofe Sides, AB and CD, 
^f afure, by fome Scale of equal Parts, 5 and 9 twelths, each ; 
and the other Sides, AD and BC, each 8 and 6 twelths. 

Through the Divifions i, 2, 3, 4, &c. on the Sides AB and 
AD, which may reprefcnt the meafure of a Foot or 1 2 Inches, 
each (for, you may fuppofe any meafure whatever, to be repre- 
iented by them) if Lines be drawn, parallel to the Sides of the 
Redtangle/ as in the Figure^ it will be divided into as many whole 
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and cDtire Squires, as the whole numbers prnduce ; viz. the RciS^ 
angle A£, whuf'e Side^, A8, A^, being multiplied, 5 times 8, is 
equal to 4o< The fraflional p^rts a, b, c; d, e, f, &cc. produce 
8 more Integers or Squares, and 7 eighths of another j for, the 8 
finall Reftaiigles a, b, c, £i:c. to E, ate each 3 fourths of a Square ; 
being the l\i]I mcafure on one Side, and but 9 twelths oi^tbe 
ether j and iirc, altogether, equal to 6 entire Squares. 

The ; fmaller Reaangles d; c, f, &c. 
to E, being but 6 tivelths (half the Inte- 
^cr) (in one fide, ate each equal to hulf a 
Squnre j and make, together, two and a 
half; and the fmall Reflangle EC, be- 
ing 3 fourths of oneof tbefc, or half one 
of the other, is equal 5ei£htb5 of a Square. 

AE = 40 The large Rcflangle, AE, is equal to 40 

RE = 6 Sqiiiiresi to which, if the Reftangles BE, DE, 

DE = 2- 6 and EG be added; BE=6, X>^=2i, and 
CE = o - 4i EC=f of a Square; together, they are equaj 

< to S, and 7 eighths; which, added to 40, 

makes 48 and 7 eighths ; the fura total of the 
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ABCD 4S-10: 

Area of ihe Refiangle ABCD, 
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eafure, by that Scale. 



\2. Neit, I win fi;cw how the Produa arifes, by m;'ltiplying Feet 
and Inches, togt;'iK-r; commonly called Crofs Multiplicatiou. 

The meafwes of the two Sides of theReaangle, AB and AD, 
8-6, and 5-9, being placed one under the other {His not mate- 
rial which is firll, or npFermoft) as in the margin, we begin witk 
the Feet, in the multiplier, and fay, 5 times 6 ia 30. 



.8-6 



Now, it is evident, from the Figure, that this 

is Feet, one way, acdi Inches, the other; and is the 

— ReiftangJe DE, ,- k-ei long, E8, by 6 Inches, 8D. 

Feet :nuitlplit'd by Inches, or Inches multiplied 

- 6 ■by feet, produce Inches; i.e. the twelfth part pf 
-—. a fquare Foot ; 50 .Inches is, therefore, equal to 

- 6 : feet and 6 Inches. 



'Tis the fame, if jou begin with tJie 9 inches, firft. 



Set 
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Set dovvn the 6 Inches, iinder Inches, and carry the two Feet 
forward to the whole Numbers, and fay, 5 times 8 is 40 ; which 
being Feet bcth ways, they con fequently produce fquare Feet, 
and is the large Redlangle, AE. The two Feet, arifing from 
the Redlangle BE, bing added, make 42 Feet^ which, fet dov/a 
under the Feet. 
Next, take the Inches, in the multiplier, and fay,' 9 times 6 is 54. 
Now, thefe areTnches both ways (the fmall Reflangle EC) and 
produce only Parts, or fquare Inches, i.e. the 144th part of a 
fquare Foot. For if the Rectangle EC be divided, on each Side, 
into Inches (viz. 9 and 6) and lines be drawn through them, as in 
the large Redlangle AE, it will contain _J4 fquare Inches, which 
are called Parts ; twelve of which are called an Inch ; for, it muft 
be obferved, that what is here meant by an Inch, is not a fquare 
Inch, as by a Foot is underftood a fquare Foot ; but it is the 1 2th 
part of a Square Foot, equal 1 2 fquare Inches, or Parts. 

Wherefore, the fmall Redangle EC, which contains 5-4 fquare 
Inches, it is evident, is equal to 4 Inches and 6 Parts only; 
iince twelve of thefe Part3 are but one Inch, and 4 times 1 2 is 48, 
there remains 6 Parts, or half an Inch; which, fet down, one 
place to the right hand of Inches, and carry forward the Inches 
\o the next place. ' 

Laflly, fay 9 times 8 is 72, which is the Reclangle BE, 8 
Feet one way (5 E) by 9 Inches the other (5B) and produces 
Inches ; to which, add the 4 Inches from the laft place, it makes 
76 Inches, equal 6 Feet 4 Inches ; fet them down, as abovp, Feet 
under Feet, and Inches under Inches; which, added into one Sum, 
makes 48 Feet, 10 Inches, and 6 Paft? (equal half an Inch) the Area 
of the whole Pedangle ABCD, in fquare Feet, Inches, and Parts. 
Thus, multiplying Feet and Inches together, the Area of a 
Re^angle is obtained, whofe Sides are equal to fuch Dimenlions. 
'Tis ncedlefs to proceed further; as it is evident, if Parts were 
t^ken, they would be accounted for, after the fame manner. 

13. -As there are, many Perfons, who meafure accurately by Fe6t 
and Inches, yet are unacquainted with Decimals ; I (hall, briefly, 
explain the manner of multiplying Decimals; which is much 
Qafier, and better adapted to any Quantity whatever. 

Z Multiplication, 
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Multiplication, by Feet and Inches^ denotes the fraction pf % 
Foot to be in twelfth parts^ which are called Inches ; and th^fe 
are again divided into twelve^ called parts, and (b on to Seconds 
and Thirds ; each of which is a twelfth part of the foregoing. 
Whereas, the Decimal Fraction implies the Integer, whatever ijK 
be, to be divided into tenths, hundredths, and thouGuidth Parts, 
and fo on, by tens, ad infinitum^ as the other by twelves, and are 
therefore called Duodecimals. 

Multiplication, in Decimals, is performed in the fame manner 
as whole Numbers; feeing, that the places increafei regularly, b^ 
tens, from the Decimal to the Integer, as in whole Numbers. 

Obferve the following Example ; by which, the Area of the 
Redbmgle ABCD is produced, the fame as by Feet and Indies. 

^,75 The meafures of the Sides of the Re£kangle» in 

8,5 Decimals, are as in the margin. AB, 5 feet 9 Inches, 

■ is, in Decimals, 5 Feet and 75. hundredth parts of s^ 

2875 Foot, equal 9 Inches ; and AD, 8 Feet and 6 Inches^ 

4600 is 8 feet, and 5 tenths of a Foot, equal 6 twelfths. 

. I place the leaft Side, AB, fird, becaufe it has moze 

48,87^ places of Figures, and would occafion another Linet 

— *— — * if placed otheiwife, the Produd would be the fame. 

In the operation, the Figures are multiplied together, as in 
common Arithmetic, without any regard to the places of Deci- 
mals or Integers; and, when added together, as many places of 
Decimals as there are in both the Multiplicand and Multiplier, 
viz. three, are taken from the right hand of the Product ; the re- 
maining two are Integers, or Feet ; which produces 48 Feet, an^l 
87^ thoufandth parts of a Foot, equal 7 eighths of a Foot, equal 
10 Inches and a half. For, 500 is half a Thoufand, therefore equal, 
to 6 Inches ; and the remaining 425 is 3 eighth parts of a Thou- 
fand, therefore equal to 4 Inches and a half, which is 3 eighth 
parts of a Foot. 

The value of a Decimal Fraftion is eafily obtained, as follows. 

Let the Integer be whatever it may; multiply the Decimal by 
the number of parts of the next inferior denomination of the In- 
teger ; which, in this Cafe, is Inches, or the twelfth part of a 
fqua^-e Foot, to which I would reduce the Decimal 875. 

Multiply. 
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Multiply it by iz, and take away from the Pro- 875 

1du£t, as maay places asyou hadiLt firA, therelslcft I2 

10 Inches; and the Decimal, 500, are now thou- — 

fandth parts of an Inch; confcquently, equal to half 10,500 
an Inch, or 6 Pam, BS a fecoad operation evinces ; 13 

I a being, againj the next inferior Denominatioa, ai -—— 

twelve Pa«s are equal to one Inch. 6,000 

If the original fiaudard meafure of a Foot was, inAead of 
Inches, divided into tenth parts of a Foot ; or, which h the fame 
thing, if an Inch had been made a tenth part of a Foot, inllead 
ot a twelfth part, and the Inches fubdivided into tenths inflead of 
Ugbtii pares, Menfuration would have been greatly Jacilitated, by 
dedtnal Parts inftead of Duodecimals, or multiplication of Feet 
and Inches. The meafures being taken, at once, in Decimali 
(whidii by a common Rule, is diJEculc to do, accurately, and 
lofs of time to reduce fome meafures to a Decimal) would be more 
ufefiil in all Cafes whatever. 

I am not a little furprized, that th^e has been no attempt to 
make it univerfal, as every Perfon, who has experienced it, mult 
ffvc the preference to Decimals, which is infinitely preferable to 
any other manner of dividing. 

14. Ifhall,here, fhew how to make a Scale, and divide it Into De- 
cimal Parts, which may, I prefiune, be uJeful in deiineatine. 

A/'j .- 7^ B ^ * 

Let AB be a determined Mca- J ■ U (_V| i'UT 
furc rcprefenting one Foot, or any _^ (Ij ''*''' "' 
other meafure required. 

Produce AB, and repeat the 
meafure of AB, to C and D, as ofteti as you pica 

Draw AF and DE perpendicular to AD ; on either of which, 
make, at pleafure (i. e. with any opening of the CompalTes) ten 
equal divifions, ai on AF; and, through them, draw lines parallel 
to AD, as I, 1 and 1, 2, &c. in all, eleven lines. 

Divide AB and FG into tea equal parts (Prob. 36} and draw 
A I, 12, &c. diagonal -wife, as in the Figure, and proceed in 
the fame manner, to 9G, parallel to each other. 

By 
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Bf which means, the length or mcarure giveo, AB, is divW;d 
into X. hundred equal parts; each ir.tervsi, from AF to Ai, ihe 
firft Diagonal, at i, i, 3, &c. eiprelCngaH Che Units from itoio. 

Between each of the Dingonals, as A I, and 1 z, &c, the in- 
tervals are ten of thofe hundredth parts, being every ivhcre equal 
to thcDivifiOn: on AB. 

In the fame manner, any Meafure whatever, either greater or 
lefs than AU, u.ay be accuraiely divided into Decimal Parts. 

After fuch plain dircL^ions, in the Conftruflioh, the applicaiioh 
of it, in Pr^^aicc, would be itnpertineilt aiid unnectflary. 

i^. In the fanle mannerj a Scale may be divided into Duodeci- 
inals ; by taking 12 Divifioiis on AF, and dividing the givea 
Meafurc, AB, into twelve, and proceeding as direfted above. 

Duodecimals is feldom praflifed, further than the divi/ion of a 
Foot into Inches, which are the ftandard Meafure, on all common 
Rules; therefore, to make a Scale of Feet and Inches; to any de- 
terminate mcaiurCt obfetve the foliowing direflions. 

Let AG be the determinate mea- 
furc of a Foot; according to the 
proportion you intend to make a 
Drawing, or Defign. 

Produce AB, and repeat the 
as you think ncceflary; as C, D, E, F. 
t right angles to AF, and make fix equal 
■divifionson AG, at difcietion; through which, draw la and 2% 
&c.' parallel to AF, and alfo BI and CK, &c. parallel to AG. 

BifeftGI, crAB, and draw the Diagonals, A6andB6; and 
the given Meafurc, AB, is divided into twelve equal parts, as 
they are numbered from the Perpendicular AG, on the Diagonals. 
N. B. It may be done with only four. Or three Spaces, as be- 
tween IK and KL ; but I think it more applicable, in Prac- 
tice, with fix ,- which is left to every Perfon's own difcretioii ; 
the Divifions are the fame in them all, 
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meafure of AB ns oftei 
Draw AG and FH; 
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Having illuftrated and explained the whole rationale of menfu- 
ration of plane Superficies, and (he\^n, how the Dimenfions of alt 
regular Figures are taken, in order to find Rectangles equal to 
them ; I fhall jufl give one fpecimen of irregular Figures ; for, 
I do not intend this as a Treatife on Menfuradon, but only a brief* 
Theory, to fhew how it is founded in Geometry; which, being 
well underllood and digefted, it is eafy to be applied in all Cafea^ 
whatever, which may occur, in Pradlice. 

Menfuration of Superficies, applied to various kinds of Artificers 
Work, is flill the fame in Theory, but much eAfier, in Praftice, 
than Sur\eying Land; on account of the irregularity of its 
Fif^ure, and unevcnefs of its Surface. The former depends, 
chiefly, on the mode, or cullom of taking their dimenfions, in 
order to reduce the Work to fquare meafurcj which is not foeafy 
to dcfcribe, but requires very little application under a Proficient. 
For, a Pcrfon ever fo well verfcd in Theory, being a flranger to 
pratftice, would differ in his eftimate, for no other reafon but taking 
his dimenfions difi^crent ; in which they are not fo very exaCl, but 
give and take all reafonable allowances; infomuch, that two 
Meafurers, of long pmdice, taking their dimenfions, feparately, 
would difier confiderably in their Sums total. 

16. ABCDEFG is an irregular Heptagon^ having 7 Sides. 

Draw the Diagonals BG, CG, GD and 

G E, or otherwife, at difcretion, dividing the 
given Figure into Triangles, asABG, BCG,&c. 
in each Triangle, draw Perpendiculars, as 
AH, CI, &c. The meafure of a Perpendicular 
and half theBafe on which it falls, in Feet and 
Inches, or Decimal Parts, being multiplied into 
one another, gives the Area of each Triangle 
feparately; which, added into one Sum, is the 
Contents of the whole Figure (Ax. 2. i.) - " ^ 

Or it may be done fomevvhat readier, by taking any two ccnti- 
guouy Triangles, as ABG, BCG, which together, make a Tra- 
pezium, AB C G; unlefs it ihould happen to be a Parallelogram. 

6 The 
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V 

Tlie Diagonal, BG> is then a common Bafe to the two Triangles 
«nd the Area, of both» is obtained at cnce, by multiplying the 
Diagonal, BCf by 1*^1^ ^be Sum af the two Perpendiculars (Prob. 2 2.) 

The Area of any other two contiguous Triangles, as GDE, GEF, 
forming a Trapezium, is had after the fame manner ; and if an- 
other Triangle remains, as GCD, its Area, beiug obtained, mud 
he added to the Areas of the two Trapeziums, into one Suxa ; 
which is the true Area of the Heptagon ACDF. 

Jn this Procefs it may be obferved, that not one Side of the 
Figure is meafured, but only the Diagonals and Perpendiculars, 
all which fall within the l^igure. The veafon is obvious ; becaufe 
the Sides are not at right angles with each other ; or if fome of 
them were, it would be of no ufe, unlefs they formed a Redlangle, 
,or other Parallelogram, with the adjacent Diagonal, which is 
feldom the Cafe, Whereas, the Perpendiculars making Right 
Angles with the Diagonals, it is eafy to account for the true Area 
being .obtained by them ; from 1 7 and 1 8th of the ilil of Elements. 

• 

N. B, If the Figure to be meafured be a large Field, the mea? 
fures are tak^n in Chains and Links, &c. 

As it mud be obvious to every one, who has gone thus far, that 
to redupe any irregular Figure to a Triangle, having an equal 
Area to the Figure, is the principal bufmefs of Menfuration of 
Superficies; I would advife the learnc;- to be clear in theCon- 
ilrudion, and alfo in the Demonftrations, of the 20, 21, 22, and 
24th Problems. In refpedt of the 26th and 27th, I Ihall add furtherj 
that not only a Triangle, or Trapezium, but almod any right 
lined 'Figu,re may be divided into two eifual parts by a Right' 
lAQpy from any determined Point, in any Side ; as follows. 

• • • - 

17, ABGDEF is a Hexagon, having an internal Angle, at D. 

Draw the Diagonal AD, dividing it into two Trapeziupis. 

Bifedl AD, and divide each Trapezium, AC and AE, into two 
equal parts, by the Right Lines GH and GI, (Prob. 27.) 

The whole Figure is divided into equal parts ; HAI = CGE, 

Draw HI, and GB parallel to it; then, a Right Line, ^J, divide? 
the whclc Figure equally.* 

Now, 
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Now, B I bifedls the hexagonal Figure ACF; 
but, the Points B and I are accidentally obtained* 

Fig. 2. Let K be the given Point, from which 
a Right Line is required to be drawn, bifefling 
the given Figure. 

Draw BF, and IH parallel to it, and draw FH; 
which alfo bifedls the Figure. 

DrawKH, and FL parallel to it, and join KL, 
I fay, KL divides the whole Figure equally in two. 



The proof is in the 1 8 th of the ift of Elements, 
tlie fame as in the 27 th Problem ; for, the Tri- 
angle B HF = B I F, andHLK=:HFK. 

After the fame manner it may be done from 
any Point whatever, in any Side. 

If the Figure had more Angles, as BJC (Fig.i.) ; a Right Line 
maybe drawn, after the fame manner as B I, dividing the whole 
Figure equally ; having perhaps two or three more operations. 
For, by bifedting B C, and drawing JL, the Point, where HI 
cuts BC, may, by one more operation, be brought to L (as KL) 
and then by joining KJ and drawing LM parallel, KM, will 
bifeft the whole Figure. 

1 8. Now, feeing that all irregular Figures are reduced, to Tri- 
angles, in order to obtain their Areas ; I will (hew how the 
Area of any right-lined Triangle may be obtained without 
having a Perpendicular, by the meafures of its Sides only. 

In furveying Land, it may fo happen, that, on account of Bogir, 
Water, Trees, &c. it would be very difficult, if not impoilible, 
to obtain a Perpendicular, within the Figure, when its Sides are 
acceilible. In fuch Cafe, the Perpendicular may be found arith- 
metically, deduced from the 13th of the 2nd Book ; or, the Area 
may be had without the Perpendicular, by the following Rule. 

* Let it be obferved, that if GB had fallen on this Side of the 
Angle ( which is very probable ) it would then be neceflary 
to have recoui-fe to the third operation (Fig. 3.) in the 2 7th 'Pro- 
blem ; by which, the Line, BI, bifedling the Figure, would be ob- 
tained on this Side of the Angle B. . 

c 2 From 
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From half the Sum of all the Sides of the Triangle, fubtraA 
each Side fevcrally ; multiply the half Sum by the three 
Differences, continually; out of which Prod adl, extrad the 
Square Root ; which is the Area of the Triangle, e. g. 

Let the Sides of the Triangle ADB, be, AB-9, 8; AD-8, 5; 
and BD-6, 7, The half of which Sum is 12, f; and the 
Differences, fubtmdting each Side, feverally, are, A B-2, 7; 
AD^4 ; and BD-J, 8. See the whole Operation^ as follows. 

AB— 9,8 12,5 783 (27,98 
AD— 8,5 2,7 .4 o.->r-* 
BD — 6,7 "* ■ ■ '■ Area, 

875 47) 583 

25,0 250 329 



12,5 half the Sum 33.75 549) 5400 

— of the Sides. 4, 4941 



^1^- r 2,7 7 — _. 

fcrefi- ■j4»Of i55» 55^8) 45900 

ces. t5>8J 5,8 44704 



1080 1196 

675 



The half Sum, 783, multiplied into the Differences^ 

/\ In the Triangle ADB, bifefl every Angle 

/ ^\^ by Right Lines, meeting at C ; which is the 

X C/ Center of a Circle infcribed. - -4.4* 

\ ^;^'^/ ■ '^^® Triangle ABD is thus divided into 

AK^<> / : three Triangles ACB, BCD and ACD ; the 

/i 
. Perpendiculars of all which, CE, CI, andCK, 
I are equal; and confequently, AE, is equal to 
- I AI; BE = BK, andDI=:DK - C. 2. 16.3. 

-Hence It is manlfeft, that AE X CE is equal to the Trap. AECI. 
(For, CE and CI are, refpedively, perpendicular to AB and AD) 
Alfo, BExCErrTrapezium 'BECK, and DIxCI=DICK. 
Produce A B ; make B F equal to D I, equal DK. 
Cjonf. A F X C E is equal to them all, i. e. to the Triangle ABD.- 
I fay, the Square Root, of AFxAExEBxBF, is alfo equal 
to the Triangle. 

DfiMr 
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Dem. Bccaufc AE=AI; BE = BK; and BF equal DK - Con. 
AF is equal to half the Aim of the Sides, AB, BD, and AD. 
Alfo, AE, EB, and BF, are refpedtively, the Differences of thofis 
Sides, fubtradlcd from the half of their Sum ; 
(for, AE=AF-BD; EB=AF-AD5 and, BF=AF-AB.) 
Draw FG perpendicular to AF, produce AC to G, and drawGB. 
GB will bifedt the external Angle, DBF, of the Triangle. 

Draw GH perp. to BD ; the Trap.FGHB is fimilar toEBKC, 
For, theAngles at F and H, E and K arc Right; by Conftrud^ionj 
wh. the Angle FBH+FGH= to two Right Angles -Th. i. lo. i . 
and, FBH-fHBE are equal to two Right Angles - - i. i, 
conf. ECK=FBH (for, HBE+ECK=:r2 Right Angles) Ax.7.1. 

But, BC bifedh theAngleECK, byConftruftion ; &CE=CK 
wherefore, BG bifedls the Angle FBH; and BH is equal to BF; 
and, confequently, the Triangles CBE, BGF are fimilar-13.6. 
Alfo, becaufe FG is parallel to CE, the Triangles ACE, AGF 
arefimilar; (2. 6.) and therefore, CE:AE: :FG:AF- 4.6. 
Alfo, becaufe BCE, BGF arc fimilar, CE:EB: :BFiFG. 
and confequently, CE X CE X AF X FG = AE X EB X BF X FG. 

Now, becaufe FG is on both Sides, let it be rejected, and 
fubftitute AF, on both Sides; and confequently, it will be 
CE X CE X AF X AF, i.e. CE a X AFa it equal to 
AE X EB X BF X AF; i.e. to AF, the half Sum of the 
Sides, multiplied into the three Differences AE, EB, and BF. 

But, AF multiplied by CE is equal to theArea of the Triangjc; 
conf. it is the fquare Root of CE D X AF D ; which is equal to 
AF, multiplied into the three Differences. Q^ E. D'. 

Menfuration of curved Surfaces, convex or concave* 

i8. The Areas of the Superficies of regular curved Surfaces, are 
eaiily deduced from the loth, nth, 12th, the 15th and i6th 
Theorems, Book the 8th. 

By the loth, the curved Superficies of a Cylinder is equal to 
a Circle, whofe Radius is a mean Proportional between its Side 
and Diameter. 

Or, it is obvious, from the 5th, that it is equal to a Rc£langle, 

whofe Sides are its Circumference and Height. 

19. By 
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19. By the I ith it appears, that the conical Superficies of a Right 
Cone, 25 eqaal to a Circle, whofe Radius is a mean ProporcioDal 
between its Side and the Radius of its Bafe^ 

Or, it is equal to a Triangle, whofe Bafe is equal to the Cir« 
cumference of the Bafe of the Con^, and. its Altitude, to the 
Side of the Cone. 

20. By the 1 2 th it is manifeft, that the conical Superficies, of the 
Fruilum of any Right Cone, is equal to a Circle, whofe Radius 
IS a mean Proportional between the Side of the Fruftum, and 
the Radius of the Bafe, added to the Radius of the oppofite Circle* 

And every Circle is equal to a Triangle, whofe Bafe is equal to 
its Circumference, and its Altitude to the Radius. Art. 8th. 

Or« the conical Superficies is equal to a Re^iangle, whofe Sides 
are equal to the Side of the Fruftum, and half the Sum of the 
Circumference of the Bafe, added to half the Circumference of 
the oppofite Circle. 

21. The Ar6a of the Surface, of a Sphere is equal to a Circle, 
whofe Radius Is equal to the Diameter of the Sphere* - 1 5.8* 

And th& Area of any fpherical Segment is equal to a Rectangle, 
<me Side of which is equal to the Circumference of the Sphere^ 
the other to the height of the Segment. 

For» it is equal to a cylindrical Surface of thofe Dimenfk)ns-i6.8* 

The fame holds true of any portion of the Surface of a Sphere, 
intercepted between parallel Planes. 

The fpherical Surface, intercepted between parallel Planes, is 
therefore equal to a Re£bngle, whofe Sides are the Circumference 
of a large Circle of the Sphere^ and the perpendicular diftance 
between the parallel Circles. 

Thefe Rules, refpeding curved Surfaces, being clearly under- 
fiood, will be found extremely ufeful to Artificers, in meafnring 
circular Halls, or Rotundas of any kind ; and Domes, entire ; or 
where a part is deficient by means of a Lanthorn, or otherwife, at 
the Top ; the Surface between any two parallel Circles being de- 
termined by the la(l. 

I MEN. 
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MENSURATION of SOLIDS. 

As, in Men fu rati on of Superficies, the whole Bufmcfs i» to 
find a Rectangle equal to the Figure propofed ; and to de- 
termine how many Squam of a certain Djmenfion, the Figure 
is equal to; fo, Menfuration of Solids confifts in determining 
how many cubical Feet, kc. arc coniaioed in the propofed Solid. 
In order to whith, it is neceffiiry to know the aiUnity and pro- 
portion between one Solid and another, as contained in the 7th and 
8th Bonks of thefc Elements 1 and particularly Paralletopipeda, to 
which all other Solids mi^l^ oeceiTarily be reduced, in Menfuration ; 
a right juigied Parallelepiped being of the fame importance, in 
refpefl of SoIi4s, as the Reflangle amongft i'lane Figures, Alfo, 
as a Square is the Criterion of fupcrficial mcafure, fo a Cube, 
being the moft perfefl ParalIelopiped,is the (landard, by vvhich ihf 
Qiiantiiies of Solids are compared and cfUmated. 

For, the Definition of a Cube, fee Def. 10.7. 

I. Let AGE be a Cube, whofe Sides, AB,&c. 

are each equal to 3 feet; alfo, let acd be 

a Cube, whofe Side is one foot, or inch, &c. 

Now, fuppofe the Cube acd to be the Unit 
of meafare ; it is required to know, how oft the 
Unit, acd, is contained in AG £. 

It is evident, feeing, the Meafure of AB, EGj &c. are c^ich 
equal to three times ab, b c, S:c. that the Face A B C D, contains 
the Square b d, 9 times ; every other Face, B C F G, or C D E F, 
the fame j therefore, each fmalFCube a Jc, t/t/, f/g, &c. made 
by Sei5tionii of Planes through ag, g I, Sec. as in the Figure, are 
equal to a c d. Wherefore, fince each Surface contains 9 Squares, 
?3 BF; and il B a, Cg, Sic. be one foot in chicknefs, confeijuently, 
the Solid d G /, contains the fmall Cube, acd, 9 times. 

But, AB is equal to three times ab; wherefore, the whoU 
CubeAGE contains the fmalt one 27 times. 

For, -if it be fuppofed to be cut, by parallel Planes, through 
rt^/and Hi, parallel to the Top and Safe, the Parts a G/, 
rti/, and hDi arc equal, feeing that theirSurfaccs are equal j 

-«nd 
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and being alfo of equal thicknefsiCf, ^i, (Dj confeqnenily, 
B^F, ait, and i D i are equal (ij. 7) But, B^FGi* equal 
tog times acbi thereibre, AGE is equal to three times 9,=:27. 

■f. It is manifell, that if the Solid ACE 

(being a Parallelepiped) was longer, equal 

V\]).5"™"»^i'>^^i"g t-qual thicknefs, it would 

contain the fmall Cube, acb, 45 times, 

i.e. fiifc times 9 ; and thus it will increafe, as 

■ often as the meafure ab is added in length. 

Suppofe half a b be added; it will contain 

half 9 Cubts, i. e. 4^ j feeing that the 

Surface of the End, or Seftion through 

1 9 Sqaares, aad the Solid C £ has but half a 

. half ab in thicknefs. Therefore, the whole Solid 

c b 49 times and a half. 

a right-angled Pai-allelopipcd is to ma\- 

:a of one Surface 
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CE, 

Cube, i 

ACE contains the Cube 

Hence, ihe meafure of a 
tiply the Side AD by AB, which gives the Arc 



(the Top, or Bafe) and, thatproduft being multiplied by its height 
or thicknefs, AF, i. e> by the number of tiises it coni^ni 
ab (as, in this Cafe, three times) the Produd of that multiplica- 
tion is the Solid Contents of the Parallelepiped AFH. 

But, all Parallelopipeds, having equal Bafes and Altitudes, are 
equal (17. 7.) Therefore, whether it be right or acute angled, 
having obtained the Area of any one Face, in fquare meafure 
(Art. 12.) that Prod u£b being multiplied by the perpendicular 
Diftance, between that Face and its oppofite, gives the folid 
Contents of the Purdllelopiped. e. g. 

J, Let ABCD be an acute angled Parallelepiped whofe Bafe AD 
is 7 Feet, 9 Inches, on one Side, AE ; the other, 
ED, 5 Feet, 4 Inches , its Area in fquare meafure, 
is 41 Feet, 4 Inches. 

The height of the Parallelepiped, BF, being 3 Feet, 

is obvious, that the whole Solid contains 

times 41-4, and 5; i- e. as often as the meafure of 

Foot is contained in the height, BF, fooften the Solid 

ubical feet, as its Bafe contains fquare Fee:. 
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OF MENSURATION. 

But, the Perpendicutar BF, Is 3 Feet and S Inches j 
confeqaenily, the Solid will contain 41-41 3 times 
tod two thirds, (g Inches, being two thirds of a Foot.) , 
Wherefore, 41 Feet, 4lnchc9 mnltiplied 3 time«, and ', 
two thirds, equal i j i Feet, 9 Inches, and 8 Parts, is the 
true Area, or foHd Contents of the Panlleiopd. ABCD. 

Note. What is here meant by sn Inch, in folid meafure, is thi 
twelfth part of a Cube Foot ; viz. a Foot Iquare, and one Inch 
10 diickaefs i or, that Qaantity in any other Figure. And the 
Fart, in Solid meafure, is 13 cubical Inches ; or 13 Inches in 
length, and one Inch in breadth and thicknefs : a cubical Inch 
is, confetjuently, a Second of a cubical Foot. 

It is obvious, that the Side BG, being inclined to the Bafe AD, 
U longer, than the Perpendicular BF, and confequently cannot 
give its true Area, for (joining OF) BFG is a right angled 
Triangle, of which BG is the Hypothcnufe, therefor? it is longer 
th«iBF(ia. I.) 

Hence it is manifeft, that all Parallelopipeds, or Frifms what- 
ever, (for Parallelopipeds arc Prifms) having equal height, have 
that Proportion to each other, which is between their Bafes. 
And, having equal Bales, they arp conlequently, as their Altitudes. 

The Rule, therefore, for meafuring any Priftn whatever, is to 
muhiply the fuperlicial Area of its Bafe, by its perpendicular hdgbt. 

And confeqocntly, the fame Rule is applicable for Cylinders-5.8. 

' 4, Every Pyramid is equal to the third part of a Prilin having equal 
Bafes and equal Altitudes, '. - . . Th. 4. 8, 

Alfo, every Cone is equal to I he third part of a Cyliader - 5.8. 

And confequently. Pyramids and Cones, having cqua) Bafei 
and Altitudes, are equal. 

Hence the Contents of Pyramids and Cones are obtained 1 
vtB. by mnlttplying the AiW of their Safes by one third of 
their bdght, 

Or, if multiplied by the whole height, it gives the Content! 
of a Prifm or Cylinder, o£ equal height; confeqaently, a Pyra- 
)nid, or Coqe, is one third pert of'fu^h a prifm, or Cylinder. 

4 s- Tq 
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5. To find the folid Contents of a Sphere. 

Having obtained its Diameter ; find the Area of a Circle of 
that Diameter (Art. 8.) which being multiplied, by the Diameter, 
gives the Contents of' a Cylinder, vvhofe height and Diameter 
are equal. 

The Sphere is equal to two thirds of foch a Cylinder-Th. 9. 8. 

Or, having obtained the Area of a large Circle, of the Diameter 
of the Sphere ; multiply the Produft by two thirds of the Diameter. 

Otherwifo. Every Sphere is equal to a Cone, whofeBafe is equal 
to the Surface of the Sphere, and its Altitude to theRadius-17.8. 

Therefore, having obtained the Area of its Surface, multiply 
that Area by one fixth part of the Diameter. 

See an Example, in each, in the Margin. 

Let the Diameter of a Sphere be 15 ; the Circumference of a 
Circle, of that Diameter, is 47, 14, nearly; by the Ratio of 7 to 22. 

Then, by Art. 8. the Semicircumference (23, 57) being mul* 

23,57 tiplied by the Radius (7,5, half 15) gives the Area 

7j5 o^ * great Circle of that Sphere, equal 176,775; 

which multiplied by 10 (two thirds of the Diameter) 



1 17 85 gives 1767,75, or three fourths of the Integer. 
16499 Multiplying by 10, is only giving one place more of 

■ Integers ; feeing that, a Cypher, being added, makes 

176,775 no difference in the Decimal ; 750 thoufandth parts, 
being equal to 75 hundreth parts; i.e. equal to 



1767,75 3 fourths. 

Secondly, j^ being the Diameter of the Sphere, find the 
Area of its Surface (Art. 21.) which is equal to a Circle whofe 
Radius is equal to the Diameter of the Sphere. 

The Circumference of every Circle has the fame Ratio to its 
Diameter (Cor. i. 14. 6. El.) confequently, the Circumference 
of a Circle, whofe Area is equal to the Surface of the Sphere, 
is double the Circumference of the Sphere ; half of which, is 
equal to the whole of the other, equal 47,14. 

Multiply 



OF MENSURATION. ay 

Multiply 47,14 by 1 5, the Diameter of the Sphere, 47,1 4.' 

the Produft is the Area of the Surface of the Sphere. 1^, 

Now, fmce the Contents of' the Sphere is equal » 

to a Cone, the Area of whofe Bafe is 707,1; '707,1 

and its Altitude equal to its Radius^ viz. 7, ^ ; 2,^ 

and a Cone is equal to one third of a Cylinder of » 

the fame Bafe and Altitude, therefore, 707,1, mul- 3S3SS 

tiplied by 2,^, one third of 7,5, will produce the 141 42 

fame Contents, as before, viz. 1767,75; as in ' 

the Margin. ^7^h7S 

6. The folid Contents of a Segment of a Sphere is obtained from 
the 17th of the 8th, Cor. 3rd. 

The folid Contents of the Sphere being equal to a Cone, whofe 
Bafe is equal to the Surface of the Sphere, and its Altitude to the 
Radius, as above; and confequently, the Contents of any 
Sector of a Sphere, being equal to a Cone whofe Bafe is equal to 
the fpherical Surface, and its Altitude to the Radius ; (Cor. i.) 
it is manifell, that a Segment of the Sphere having the fame portion 
of the Spheres Surface, as a Sedor, is equal to the Difference 
betvi-een the Sedtor and a Right Cone on the Bafe of the Segment, 
and, its Side equal to the Radius of the Sphere. 

Thus, having (hewn how the folid Contents of regular geometri- 
cal Solids are obtained, the application of it, in complex ones, 
will not be difficult ; being well verfed in the Theory, and having 
a folid foundation, for the whole, in Geometry. 

7. In refpeft of Guaging; are not almoft all large Veffels, either 
Cylinders or Fruftrums of Cones ? and confequently they are 
meafured on that Principle; allowing fo many Gallons, 
Quarts, &c. to a cubical Foot, as it is eafily known to contain. 

Barrels, of all kinds, are meafured as two Fruftrums, whofe 
common Bafe is the Diameter at the Bung ; hut being almofl 
wholly curved, from the Head to the middle, it will be truer to 
confider it as four, or fix Fruflrums, two and two, of which, are 
equal ; or the middle part as a Cylinder. 

d 2 8. The 



a OP IRREGULAR SOLIDS. 

t. The true folid Contenu of irrej^lar Soli^ cannoi be obtsuned, 
otherwife tlian by covering them «^th Water^ or odier Fluid, 
in fome regular Veflel ; and by taking it out,' the DiferencOi 
in the fuine(s of the Veflel, if its Coatenta# 

In meafaring the Trunks of Trees, &c. which sur, generally 
conical, it is nfual to take the Girt in the middle, in order ta 
reduce them to /right angled Paratlelopipeds ; which, if tbt 
intention be to produce the real folid Contents, is very erroneuk 
It b well known, that a Circle contains the greateft Area of any 
other plane Figure, having an equal Perimeter; and in Art. lo; 
h (hewn the great difference between a Circle and a Squase^ 
of equal circuit. Confeqiiently, a Cytiader would be to a rigjbr 
angled Parallelopiped, of equal length, and two of its oppofitt 
Faces, (i. e. its Ends) Squares, whofe Sides are, each, a fourth 
part of the Circumference of theBaie, of the CyGnder,. as tlie 
Circle is to the Square; the cBfference of which is very confi*- 
derable. (See Art« lo. of Superficies,) 

And alio (being the Fruftrum of a Cone) if Ae Girtr be takett 
in the middle,in order to reduce ittiraCylinder^t is alio oroiieovsi 
feeing, it is obvious, that the Frafbrum of the Cone is more thaft 
fuch a Cylinder ; the excefs of the greater End being confideral^ 
more than the deficiency of the other. But, as*! do not intend 
to treat at large on thofe matters, and having gone beyond my 
firft defign, I fhall only obferve, that, in this Cafe, the Fruibrum ot 
a Cone is equal to the Difference, between the whole Cone and 
the lefler Cone, fuppofed to be cut off, from the Vertex. 
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mx^tt and ocular Demonftration of ihc 
20th Theorem, Book ift. 

In Theo. zo, of the firft Book of Elements, it is demonflraicd, 
that the Square of ihe Hypotheniire, of every right-angled 
Triangle, is equal to both the Squares of the two Sides, cOn- 
tuniDg the Right Angle. It may be enteriaining to fome, and 
coiiTiaion to others, to give ocular Deraonftration of it ; by cuiing 
Squares of the Sides, in foch wife, that they IhaU exaftly 
cover the Square conftrafled on the Hypothenufc. 

On the right-angled Triangle 
ABC, defcribe the three Square*, 
ACDE, AFGB. andBHIC. 

Let the Square AEDC, of the 
Ifypothenufe, be fuppoled to be 
turned over, on AC, in the inverted 
pofition AEDC, cuting the ttvo 

IotherSquareaj B F, in Afi. £K, 
ud, the Square BI, in CL. 
The two Trapeziums, W and Z, 
lud the three Triangles V, X, andY, 
will cxaftly coiocide with the fame 
Figures, as they are defcribed on the 
Square A C D E. 

Or, having drawn the Squares as direfled, produce E A to £', 
and D C to L; and draw £K, perpendicular to A E. Alfb, pro- 
duce FA to M, and I C to N ; draw E O perpendicular to AM, 
make O P equal B C, (equal EC) and draw P Q parallel Co EO. 

The Lines being drawn on the three Squares, as they are de- 
fcribed, in the Figure annexed, on ftrong Paper or Pafteboard, and 
the two Squares, F B and B I, being cut, carefully, with a fine 
thin edged knife, or otherwife, into tive pieces, as in the Figure, 
they will, each, coincide with the correfponding Figures in the 
Square ACDH, 

If the polidoa of the Letten, V, W, X, Sec. be regarded, 
there need) no othet direftioiu in nfpeA of placing them. 

The 





30- THE LINE OF CHORDS 

The Line of Chords, and its Ufe, explained. 

As the Line of Chords, and its Ufe, is better known than un- 
derflood, I prefttme, a Defcription of it may not be unncceflary. 
And firft, I will fliiew how to conftruft a Line of Chords. 

With any Radius, at Difcretion, as AC, 

^n C defcribe the Ark A D B, of go 

Degrees; i. e. make ACB a Right Angle; 

i|nd on the Center, C, with any Radios, AC, 

raw ADB ; which will be a fourth part 

ipf the circumference of a Circle. 

Divide the Ark ADB into 9 equal Farts, 
Firll, make A D equal A C and divide 
D B into three equal parts, and A D will 
be equal fix of thofe divifions, each of 
which will be 10 Degrees of that Circle. 
Draw the Chord Line A B ; and, from the extreme A, as a 
Gentei*, transfer all the Meafures on the Ark, to the Chord AB, 
as in the Figure. Each Diviiion being fubdivided, into ten, and 
transfered in the fame manner, A B will then be a Scale for any 
niimber of Degrees, from one to ninety ; which gives a Right 
Angle at C, the Center of the Circle, of which, AC is the Radius. 

N. B.- This Line of Chords is upon every common Scale, in a 
Cafe of Inftruments, for drawing; the Ufe, of which, is the 
fame as the Protradtor, defcribed in the Theory of Plane Angles; 
viz. to meafure any Plane Angle ; or, to lie down any Angle 
required, on a Plane, the meafure of the Angle, that is, the 
number of Degrees it contains, being known. 

In applying the Line of Chords to ufe, take 60 Deg. from A, 
on the Line AB, with your Compafles ; and, with that Radius, 
on any Point, C, of the Line AC (at which Point an Angle is 
required, with that Line, of fome known meafure) defcribe the Ark 
A EB, cuting AC in A; from which Point, fet off the number of 
Degrees, on the Ark, which is the Meafure of the Angle required. 

c. g. Suppofe an Angle of 35 Degrees i^ wanted, take 3^ Deg. 
from the Point A on the Line of Chords, and Cet it off from A 
to E, draw E C ; then, A C E is an Angle of 35 Deg. 



EXPLAINED. ji 

If an Angle of 60 Degrees was required ; make AD equal to 
the Radius, and draw DC ; then is ACD an Angle of 60 Degrees, 
For ADC Is an Equilateral Triangle, whofe Angles are all equal, 
and confequently, the Chord, AD, is equal to the Radius AC-i 1.4. 

If a Right Angle be required; from A make AB, equal to the 
whole Line of Chords of 90 Degrees, and draw BC, which will 
be perpendicular to AC. 

Thus, may any Angle, lefs than 90 Degrees be readily obtained. 
But, if an obtufe Angle is wanted, as 105 Degrees, with the Line 
AC, at the Point C ; having firft fet of 90 Degrees, from A to B, 
or 60, to D ; take the remainder BF, 15 Degrees or DF 45, and 
draw FC, making the Angle ACF, 105 Degrees. Thus may 
any Angle whatever be defcribcd. 

Or, an obtufe Angle may be thus taken, at once, if there be 
room on your Paper. 

If an Angle ACF, of 10^, or ACH, 125, be required; fubtraft 
the numberof Degrees from 180, the Sum of two Right Angles, 
the DifFercncc Is 75, or 55. 

Produce A C towards G ; with the Radius AC, equal AD, 
(i. e. to 60 Degrees, on the Line of Chords,) dcfcribe tlie Ark 
GHF, and fet off OF, 75, or GH 55 Degrees, and draw CF, 
or CI I, making the Angle required. 

After the fame mauner an Angle may be meafured ; by dc- 
fcribing an Ark, on its Vertex, with the Radius of 60 Degrees, 
curing both Sides ; as AE, cuting AC and CE, of the Angle 
ACE ; then, the meafure of the Chord Line, AE (applied to AB) 
flicws the number of Degrees that Angle contains. 

The Reafon of all which is fo very obvious, it needs no further 
explanation ; but, be fure that you always take your meafure, or 
number of Degrees on the Line of Chords, begining at the 
Point A ; becaufe it is evident, that they arc continually dimi-. 
nifliing, from A to B, although they are equal on the Ark ; .for 
die Divifions on AB are the Chords of each Ark, fet off from 
A towards B ; each of which, is flill lefs in proportion tQ 
tji§ Ark. 

4 The 



|s THE LINE OF CHORDS, &c; 

The Chord of lo Degrees, it is evident, deviates rery fitde 
from a Right Line ; the Chbrd of 30 Degrees de^dates confider- 
ably, and AD, the Chord of 60, ftill more; for the Chord ADf 
of 60, and the two Chords of 30 make a Triangle, A ED ; of 
whichy it is manifefl, that, the two Sides A£, £D, each of 30^ 
Degrees is greater than AD, the Chord of 90. (i3. z« £1.) 

If it fhould be alked, why 60 Degrees, particularly, is taken for 
Kadias, when we begin the Operation of taking or defcribing an 
Angle, by the Line of Chords ? the Reafon is plain ; becanfe 
the Chord of 60 Degrees is always equal to the Radius ; and, the 
Side, AD, of the Equilateral Triangle ADC, is the Side of a 
i^gular Hexagon infcribed in a Circle, of that Radius; and 
confequently, it is equal to. a fixth Part of the Circumference, 
or 60 Degrees. Hence it is dear, that no other Radius can 
anfwer to that Line of Chords. 
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ADVERTISEMENT. 

At the Authoi-*s Houfe, in Poland-Street, Oxford-Road, the 
third from Broad-Street on the Left, Youth arc taught Geometry 
and Menfuration ; Trigonometry, plane and fpherical ; Projection 
of the Sphere, &c. Architefture and Perfpe6tive; alfo the VCc of 
;he Qlobesj and Explanation of the Orrery, &c. 

Ladies and Gentlemen taught at their own Horne^ or as above, 
in the moil expeditious and familiar manner* 

He will make any Gentleman (having a Talent for it) a Pro* 
ficient in Geometry, in lefs than half the Time ufually (pent in 
^t ; making it, at the fame time, inflru<Etive and entertaining. 

Drawings, in Perfpc£tive; Architedural ; or of Models, 
Machines, Mathematical Inftruments, &c. executed with the 
grcateft accuracy. 

Perfpedlive Views of Gentlemeps Seats, &Ct by himfelf 
^d Son. 
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